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EXISTENCE CONDITIONS-LAPLACE TRANSFORM

Let f(t) be a function of t defined for all t > 0 .then the Laplace transform off(t),
denoted by L[ f(t)] is defined by

LLF®)] = f; et f(Ddt

Provided that the integral exists, “s” is a parameter which may be real or complex. Clearly
L[ f(®)]is a function of s and is briefly written as F(s) (i.e.) L[ f(t)] = F(s)
Piecewise continuous function

A function f(t) is said to be piecewise continuous is an interval a < t < b, if the
interval can be sub divided into a finite number of intervals in each of which the function is
continuous and has finite right and left hand limits.
Exponential order

A function f(t) is said to be exponential order if lim e—stf(t) is a finite quantity,

t—oo

where s > 0(exists).
Example: Show that the function f(t) = et’ is not of exponential order.

Solution:

) . 3 | 30"
lim e—stlet =lim e—st+t" = lim et ¢

t—oo t—00 t—00
= e* = o0, not a finite quantity.
Hence f(t) = et’is not of exponential order.
Sufficient conditions for the existence of the Laplace transform
The Laplace transform of f(t) exists if
i) f(t) is piecewise continuous in the interval a <t < b

i) f(t) is of exponential order.
Note: The above conditions are only sufficient conditions and not a necessary condition.
Example: Prove that Laplace transform of et” does not exist.

Solution:

) 2. 2 ) 2_
lim e—st et =lim e—st+t" = lim et —5¢

t—oo t—oo t—oo

= e® = oo ,not a finite quantity.
~ et" is not of exponential order.

2 .
Hence Laplace transform of et” does not exist.
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Laplace transform of elementary functions

Result: 1 Prove that L[t"] = r(":)
sn
Proof:
We know that L[f(t)] = f e=st f(t) dt Let st =1« (1
n] — —st
L[t]_foestndt =24
oo u s
Lied = [Temu (Y au
0 s s _ du
— Peu¥ du dt = —
1w
- eu"du When t — 0(1) =>u - 0
sntlJ 0
_ I'(n+1)
L[tn] - s:+1 ’
fgoe—uu" du t > o0, (1) =>u - o
Note: If nis an integer, then I'(n + 1) = n!
n!
~ L[tr] = -7 ifnisan integer
If n =0y, then K[1] = -
S
Ifn=1,then L|t] = ]
s2

Similarly L[e2] = =
53
L] =2

s4

Result: 2 Prove that L(e4t) =1 s>a

s—a
Proof:
We know that L[f ()] = f e=st f(t) dt
~ L(ew) = [ e~ste® dt
= [ e7 7D £(¢) dt

_ —t(s—a) ®
—(s—a)
1
—[0—(=)]
s—a
1
o L(eat) =
s—a
Result: 3 Prove that L(e—a) = 1 s>a
st+a

Proof:
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We know that L[f ()] = ;" e=st f(¢) dt
L(e—at) — fooo e—Ste—at ¢

= [ e~ £(1) de

—t(s+a) ®

—(s+a) ¢

=—[0- ()]

s+a

aL(ew)y = 1

s+a

Result: 4 Prove that L[sinat] =

s24a2
Proof:
We know that L[f(t)] = f0°° e=st f(t) dt

L[sinat] = fooo e=st sinat dt

~ Llsinat]= % ,s>|a| [+ e-at sinbt dt = b ]
sZ+a? 0 a2+b?
Result: 5 Prove that L[cosat] = __°
s2+a?
Proof:
We know that L[f (£)] = f0°° e st'fi(t) dt
Llcosat] = fooo e=st cosat dt
~Llcosat] = ° s> |q w we-atcoshtdt =
s2+a? 0 aZ-+h2

Result: 6 Prove that L[sinhat] = % s> |al
sc—a

Proof:

We have L[sinhat] = L[]
2

[L(e) — L(e~a)]

_i]

s—a s+a

|
B

Nl NP NI, N
| |

sta—s+a
=]

N
Q

[l

~ L[sinhat] = _* s> |a|

s2—a?

Result: 7 Prove that L[coshat] =

7z 5S> lal

Proo
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eat+e—at

We have L[coshat] = L[ ]
2

[L(e) + L(e~)]

| =

|~
4_

NIk NP N, N
| |

s—a s+a

Ssta+s—a
]

[——;

$2—

DY
Q
(]
[

~ L[coshat] = s> |al

s2—q2 ’

1

Example: Find L [t2]

Solution:

We have L[t7] = "0

sn+1

Putn = 1
2
1 r+1)
s~ L [tZ—J = 2_]

1
s2
1
_ 7B
=

SE+ 1

Vr

= 3
2s2
1
. _ m
..L[tz = 25vs

“T'(n+1) =nln

T (;) =T

1

Example: Find the Laplace transformof ¢t 2 or =

Solution:
We have L[t7] = "
sn+1
Putn = —1
2
1 1“(—1+1)
~ L[t 2] = —34 “T(n+1)=nln
s 2
1
re- -
= T% X 1" (%) = \/71-
s2
_Vn
s
L[M=vVTE
t N
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FORMULA
LIf(®)] = F(s) LIf(©)] = F(s)
I
L[1] = L[sinat] =
$ s2 + a?
Lie] = s
S =
L[cosat] 2+ a2
L[t"] = "0+ if 1 is not an integer
sntl L[coshat] =
s2 — q2
Llt] =™ ifnisan integer
sn+1l a
L[sinhat] =
1 s2 — q2
L(eat) =
s—a
L(east) = '
s+a
Problems using Linear property
Example:Find the Laplace transform for the following
i. 3tz F 26+ 1 V. Siny2 t iXoy ssin?t
ii. (t+2)3 Vi. sin(at +b) X. cos?2t
iii. at vii.  cos32t Xi. cos5tcos4t
iv.  e¥*3 viii.  sin3t
Solution:

(i) Given f(t) = 3t2+2t+1
LIf(t)] = L[3t2 + 2t + 1]
= L[3t2] + L[2t] + L[1]
= L[3t?] + L[2t] + L[1]
= 3L[t?] + 2L[t] + L[1]
=3%+2;+2

L3 +2t+1]=°"+2+"

(i) Given f(t) = (t + 2)3 = 3 + 3t2(2) + 3t22 + 23
LIf(t)] = L[t3 + 3t2(2) + 3t22 + 23]
= L[t3] + L[6t%] + L[12t] + L[8]
= L[t3] + 6L[t2] + 12L[t] + 8L[1]
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(iii) Given f(t) = at
LIf(®] = Lla?] = L[etsq]
Lla] =
s—loga
(iv)Given f(t) = e2t+3
LIF(D)] = L[e2t+3] = L[e>. &3]

= e3L[e%]
ot
- L[e2t+3] = 3 [i]
(v) L[sinyZt] = sz

(vi)Given f(t) = sin(at + b) = sinatcosb + cosatsinb
L[f(t)] = L[sin(at + b)]
= L[sinatcosb + cosatsinb]

= cosb Iisinat] + sinb L[cosat]
L[sin(at + b)] = cosb + sinb

s2+a? 52+qa?

(vii) Given f(t) ="€os32t'= _[3COSZt + co56t]

3cost + cos36
w cos3 6 =
LIf(t)] = [3c052t + cos6t] 4

=_ [3L(0052t) + L(cos6t)]

s2+4 52436

(viii) Given f(t) = sin3 t = - [3sint — sin3t]
4

LIf(®)] = 1 [3sint — sin3t]

=1 [3L(sint) — L(sin3t)]
4
1 1 3
=_B__-_—_1
4 s241  s249

L[sin3t]—i[ ot
4 5241 s249

LIF()] = L [%]
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[L(1) — L(cos2t)]

s
L-_—_]

5244
1 s
_— ]
2 s 5244
1+4cos4t

1
2
1
2

1
s
L[cos? 2t] = 1_[

(x) Given f(t) = cos? 2t =

2
1+4cos4t

LIf(®] =L [27]
= % [L(1) + L(cos4t)]
=0+ ]
2 s s2+16
Llcos22t] = "[L4+ _° ]
2 s s+16

(xi) Given f(t) = cos5tcos4t
L[f(t)] = L[cos5tcos4t]
=1 [L(cos9t) + L(cost)]

2
s+ ° ]
2 s2481 5241
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PROPERTIES OF LAPLACE TRANSFORM
Property: 1 Linear property
Llaf(t) + bg(t)] = aL[f(t)] £ bL[g(t)], where a and b are constants.

Proof:
Llaf(®) £ bg(®)] = [, [af (1) + bg(D)] e~stdt

=a [ f®estdt £ b [, g(t) e~stdt
Llaf(®) + bg(O] = a LIf (O] + b Llg(D)]

Property: 2 Change of scale property.
If L[f(O)] =F(s), then L[f(at)] =£F (Z) ca>0
Proof:
Given L[f(t)] = F(s)
“ Jy et f(D) de = F(s) - (1)
By the definition of Laplace transform, we have
LIf@)] = [y et f(at) dt = (2)

Put at= xie.,t=f:»dt=d_x

a a

()= Lif@] =, xa f(x)—

1 o -sx

==J, €@ f(x)dx

o —St
Replace x by t, L[f(at)] = lfo ea f(t)dt

Lif(at)] = _F(—) a>0

Property: 3 First shifting property.
IfL[f(t)] = F(s),theni) L[eetf(t)] = F(s + a)
i) Llef(t)] = F(s — a)
Proof:
(i) Lle~atf ()] = F(s + a)
Given L[f(t)] = F(s)
w fy et f(8) dt = F(s) -+ (1)
By the definition of Laplace transform, we have

Lle~af(at)] = fooo e=st e=atf(t) dt
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= [;" e+t £(¢) dt
=F(s+a) by(1)
(ii) Llewtf (at)] = [ e=st eatf(t) dt
= ["e~(=9t £(¢) dt
=F(s—-a) by(1)
Property: 4 Laplace transforms of derivatives L[f'(t)] = sL{f(t)] — f(0)

Proof: u=e>t
LIF@©] = [ e f(©) dt = [, udv
= [w]§ — [udv

o du = —se-stdt

= [e—st f(t)]os — dv = f’(t)dt
Iy f(®) (=s)est dt 2v = [ FO)dt

= 0— £(0) + sLLf()]

= SLIF(B)] — £(0) =/

LIf ®] = sLIf(D)] - £(0)
Property: 5 Laplace transform ofiderivative of order n
Lif*®)] = s"LIf ()] = s®* £(0) — 5722 (0) -+ & sm3[f"(0) = -+ f*=1(0)
Proof:
We know that L[f'(t)] = sL[f(t)] — f(0)----- (D
LIf~®] = LIf ©]]
= sL[f'(®)] - £ (0)
= s[sLIf(©)] = f(0)] = £'(0)
= s2L[f(©)] — sf(0) — £'(0)
Similarly, L[f"(0)] = s3L[f(©)] — s2f(0) — sf"(0) — f"(0)
In general, L[fr()] = s"L[f(#)] — sm~1 f(0) — sm-2f'(0) -+ — s»=3 f7(0) — -+ fn=1 (0)

Laplace transform of integrals

Theorem: 1 IfL[f(t)] = F(s), then L [ftf(t)dt] =
0

s

Proof:
Let g(t) = [, f(t)dt
~g@®=f®
And  g(0) = [ f()dt =0
NowL[g'(t)] = L[f(t)]
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sLIg(®] = g(0) = LIF()]
sLg®] = LIF®] - g(0) = 0
Llg®] =
~ L[ tf(t)dt] =S@

Jo ;

Theorem: 2 IFL[f(£)] = F(s), then L[tf(£)] = — ;F(s)

Proof:
Given L[f(t)] = F(s)
w o et f(©) de = F(s) e (D)

Differentiating (1) with respe[g:t to s, we get
d we=st f(t)dt =" F(s)
ds’ 0 ds

Jo2 (e )f(©) de = F(s)
0 9s ds

Jo(=tet £(1) dt = 1 F(s)

. d ds
— estf(t)ydt= " F(s)
0 ds

~Lltf )= E(S)
- Ltf ()= L H(s)
Note: In general L[t*f(t)] = (—1)" %F(s)

sZ—s+1

Example: If L[f(t)] =

26 D) then find L[f(2t)].

Solution:

Given L[f(t)] =

s2—s+1
(2s+1)2(s—1)

= F(s)
LIf20)] = 21 FO)

sy2_ %41
_1 95
= 5—
2241)" ¢-1
@2’ &)
s i)
_1 gt
— . 5 352
2 2 Z
(s+1) (2)
_ s2—2s+1
4(S+1)2(S—2)
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Shifting theorem
Lle=*f(t)] = LIf(t)]s-s+a

Llevtf ()] = LIf()]s>s—a

Example: 5.7 Find the Laplace transform for the following:

3t

. te—*

vii. 22t
ii. the* viii, £32-t
lii. e*tsin2t iX. e~2tsin3tcos2t
iv. e-Stcos3t X. e~3tcos4tcos2t
V. sinh2tcos3t Xi. e*tcos3tsin2t
vi. cosh3tsin2t

(i) te-3¢
L[te—3t] = L[t]s—>s+3
1 1
=) CLt) =
s* s—5+3 s?
o Lltes] = !
(s+3)?
(ii) t3e2t
L[t3€2t] = L[t?’]s—)s—Z
=) L) =2
st sl $3+1
o L[tder] = _°
(s—2)*

(iii) e*tsin2t

Lle*tsin2t] = L[sin2t]s—s—4
2

52'"—22 s—os—4
_ 2
ey
_ 2
T s2-8s+16+4

. Lle*sin2t] = 2

52—8s+20
(iv) L[e—5tcos3t]

Lle—5tcos3t] = L[cos3t]s—s+s
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N

s24327 5545

_ s+5
T (s+5)%+9

_ s+5
s2410s+25+9

s+5
LleStcos3t] = "~
s2+10s+34

(v) L[sinh2tcos3t]
2t__ ,—2
L[sinh2tcos3t] = L [Let) cos3t]
2

=1 [L(e?tcos3t) — L(e2tcos3t)]

2
1
= E [L(COS3t)S—>S—2 — L(COSBt)S_)S+2]
1
=_[C) -]
2 s243%2 s o s2+32 512
=~ L[sinh2tcos3t] = i[ 52 st2_

2 (5-2)249  (s+2)%49
(vi) L[cosh3tsin2t]

. e3tte3t |
L[cosh3tsin2t] = L [C—_) sin2t]
2

= [L(e3tsin2t) + L(e3tsin2t)]
2

1 !
= 2 [L(Sant)s—>s—3 + L(8in2¢t) s—>s+3]
1 2 2
| G tC ) ]
2 52427 o503 s2+2% 55543
2 2

. L[cosh3tsin2t] = . [ +
2 (s—3)2+4  (s+3)2+4

(vii) t22¢
L[t22t] = L[t2elog2"]
= L[tZetlogZ] = L[tz]s—>s—logZ

=&

s3 s—s—log?2

2

- (s—log2)3
2
. L[$22t] =
+ L{ez2e] (s—log2)3
(viii) 832t

L[t32-1] = L[t3elog2_t]

= L[t3e—tlog2] = L[t3]5—>s+log2
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3!
= g)
s—s+log2

_ 6
(s+log2)*

1 6
~ L[t32-t] = rlog2)

(ix) L[e~2tsin3tcos2t|
Lle~2tsin3tcos2t] = L[sin3tcos2t]s—s+2

L[sin(3t + 2t) + sin(3t — 2t)]

s—s5+2

1

:
L[sin 5t + sin t]

2 5542

: [L(sin 5t) + L(sint)]

2

s—s+2
_pS 4+

2 52452 2412 o ,oio
1

=l __+
2 "(s+2)24+25  (s+2)2+1

s Lle2sin3tcos2t] == '[__° 4+ !

2 (s+2)2425  (s+2)2+1

(X) Lle—3tcos4tcos2t]
Lle—3tcos4tecos2t] =-Llcosdtcos2t]s—s+3

= 1L[cos(4t + 2t) +¢cos(4t — 2t)]
2

5—s+3

=1 L[cos6t + cos2t]

s—s+3

[L(cos6t) + L(cos2t)]

—s+3

S
e T )
s2462 2422 543

2
1
2
1
2

1[ s+3 s+3 ]
2 '(s+3)%2+36  (s+3)2+4

~ Lle—3tcos4tcos2t] = 1_[ s+3 543

2 (s+3)2436  (s+3)2+4

(xi) L[e*cos3tsin2t|
Lle*tcos3tsin2t] = L[cos3tsin2t]s-s—4
= L L[sin(3t + 2¢t) — sin(3t — 20)]
2 s—s—4

= iL[sin 5t — sin t]

2 s—s—4

1 . :
= [L(sin5¢) — L(sin®)]
15 1
T2 52452 g2412 sos—4
_1lps 4t

T 2N s-02425  (s—4)2+1
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~ Lle*tcos3tsin2t] = 1_[ >+

2 (s—4)2+25  (s—4)2+1
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LAPLACE TRANSFORM OF DERIVATIVES AND INTEGRALS
Problems using the formula
LItf (5] = LIf(0)]

Example: Find the Laplace transform for tsin4t

Solution:
L[tsin4t] = __dL[tsin4t]
ds
_ —dg 4
s [52+4-]
_ —[(s*+16)0-4(2s)]
- (s2+16)2
. L[tsin4t] = %
(s2+16)2

Example: Find L[tsin2t]

Solution:
Llesine] = L fsin? ¢ = L1 (002
ds ds 2
= —2201(1) — L(cos2t)]
2ds
Ll d [1 g

2ds s | 2+

_ _li [SZ+4_SZ]
2 ds “s(s2+4)
1d 4

2ds s(s2+4)
_ 4 d 1

2ds s(s2+4)

-9 [0—(3s2+4-)]
(s3+4s)

2(3s2+4)

=~ L[tsin%t] =
(s3+4-s)2

Example: Find the Laplace transform for f(t) = sinat — atcosat
Solution:
L[sinat — atcosat] = L(sin at) — a L(tcosat)

@ —a (__d L[cosat])

T s24q2 ds
d s
R
s24a? ds s24a?
__a +a r(sz+a2)1—s(25)]
s2+q? t (s24+a?2)2
_ a r52+a2—52‘|
s2+a? L(sz+a2)2J
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2 2
a S

L(s2 +a?)2

s2+a?

_a(s?+a?)+a(a®-s?)
(s2+a?)?

_ asz+a3+a3—asz)
(s2+a?)2

. 2a3
~ L[sinat — atcosat] =

(s24+a?)2
Example: Find the Laplace transform for the following
(i) te—3tsin2t

(i) te—tcosat 9iii) tsinhtcos2t
Solution:

(i) L[te3tsin2t] = L[tsin2t]

__d L[sin2t]
s—s5+3

ds s—s+3
_—d 2

ds (52+22 s—s+3

[(sz+4)0—2(25)]
(s2+4)2
4s
[ ]
(*+9? 55543
L[te-3tsin2t] = Hs+3)

((s+3)2+4))2
(i) L[te—tcosat] = L[tcosat] 1

d
__L[cosat]
s—s+1l ds s—s+1

s—s+3

_ —d( s
ds ~s?+a?’ s 11

_ [(sz+a2)1—s(25)]
(s*+a%)? s—s+1
_[ a?—s?
(s*+a®)? ¢ ,o1q
_ [ s2—q?
(s*+a?)? s—s+1
1)2—g2
L[te~tcosat] = s+ a

((s+1)2+a?)?
(iii) L[tsinhtcos2t]

t_,—t
L[tsinhtcos2t] = L [t C_°_) cos2t]

2

[L(tetcos2t) — L(te~tcos2t)]

QU

1

2
= i L[cos2t] + iL[cosZt] ]
2 ds s—s—1 ds s—s+1
1

_ s d s
2k & S

ds s*+4 11

U

_ [(52+4)1—s(25)]
(s24+4)2

N =
| |

(sz+4-)1—s(25)]
s—s—1 [ (52+4)2 s—>s+1]
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1 4—52 4_52
= _[-1 ] + [ ] ]
2 (P? oy T oy
12—
. L[tsinhtcos2t] = i[ (s=1)7—4 4—(s+1)2 ]

2 ((-1D2+4)2  ((s+1)%2+4 )2

Problems using the formula
LEf ()] = L L]

Example: Find the Laplace transform for (i) t2sint (ii) t2cos2t

Solution:
(i) L[t2sint] = iL[sint]
ds?
dz . 1
=__[__]

ds? s2+1

_ [(S +1)0-1(2s)]
o ds( (s2+1)2 )

_d —2s
T ds ((sz+1)2)
=—2% "
ds (s2+1)2
2205 (W)@ (s H1)(29)]
- (s2+1)4

—2(s%+1)[(s%+1)~4s?]
(s2+1)*
—2[1-3s2]

(s2+1)3

~ L[t2sint] =

(i) L[t2cos2t] = __L[cos2t]

d [(s®+4)1—s(25)]
T vy
d , 4—s2
=& (omap
() o9tz
s’—(4—s )2(s +4)(29)]
- (s2+4)*

_25(s24 ) [(s%+H4) (-1 —(4—sH)2]
- (s2+4)*

_ 2s[s2—12]
=

2_
o L[t2 cos 2t] = 2sls12]

(s2+4)3
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Example: Find the Laplace transform for (i) t2e—2tcost (ii) t2e*tsin3t

Solution:
dZ
(i) L[t2e~2tcost] = L[t2cost] s gy = — LlCOSt] .,

ds?
d? s
=_ ()

ds? s241 g,g19

_d [(sz+1)1—s(25)]

ds (s2+1)2
d [ 1—52 ]
ds (s2+1) So5+2

2 2( ) 2 2
[(s+1) *—25—(1-5)2(s +1)(25)]

s—s5+2

(s2+1)* )
5—s
— (2 [(s%+1)(—25)—4s(1—s2)]
- (S * 1) [ 2+ ] s—s+2
= [s2edstasy
(s2+1)° s—os+2

_ 2s3—6s]
B m s—s+2
_ 2(s+2)3-6(s+2)
T ((s+2)241)3
2

d .
(iLltzettsin3t] = L[Esin3t] sy~ —spklsindd

. L[t?e % cost]

3
5249
s—=s—4

_d [(s2+9)o—3(2s)]

249)2
(s°+9) s—s5—4

N i I
ds (s24+9)2 5,5 4 ds (s24+9)?% (o _4
[(5+9)% (D —()2(s°+9)(25)]

= =6 (s4+9)* ]
s—=s—4

— A2 [(s*+9)—4s?]
= 6(5 + 9) [_ (52+9)4 ]S_)S_4

_22
=_6[9 3s

(s*+9)° s—s—4

__ 18s%-54
= oy |

s—s—4

a2
L[t%e*sin3t] = 6~ 5
((s—4)2+9 )3

MA8251 ENGINEERING MATHEMATICS Il

binils - Anna University App on Play Store



binils.com - Anna University, Polytechnic & Schools

Free PDF Study Materials
Binils.com — Free Anna University, Polytechnic, School Study Materials

Problems using the formula

LR = [ LIF(D]ds
This formula is valid if lim@is finite.
t-0 t

The following formula is very useful in this section

B logs
S

fds —
o= og(s+ a)

[ sd Ellog(s2 + a?)

s2+qa?

ads s
f =tan—1_
s2+a? a

cosat
]

Example: Find L [

Solution:

. t 0 1
lim cosat _ cosa(0) —1_w

t-0 t 0 0
= Laplace transform does not exists.

Example: FindiL ™4
t

Solution:

sin3t " 3sint—sin3t

t 4t

. sin3t . 3sint—sin3t
lim = lim

t->0 t t—0 4t
—00_0 (by applying L—Hospital rule)
0 0

. 3sint—sin3t
=lim———=0
t—0 4t

Hence Laplace transform exists

sin’t 3sint—sin3t
LMY = o sy
1 oo

= L[(3sint — sin3t)]ds

% K 1 3

= @ " - *)ds
Z’g s241 s249 -
1 1 -1

L N e T

[3tan s — tan -1
3°s

[3(tan—1 o0 — tan—1s) — (tan—1 oo — tan—12)]
3

[C—tan1s) — (C—tan120) ]
2 2 3

[cot-1s — cot~17]
3

MA8251 ENGINEERING MATHEMATICS Il

binils - Anna University App on Play Store



binils.com - Anna University, Polytechnic & Schools
Free PDF Study Materials
Binils.com — Free Anna University, Polytechnic, School Study Materials

Example: Find L [e_ZtSM]

t

Solution:

_2¢t Sin2tcos3t sin2tcos3t
L[e™? 1=L]
t ¢ s—os+2

= 1[fsm L(sin(3t + 2t) — sin(3t — Zt))ds]s
="[ @ L((sin 5t) — L(sin t))ds]

—-s+2

2Js 1 s—s+2
1y o 5 — 1]
2 [‘-S SZ-I-_S2 SZ-I-_I2 so5+2
1 [ee]
=_[[tan"12 —tan-1s] ]
2 5 S s-s+2

[[(tan—1 oo — tan—1 )— (tan-1oco —tan—1s)] |
s—s+2

1
~3

_1

“[C - tan—t i) — (’i— tan1s) ]

2 2 s—s+2
1

= _[cot1%—cot1s]

2 5 s—s+2
1 2

= _ [cot™ 1642 — cot1(s + 2)]
2 5,

f

YIOLLERTTIO)
Jo s

t
Example: Find thed_aplace transform for.(i) f; e 2tdit(it) fo cos2tdt

Problems using L[

t t
(iii) [, tsin3tdt (V) t [ costdt

Solutlon .
() L[ e-2dt] = L[e 2] ="(")
IO s s s+2
“L] Jte_tht] =_!
. 0 L s(s+2) s
(i) L[ . cos2tdt] = L[cos2t] =" ( ~ )
0 s 1 s st+4
~ L[ tcos2tdt] =
Jo )
(il L[ esin3ede] = ! L[tsin3t]
S
= "2 [L[sin3t]]]
s ds
1.d 3
= _[[_I
s ds s?+9
-1 —6s
=~ oy
~ L[ ftsin3tdt] =
Jo oy
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(V) LE tcostdt] = “L[ ' costdt]
Jo ds fo
_—da

s
=__ [ (]
ds s s2+1
d 1
=1
ds s2+1
—2s

- [(5251) 2]
ttsin3tdt] = °

0 (s2+1)2

aan

t
Example: Find the Laplace transform for e~t [ tcos4tdt

Solution: »
L[e=t ttcos4tdt] = L[ ttcos4tdt] = [~ L(cos4t)]

Jo Jo

1d s

s—os+1 sd s—os+1

sds s2+16 ¢ ,e11

_ [—_1 (sz+16)1—s(25)]
Tl (s2+16)2 sos41
_ [—_1 (s2+16—2s2)]

s (s*+16)% T o4

_ [—_1 (—s%+16)

%1602 L 4

L (s2—16)

s (s2+16)2 11

~Llet Jt tcos4tdt] = L (s+1)*-16 ]
0 s+1 ((s+1)2+16 )2
Example: Find the Laplace transform of e~ tsint ;.

0 ¢
Solution:
Llet (tsintdt] = L[ ¢tsint
e jymedt] = L1 =2 de]

t s—s+1

1 sint
=L ()]
s t sos+1

= [1 OOL(sint)ds]

s S s—=s+1

=1
S fs s2+1 sos+1
= [i [tan-1s]>]

S $ sos+l

= [1 (tan~1oo —tan-1s) ]
s s—s+1

=L -tan-1s) ]
s 2 s—s+1
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= [1 cot~1s ]
s s—-s+1
[ L Lt gl = 1 ocoti(s + 1)
e~ _ S
J0 t s+1

Evaluation of integrals using Laplace transform
Note: (i) J,” f(De-stdt = LIf(1)]

(i) f;” f(®e-wdt = [LIFO _,

(iii) [ f(®dt = [LIFO1 _,

Example: Find the values of the following integrals using Laplace transforms:

(i) © te-2tcos2tdt (i) © t2e-tsintdt (i) o et ezt

Jo fo [o ) at
iv o .1—cost V; o e~ —_cosht
(iv) P v) e a

t 0 t

Solution:

(i) .@te~2tcos2tdt = L[tcos2t] = [_d L(cos2t)]

0 s=2 Z =2

_—d, s
_E (52+4)S=2

11 (s2+4)1—s(25)]

21402
(544+4) “—2

_ _ -5y
(sz+4)2] =2

__ @b _
T @+ 0 ,
(i) = t2e~tsintdt = L[t’sint] = ~ L[sint]

0 s=1 ds? s=1

_d?, 1
ds? “s24+1 -1

=d_ —1(2s)
ds (s>+1)%" (4
d s
=28 ]

Te (24192
ds (s*+1)° ¢4

2 Z0 2
(5 +1) D—s2(s”+1)(25))]
==2] GZLADT ]

[(S*+D[(s*+1D)—4sD)]]
=2 (ESHE: ]

1—3s2
= 2[5

2 3
(s*+1)° "1

_ 653—2] _4_
%52+1)3 =1 8
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(iii) JO e t_o— )dt _1 [e t_e Zt]s 0 = fs [L[e—t — e—Zt]dS]S=O
- [ [L(e) - Le9]s]
it ) ds]

fS s+l s+2 s=0

= {[log(s + 1) — log(s + 2)];’°}S=0

s+1.%°
{llog—] 3 .

PR

= {log D }s:O
=[0—-1lo 95;12]5 . wlogl=0
[og ] = log2

() §* (=costy eta

J(:o (1Ltost) otdt = L [1—Zost]S:1 = fs [L[(1 - COSt)]dS]5=1

=foo[[L(1) — L(cost)]ds]

= [Cr— pi)dsi

fS s s+l

S=1
0

= {[logs — _log(s? + 1)] }
2 s §=1
= {[logs — log\/sﬁ_-l-_t]oo}
s s=1

= {[log___]"}

\/SZ+1 s S=1
=[0~log___]
\/SZ+1 s=1

@]

s=1

= [log

S

= log\/E
(V) JOOO (e—at_cosbt) dt

J (e —cosbt; dt = [ at cosbt] . = f:o[L[(e—at — COSbt)]dS] o
= “llL(e~t) — L(cosbt)] s]

fsoo 1 $=0
= [C _ s )ds]
fS sta  s2+b? $=0

1 2 2
log(s+a) — 5108(5 +b )]S }5—0
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= {[log(s + a) — logVs? + bz]‘:}S:

0

sta oo

= {liog el }5=o
— [0 _ lOg s+a ]

Vs2+b2 g—0

= [log
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INITIAL AND FINAL VALUE THEOREMS

Initial value theorem
Statement: IfL[f(t)] = F(s), then lim f(t) = limsF(s)
t—0

Proof:
We know that L[f'(t)] = s L[f(t)] — f(0)
= sF(s) — f(0)
= sF(s) = LIf (O] + f(0)
= [, e=stf (H)dt + £(0)

Taking limit as s — oo on both sides, we have
limsF(s) = lim[ .« e=stf'(t)dt + f(0)]
S—00 §—0 0

= lim [fooe—stf’(t)dt] + f(0)

s—200 Y 0

= 7 lim[e=stf'(t)]dt + £(0)
J, o
=0+ £(0) e =0
= f(0)
= Jimf (©)
t—0
~ limsF(s) = lirf)lf (t)

Final value theorem
Statement: If the Laplace transforms of f(t) and f'(t) exist and L[f(t)] = F(s),then

limf(t) = limsF(s)

t—oo s—0

Proof:
We know that L[f'(t)] = s L[f(t)] — f(0)
= sF(s) — f(0)
= sF(s) = LIf (] + £(0)
= [, e=stf()dt + f(0)

Taking limit as s — 0 on both sides, we have
limsF(s) = lim[,. * e=stf'(t)dt + f(0)]

s—=0 s-0° 0

= lim[[ = e=f ()de] + f(0)
520 0
= lim[e=stf'(£)]dt + f(0)

0 550

= 7 f(Odt + £(0)
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= [f®OIF + f(0)

= f() — f(0) + £(0)
= f()

= limf(¢t)

t—ooo

s~ limf(t) = limds‘F(s)

t—oo

Example: Verify the initial value theorem for the function f(t) = ae-bt
Solution:

Given f(t) = ae bt
F(s) = LIf(®)]

= Llae~"t]
1
=a __
s+b

sF(s) =2
s+b

Initial value theorem is limf(t) = limsF(s)
t—0

S—00

limf(t) = lim ae~?bt
t-0 t

-0
S0 (] s e (1)
lim sF (s) =/ lim [#-]
S—00 s—oo S+b
= lim [ ‘ZS] == lim [ ib ]
s s(14+) 550 (14)
= (e (2)
From (1) and (2), limf(t) = limsF(s)
t—0 S—00

=~ Initial value theorem is verified
Example: Verify the initial value theorem and Final value theorem for the function
f(t) =1+ et[sint + cost].
Solution:
Given f(t) = 1 + e~t[sint + cost]
F(s) = LIf(®)]
= L[1 + e~t[sint + cost]]

[1] + L[e t[sint + cost]]

+[ 1 + s]
241 s%4+1 g1

L
L[1] + L[sint + cost]s—>s+1
1
S
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_1,_ 1 s+1
T s D241 (s+1)2+1
Fis)='+__" s+1

+
s S242s42 5242542

S 2
sF(s) =1+ 4 5t
242542 s24+2s+2

Initial value theorem is hmf(t) = limsF(s)

S—0C0
limf(t) = llm[l + e~t[sint + cost]]
t—0
=14+04+1=2:c:ev- (1)
limsF(s) = lim [14+ __° s’+s 1
500 s> S242542  s242s5+2
1
=1+lm[—1 + a+) ]
§—00 s(1+;+s7) (1+;+s—2)
=1404+1=2cecene (2)
From (1) and (2), llmf(t) = limsF(s)
S—00

~ Initial value theorem is verified
Final value theorem is limf(t) = thF(s)
-0

t—>o0

limf(t) = llm(l + e~t[sint + cost])

t—>o0
=140 = 1 e enr e (3)
limsF(s) = lim[1 + ° s*+s ]
s—0 =0 S242s+2 242542
=14+04+0=1::e-- (4)

From (3) and (4), limf(t) = limOsF(s)

=~ Final value theorem is verified.
Example: Verify the initial value theorem and Final value theorem for the function

F© =L, 15

Solution:
. _ 1
Given f(t) =L 1{@]---(19
=il o lde= e gl [jdt
(s+2)
= [ et dt
= [ te-2 dt

= [t () - e
—2 (-2)? ] 0
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_ _te—zt _e—zt_ O+i
2 4 4
-2 -2
f(t) :_l_te f_e t
4 2 4
From (1), F(s) = !
s(s+2)2
1
sF(s) 2y
Initial value theorem is limf(t) = limsF(s)
t—0 s—00
-2 -2
limf(t) = lim [l e e_t]
t—0 t—0 4 2 4
=l-0-I1=0
4 4
s limf(t) = 0. (2)
t—0
limsF(s)=1lim _! =0
s—00 soo (s+2)2
~ limsF(s) =0--(3)
S—00
From (2) and (3), limf(t) = limsF(s)
t—0 s—00

-~ Initial value theorem is verified
Final value theoremuis limf(t)s= limsF(s)
s—0

t—oo

1 te 2t | e

-2t

limf(t) =lim |

t—oo tooo 4 2 4
=l—0-0=1-®
4 4
limsF(s) = lim [ ! ]
s—-0 s—0 (S+2)2
1
=_.(5)
4

From (4) and (5), limf(t) = limdsF(s)

=~ Final value theorem is verified
Example: Verify the initial value theorem and Final value theorem for the function
f(O) =et(t+2)
Solution:

Given f(t) = e t(t + 2)?

=et(t2+ 4t +4)

F(s) = LIf(®)]

= Lle~t(t2 + 4t + 4)]

= L[tZ + 4t + 4]s-s+1

= [L(t?) + 4L(t) + 4L(1)]s-s+1
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= +4 " +4Y
3

S s2 S s—os+1
__2 44 " 44
(s+1)3 (s+1)2 s+1
sF(s) = = ds 4

(s+1)3  (s+1)2 = s+1

Initial value theorem is limf(t) = limsF(s)
t—0

S—00

limf(t) = lim[e~t(t2 + 4t + 4)]
t—0 t—0

=4-(1)
limsF(s)=lim [ & +_% 4 %
s—00 s—oo (s+1)3 (s+1)2 s+1
= lim [ 251 . 4 , + 4-5)‘l
soo S st s
4

=lim [ —+_* +_ ]
soo sH14) sy ()

=0+0+4
=4--(2)
From (1) and (2); lirr01f (&) = limsF(s)

-~ Initial value theorem is verified
Final value theorem'is limf(t) = limsF(s)
t—oo s—0

limf(t) = lim[e~(t? + 4t + 4)]
t—oo t—oo

= 0 e (3)
limsF(s) =lim [ 2s 4 ¢ ﬂ]
50 s=0 (st13  (s+1)? s+l

From (3) and (4), limf(t) = lirnOsF(s)

~ Final value theorem is verified.
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INVERSE LAPLACE TRANSFORM

Inverse Laplace transform of elementary functions

LIf@®)] = F(s) L7 [F(s)] = f(®)
1 1
L[1] = L1[]=1
s s
1 1
— -1 —
L = IWET:
! 1 n!
n| = 1 1 1 - =fn
L[t] g+ if nisaninteger L [Sn—H] t
9 1.t
[STH-I] o n!
1
Lleat] = L] ] = eat
s—a s—a
1 1
Lle—at] = L1 ]=eat
s+a s+a
] a -1 1 _ Sinat
L[sinat] = 242 24+ar a
s S
L[cosat] = L] ] = cosat
sz + a? sz + a?
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] . 1 sinhat
L[sinhat] = 2 _ g2 L- [sz B a2] = .
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L[cosat] =

Sz_az

L1] | = coshat

SZ_aZ

Result on inverse Laplace transform

Result: 1 Linear property

Lif(©] = F(s) and L[g(t)] = G(s) then L-1[aF(s) £ bG(s)] = aL~'[F(s)] £

bL-1[G(s)]
Where a and b are constants.

Proof:

We know that L[aF(s) + bG(s)] = aL[F(s)] + bL[G(s)]
=aF(s) £ bG(s)

(i.e.)a F(s) £ b G(s) = Llaf(t) + bg(t)]
Operating L-1 on both sides, we get
L=Y[aF(s) & bG(s)] = af (t) £ bg(t)

L-aF(s) £ bG(s)h=lal=*[F(s)] + bL[G(s)]
Result: 2 First shifting property

(i) L1 [F(s + @) = e~ L 1[F(s)]]

(i) L1 [F(s — a) = etL-1[F(s)]]
Proof:
Let Lle~atf(t)] = F[s + a]
Operating L—1 on both sides, we get
e~f(t) = L7F[s + al]
L~YF[s + a]] = e ¢L-1[F(s)]
Result: 3 Multiplication by s.

v f(®) = L7YF(s)]

0(8) =k G (s)]

If L-1[F(s)] = f(¢) and £(0) = 0, then L-1[sF(s)] = L-1[F(s)]

Proof:

dt

We know that L[f'(t)] = sL[f(t)] — f(0) = sF(s)

Operating L= on both sides, we get
f@® = L7 [sF(s)]
Lf(t) = L7HsF(s)]
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LLAF(S)] = L7 sF(s)]
LsF(s)] = S L[F(s)]
Result: 4 Division by s.
LR = fy LF()]de
Proof:

We know that L [ J f (t)dt] = L[f(t) F(s)

Operating L—1 on both sides ,we get
Jf ©de = L LF(s))

tLYF(s)] dt = L- LHF(S)]
0 s

SLT ) = R de
Result: 5 Inverse Laplace transform of derivative
LF(s)] = L1 [ZF(s)]
Proof:
We know thaw, L[tf [©)]= ‘disL[f(t)] = ‘diSF(s)
Operating'L=1 on both sides ,we get
tf(t) = —L7L [ F()]
LAF()] = 17 ()]
[ = 2L [LF(S)]
LAF()] = L7 ()]
Result: 6 Inverse Laplace transform of integral
L-1[F(s)] = tL=1[ [ F(s)ds]
Proof:

We know that L f L(f(t)) ds
= *F(s)ds

fs

Operating L—1 on both sides, we get
IO = 177 F(s) ds]

f@©) = tL[f;” F(s) ds]
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L1[F(s)] = tL=1[[" F(s) ds]
Problems under inverse Laplace transform of elementary functions

Example: Find the inverse Laplace for the following

1 (i) 1 (i .\ 3s+5
0 2543 (i) 45219 SL%SZHS—‘; (iv) s2+36
Solution:
() L-1[ 2 ]=L [-11]
25+3 2[s+;]
-3t
= - 2

(ii) L [gyang] = LT[ ]

4[SZ+Z]
1 1
=11t
]
:_1isinit
43/5 2
= Esinit
6 2
3_22 3 2
Gii) L = L = T
s s s# s
= [41 (5 — 3L [E] Rzl 1 |
7] L, F
3_2c2 3
LT =1 - 3e 4+ 70
st 3!
(iv) -1 [3s45] = 3L  [<_]+5L [11]
s2+36 52436 52436
—1 r3s+59 5sin6t
[s2+36] = 3cos6t + A

Inverse Laplace transform using First shifting theorem
L-1[F(s + a)] = e *L-1[F(s)]
Example: 5.40 Find the inverse Laplace transform for the following:

(1) 1 (i) 1 (iii) 1 (iv) 1
(s+2)2 (s—3)4 (s+3)2+9 s2—25+2

Solution:
(I) L—l[ 1 ] _ e—ZtL—l [l] _ e—Ztt

(s+2)2 s2

3

(i) L[ 1 ] = e3tL-1 [l] — ezt

(s=3)* s 3!
@iy L1 1 ] = e-3tL-1 [L] _ -3t sin3t

(s+3)%2+9 5249 3
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1 1

1=L-1] ] = etL-1[~—] = etsint
§2—25+2 (s—1)2+1 s2+41

(iv) L]

Inverse using the formula

L[F(s)] =

-1 [d;"sF(s)]

Note: This formula is used when F(s) is cot=! @(s) or tan—1 @(s) or log®(s)
Example: 5.41 Find the inverse Laplace transform for the following
(i) cot-1 (O) (i) tan-1 (2) (iii) cot-las
a s
Solution:

(i) L~ [eor= O)] = ‘_1 L1 Ld (cot=+ ()]

_ 2, Ol= 27 O]
t 1+_ a t a +25 a
=l
t s2+a?
-1 [cot-1 (D] = ! sinat
(i) L=t [ran=1 (9] = 2 L~ [~ (egnt ()]
S O LT L L O
Tt 1+( ) t S S+2a S
=l ]
t s2+a?

L1 [tan-1 (D] = ! sinat
N t

(iii) L-1[cot~1as] = A [i(cot—l(as))]
t ds

1 a
=1 1 -1 (@] =_L71] |
t L +a?s? t a2(52+_2)
1
L 1 1 sinEt
L) = L P

at 24 at L Z
a2

L-1[cot~las] = Ysint
t a

Inverse using the formula
L-[sF(s)] = ZL-1[F(s)]

dt
Example: Find L1 [slog (%
sz+b
Solution:
L1 [slog Y] = “ 11 [slog (")) -~ (1)
s2+b2 dt s2+b2
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L1 [log )] = L1 “[log ]

s2+4b2 ds 524-b2

=1 dﬁ (log(s? + a?) — log(s? + b?))]

:_—IL‘l[ 1 o2s—_ ! 2s]

t s2+a? s2+b2
— 271 S — N
t s2+a?  s2+b?

=2 [cosat — cosbt]
t

=2 [cosbt — cosat]
t

Substituting in (1), we get
L1 [slog (52+a2)] = d_[zicosbt — cosat]]

s2+h2 dt t

rt(=bsinbt+asinat)—(cosbt—cosat)q
=2 2 1

s24+a? ] -2 rt(=bsinbt+asinat)—(cosbt—cosat)q
Grp)l = 28 2 ]

L' [slog
Inverse using the formula

L7 2] =y LF(s)ldt

one term

This formula is usedwhen F(s) =~ & &
s(anotherterm)

. = 1
Example: Find L' [s(s2+a )}

Solution:
1 t
L_l [ ] = L—l [71—] dt
s(s2+a?) fO  (s%+a?)
— J t[smat] dt
0 a
1 p—cosat t
==,
= [cosat]t
2 0
= __1 (cosat — cos0) = __1 (cosat — 1)
a? a2
.71 1 _
. Ll—josat ] -
s(s2+a?) a?
Example: Find L=1 !
s(s2—a?)
Solution:
1 t
L1 [ ] = L—l [—1—] dt
s(s2+a?) fO ' (s2—a?)
— J t[smhat] dt

0 a
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1 rcoshat t
== [_]

a a 0
=1 [coshat]t
= 0

=i(coshat — cosh0) = 1_(coshat -1)
a? a?

1

Lor—1 __ coshat—1
- L [ (SZ_aZ)] - a2

S

Example: Find L-1 [—1—]

s(s+a)
Solution:
1
L—l [ ] = ,t -1 1 dt
s(s+a) J0 L [(s+a)]
= _g e—atdt
e—at t
= [—]
—a o
-1
= e —1)
a
. L_1[ 1 — 1—e~%
s(s+a) a
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CONVOLUTION THEOREM

Definition: Convolution of two functions
The convolution of two functions f(t) and g(t) is denoted by f(t) * g(t) and

defined by
f(&) * g(© = [, F)g(t — wydu.
State and prove Convolution theorem
Statement: If L[f(t)] = F(s) and L[g(t)] = G(s), then L[f(t)] *L[g(t)] = F(s)G(s)
Proof:

We have £(t) * g(t) = J, f(Wg(t — wdu

LIF(®) + g®] = [ IF® * g(6)] e=dt
- f(:o fot fwg(t — u)duestdt
=Jy Iy Fg(t — westdudt - (1)
Now we have no change the order of integration.
u=0u=tt=0,t=o00
Change of order is... Draw harizontal strip. PQ
AtP,t =u, AtAu = »
LIF®© +g®] = | [ fwg(t — westdtdu
= I f@ 1l 9(t —westdtldu - (2)

Putt —u=x--(3)
t=u+x=>dt=dx
Whent=u;(3) =>x =0
Whent = o; (3) 2 x =

@) = LIf®) *g®] = [;” f@) [ g()esedx]du
= f°° f(w [f g(x)e—sve—sxdx]du
0 0

= Lm f(we—sudu fooo g(x)e—sxdx
= LIfW]L[g ()]
= LIf(®) * g(©)] = F(s)G(s)
Note: Convolution theorem is very useful to compute inverse Laplace transform of product

of two terms
Convolution theorem is L[f(t) * g(t)] = F(s)G(s)
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L7F(s)G(s)] = f(O) * g(D)
L7F($)G(s)] = L7 F(s)] * LG (s)]

1

Example: Find L-1 ] using convolution theorem.

(s+a)(s+b)
Solution:
P A—]=1 [} ]xL
(s+a)(s+b) (s+a) (s+b)
= g0l x o= bt

— g e—ap=b(t=1) dy
=™t fot e~ ebugy
=et fot eb—0u gy

—bt eb—a)ut

=€ b—a "0
—bt

= [et-or — 1]
—bt

— Z [ebt—at —1]
—a

2 1 r ®pt+bt—at _M, bt
[e et ]

b=a
B [(s+a)1(s+b) " % [ene 5 ef™ll

Example: Find the inverse Laplace transform Wz(subz) by using convolution

theorem.

Solution:

2

-1 s -1 s s
L [(52+a2)(52+b2)] =L I(52+a2) (s2+b?) ]

=[-1[—S 1% [—<1
(s2+a?) (s2+b2)

= cosat * cosbt

= fot cosau cosb(t —u)du

_ Jt cos(au+bt—bu)+cos(au—bt+bu) du
0 2
=1 t(cos(au + bt — bu) + cos(au — bt + bu)) du
= ¢ q[cos(a —b)u+ bt + cos(a + b) u — bt]du
2Jo

_ 1 psinl(a—butby] | Sin[(a+b)u+bt]]t

2 a—b a+b 0
— 1 sin(at—bt+bt) + sin(at—bt+bt)  sinbt + sinbtq
2t a—b a+b a—b a+b”
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rsin at + sinat _ sinbt sinbt]
Ya—b a+b a—b a+b

(a+b)sinat+(a—b)sinat—(a+b)sinbt+(a—b)sinbtq
L az_bz 1

rZasinat—stinbt1
L az_bz 1

r2(asinat—bsinbt)q
L a2—p2 1

] __ asinat—bsinbt

(sz+a2)(sz+b2) a’—b2

Example: Find the inverse Laplace transform m by using convolution

theorem.

Solution:

1 1 1

L7 J= L7

(s2+a?)(s2+b2) (s2+a?) (s2+b2)

=L-1[—1-]«xL [—11
(s2+a?) (s2+b2)

1, 1,
= _sinat * _sinbt

q ¢ b
= sinau sinb(t — u)du

Ef 0
3 1 ft cos(au—bt+bu)—cos(au+bt—bu) da
ali Ot 2
3 (cos(au — bt + bw) — cos(au + bt — bu)) du
i, 0

= t[cos[(a + b)u — bt] — cos[(a — b)u + bt]]du

270

: t
—L [sin[(a+b)u—bt] _ sin[(a—b)u+bt]
2ab a+b a—b 0

1 rsin(at+bt—bt) sin(at—bt+bt) | sinbt sinbt
=—— — 2oy T
2ab [ a+b a—b I a+b a—b
1 sinat sin at sinbt sinbt
Zab[ a+b a—b a+b a—b

1 [(a—b)sinat—(a+b)sinat+(a—b)sinbt+(a+b)sinbt1
a2—b2 1

2ab

1 [—2bsinat+2asinbt1
2ab aZ—b? .

1 [2 (asinbt—bsinat)q
2ab a?—b2 1
1 asinbt—bsinat

. —1{— —
L (52+a2)(52+b2)]_ ab(a?-b?)

Example: Find the inverse Laplace transform —_S___ hy ysing convolution theorem.
(s24+4)(s2+9)

Solution:

il =1 [ b s
(s2+4)(s2+9) (s2+4) (s2+9)
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(s2+4) (s249)

= L sin2t * cos3t
= t e sin2u cos3(t — u)du

2J0
1 .tsin(2u+3t—3u)+sin(2Zu—3t+3u
_ ( )+sin( ) du

_fO .

= f t[sin(3t — u) + sin(5u — 3t)]du

2J0
t
_1 [—cos(3t—u) _ cos(5u—3t)
4 -1 5 0

1 [cos(3t—t) __cos(5t—=3t)  cos3t + cos3tq

4 1 5 1 5
1 cos2t cos3t

= _[cos2t — —cos3t + ]
4 5 5
1

I—SCOSZt—COSZt—SCOS3t+COS3t-|
4t 5 .

= 1_[4c052t — 4c0s3t]
20

-1 [ s ] __ cos2t—cos3t
(s24+4)(s2+9) 5
s

Example: FindiL-1 [ ] by using convolution theorem.

2
(s%#a?)

Solution:

L-1 [75 =L [7]_1 s ]
(s2+a?)? (s2+a?) (s2+a?)

= ]-1 [71 ]«L [—%1
(s24+a?) (s2+a?)

1 .
= _sinat * cosat

¢ .
=" 'sinau cosa(t —u)du

sin(au+at—au)+sin(au—at+au) du

2
t[sinat + sin(2au — at)]du

"sinatdu + sin(2au — at) du]

2a Jo fo

1. t
= 2j‘ESlnat fo du + fot sin(2au — at) du]

1 . cos(2au—at) _t

= Z_[SLnat(u)% —( ) ]

a 2a 0

cos(2at—at) + cosat]
2a 2a

= 1—[tsiert -
2a

1 . cos at cosat
= — [tsinat — ——+ —
2a [ 2a 2a
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1 .
= — tsinat
2a

tsinat

. —11’—5 —
L (52+a2)2] T 2a
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TRANSFORM OF PERIODIC FUNCTIONS
Definition: A function f(t) is said to be periodic if f(t + T) = f(t) for all values of t and
for certain values of T. The smallest value of T for which f(t + T) = f(t) forall tis called
periodic function.
Example:
sint = sin(t + 2m) = sin(t + 4m) --
=~ sint is periodic function with period 2.
Let f(t) be a periodic function with period T. Then

1
LifOl = — f e—stf(t)dt

sinwt;0 <t <=
Example: Find the Laplace transformof f(£) ={ , =_, 2« @ f(t+ —) = f(®)

w w
Solution:
The given function is a periodic function with period T = il

1 w

Lif®] = e~stf ()dt
1—e—$150
= fw sinwte=stdt + fﬂ e~s40)dt]
—21.
1—e ws ®
1 T
= f sinwte=stdt
l-ew
1 e—st ] %
L [(_S)2+w2 (—ssinwt — oucosout)]0
1 _z_zﬂ [—ssinm — wcosn] + =}
= ) ﬂ{s tw sZrw?
oo
1_6_2)”5 s2+@2 1
_ 1 a)(e_wir+1)
- —Ts 2t 2
12—(e w)
1 w(ew +1)
SR S
(1—e w)(1+e w)
w
LIf(0] = ——=%

(1-e ©)(s2+w?)
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E0<t<a
—E;a<t<2a

Example: Find the Laplace transform of f(t) = { given that f(t +

2a) = f(t).
Solution:
The qiveanunction Is a periodic function with period T = 2a
LIf®] = e~stf(t)dt
1e=sT 9,
_ TR e=stf (D)dt
1—e2asJ 0
= [ @ Ee—stdt + 22 —Ee~stdt|
1—e—2as 0 a

= [E " emstdt — B2 e~tdt]

E e—st. @ e—st 2a

:m[[j] _[_S]a ]
E e—as 1 e—2as e—as
- 1—6—2‘15[ —s + s s s

E (1—2e~as4e~2as

= 1—e—2as L s
_ B (1-e®)?
- 12_(e—as)2 [ S
_ E [(1_e—a5)2_|
(1—e=%) (14 %9) si B
_E(1-e%)
s (14+e™ %)

« LIf®©)] = £ tanh (%)
N 2

0<t<?
Example: Find the Laplace transform of f(t) = { 1.2~ ; <2 given that f(t + a) =
—1;%<t<a
2
fQ@.
Solution:

The given function is a periodic function with period T = a
Lfl=  emtf(odt
1pe=sT Y
= e—stf(t)dt
1—e-asJ 0
=_' 1 ff@)e—stdt + [&(~1)e-stdt]

1—e—as

2

=_! [f; e-stdt — [q e~stdt]
0

1—e—as

2

€ —st ZQ -5 2
S L T;—:LE ]
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—sa —sa
1 2 1 e—as e 2
=—l—+-+t———]
—S S S S

—sa

1 [1—2e _2_+e_“51

1—e—as s 1
—sa 2
1 (1—6 2)
= —sa 2 [ S ]
12—(e 2)
—sa 2
(1-e 2)
=l ] ]
(1—e 2 )(1+e 2 ) o
_ite ) [+ tanhx = -
S(1+e 2) (1+e2%)
« LIF(®)] = * tanh (%)
s 4
B _ 0<t<a _
Example: Find the Laplace transform of f(t) = {Za o a e g < 2g GiVeN that
f(t+2a) =f(®).
Solution:
The givlen furTmtion is a periodic function with‘period/T' = 2a
LIf(®O)] = e~stf()dt
1—e—sT
= T e=stf(t)dt
1_91—2as Oa
= & te—stdt + 2a(2a — t)e—stdt]
1—e—2as J 0 fa
1 e—st e—st @ e—st e—st 2a
= 1w 1t () — (2] . [2a —0) () - =D (2] ) ]
. 1 —aqe—as . e—as 1 e—2as ae—as _ e—as_l
- 1—e—2a5[ s 52 + §+ s2 + s sz

1 1—2e~95te2as

1—e—2as L 52
_ 1 (1—e~%)2
T 12— (e—as)2 [ s2
—as 2
(1—e~9)(1+e~%) sz 4
— 1 (1=e™)
s2 (1+e~%)
1 as.
= _tanh ()
52 2
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SOLUTION OF DIFFERENTIAL EQUATION BY LAPLACE
TRANSFORM TECHNIQUE
Lly'(®)] = sL[y(t)] — y(0)

Lly"(®)] = s2L[y(t)] — sy(0) — y'(0)

2
Example: Solved * — 3 d_x+ 2x = 2, given x = 0and 4x = 5 for t = Ousing Laplace
dt? dt de

transform method.
Solution:
Given x" — 3x" 4+ 2x = 2;x(0) = 0; x'(0) =5
Taking Laplace transform on both sides, we get,
L[x"(t)] — 3L[x'(t)] + 2L[x(t)] = 2L(1)
[s2L[x(8)] = s2(0) — x'(0)] = 3[sLIx()] — x(0)] + 2L[x(D)] = =

Substituting x(0) = 0; x'(0) = 5
[s2L[x(t)] — 0 — 5] — 3[sL[x()] — 0] + 2L[x(®)] = >

N

s2L[x(t)] — 3sL[x()] + 2L[x(D)] = “+ 5

N

s2L[x(t)] = 8sLix@1% 2L[x(O =<+ 5

Put L[x(£)].= x

szf—3sf+2£=z+5
S

[52—3s+2]f=3+5

N

(s—D(s—-2)f=2+5

— 2+5s
X =

s(s—1)(s—2)
Consider___25 448 L ¢
s(s—1)(s—2) s s—1 s—2

2+5s __ A(s—1)(s—2)+Bs(s—2)+Cs(s—1)
s(s—1)(s—2) - s(s—1)(s—2)

A(s—1)(s—2)+Bs(s—2)+Cs(s—1)=2+5s--(1)

Puts = 0 in (1) \ Puts = 1in (1) \ Puts = 2in (1)
A(-1)(=2) = 2 \ B(1)(-1) = 7 \ C(2)(1) = 2 + 10
A=1 B=-7 C=6
s(s—zf)iz—Z) _i_s%-l-s—%
wx=-71461_

S s—1 s—2
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x(t) = L-1[Y] —7L1 [4:1] + 6L-1 [%2]

x(t) =1 — 7et + 6e2t
Example: Using Laplace transform solve the differential equationy” — 3y’ — 4y =
2e~t, withy(0) = 1 = y'(0).
Solution:
Giveny" — 3y — 4y = 2e-t; withy(0) = 1 = y'(0).
Taking Laplace transform on both sides, we get,
Lly'®] = 3Ly (O] — AL[y(®)] = 2L(e™)
[s2L[y(D)] = sy(0) = ¥ (0)] = 3[sLy(®)] = y(O)] = 4L[y(®)] = 2

s+1
Substituting y(0) = 1 = y'(0).

[s2Ly(t)] — s — 1] = 3[sL[y(t)] — 1] — 4L[y(D)] = Z_

s+1

s?Lly(t)] — s — 1 — 3sLy(t)] + 3 — 4L[y(t)] = 2_1

s2Ly(®)] — 3sLly(®)] — 4LIy(®)] = Z_ 4 s 2

s+1
PutLy(t)] =7y
i 2
SZy- 3SYTAy= | BEY R 2
s+1

2
[s2—=3s=4= 4152
s+1

2 2+s(s+1)—2(s+1)
s —=3s—4[y="—"—+ -
[ = e
_ 2+4s%4s-25-2
s+1

2_

(s+D(s—4p="_
s+1

— SZ—S

Y= (s+D(s+D(s—4)

- s2—s
Y= (s+1)%(s—4)

. Z_g A B C
_ = — —_—
Consider Tty sl + ez Do

s2—s _ A(s+1)(s—4)+B(s—4)+C(s+1)?

(s+1)2(s—4) (s+1)2(s—4)

As+1)(s—4)+B(s—4)+C(s+1)>=5s2—5--(1)

Puts =—11in (1) Puts =4 in (1) equating the coefficients ofsz, we get

—5B=1+1 25C = 16 — 4 A+C=12A=1-C=>1-"2
25

-2 12 13
B=— C==— A=—
5 25 25
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s2—s _ 25 2 + 12
(s+1)2(s—4)  25(s+1) 5(s+1)2 = 25(s—4)
- 3 __2 1
YT 25G+1)  5(+D)? | 25(—4)
13 1 2 1 12 41,1
y® =L [___]-L [ ]+ L]
25 (s+1) 5 (s+1)2 25 s—4
y(t) = Bet_2tet + 24
25 5 25

2
Example: Solve the differential equationd > — 3% + 2y = e-t, withy(0) =
de? de

1 and y'(0) = Ousing Laplace transform.
Solution:
Giveny” — 3y' + 2y = e~t; withy(0) = 1 and y'(0) = 1.
Taking Laplace transform on both sides, we get,
Lly'®] = 3LIy'(©O] + 2L[y(®)] = L(e™)
[s2Ly(£)] = sy(0) — ¥'(0)] = 3[sLIy()] — y(O)] + 2L[y(©)] =

s+1
Substituting y(0) = 1 and y'(0) = 0.
1
[s2Lly(t)] —s — 0] = 3[sL[y(O)] — 1] + 2L[y(8)] = —
N
s2Lly(t)}=s —BsLiy(t)] & 3 + 2Ly (V)] = gy
s+1
1
s2Lly(OF=8sLly®©] + 2LIy(O)= — s
S
PutLly(©)] =7y
_ 1
STy=3syt Zy= T — 453
s+1
[s2 —3s+ 2]y= 1—+s—3
s+1
2 1+s(s+1)—-3(s+1)
[s4 —3s + 2[y= —
_ 14s%+s-3s-3
- s+1
2_ g
(s—1(s—2)y="_""""
s+1
- s2-2s-2
Y= (s+1D)(s—1D(s—-2)
; 2-25-2 A B c
Consider s _— -~ 24 , 5 , C
(s+1)(s—1)(s—2) s+1  s—-1 s-2
§2—25-2 _ A(s—=1)(s—2)+B(s+1)(s—=2)+C(s+1)(s—1)
G+ (-1 (s-2) (s+1)(s—1)(s—2)
As—1D(—2)+B(s+1D(s—2)+C(s+1)(s—1)=52—25—2-(1)
Puts = —1in (1) | puts = 1 in (1) ‘ puts = 2 in (1)
6A=14+2-2 —-2B=1-4 3C=4—-4-2
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6 2 3
s?-2s-2 1 3 2
T HDG-D(s-2)  6(s+1)  2(s=1)  3(s—2)
_ 1 3 2
Y= e+ + 2(s-1)  3(s—2)
1 1 3 1 2 1
y(@®) = _ L7 [ —]+_L [ ]—-ZL1[—]
6 (s+1) 2 s—1 3 s—=2
y(t) =let4 et — 2o
6 2 3

Example: Using Laplace transform solve the differential equationy” + 2y" — 3y =
sint, withy(0) = y'(0) = 0.
Solution:
Given y" + 2y — 3y = sint with y(0) = 0 = y'(0).
Taking Laplace transform on both sides, we get,
Lly'(®] + 2L[y' (©)] — 3L[y(0)] = L(sint)
[s2L[y(®)] — sy(0) — ¥'(0)] + 2[sL[y()] — ¥(0)] — 3L[y(®)] =

s2+1
Substituting y(0) = 0 = y'(0).
1
[s2LIy(t)] — 0 — 0] + 2[sL{y(®)] — 0] — 3L[y()] = o
S
1
s2Lly(®)) + 2sLly(©] = 3L[y(8)] = o
s
1
s2Lly(®)] + 2sLly(®] - 3Ly (0] = o
S

PutL[y(t)] =7y
STy 25— 3y=

s24+1
[s2 + 25 — 3]y= !

5241

(s=D(s+30= _

s24+1

. 1

(s—1D)(s+3)(s%+1)

Consider 1 = A 4B LD
(s—1)(s+3)(s2+1) s—1  s+3  sZ+1
1 _ A(s24+1)(s+3)+B(s—1) (s2+1)+(Cs+D) (s—1)(s+3)

(s—1)(s+3)(s%+1) (s—1)(s+3) (s2+1)
A2+ 1D)(s+3)+B(s—D(s2+ D)+ (Cs+D)(s—D(s+3)=1--(1)
Puts =11in(1) Put s =—=3in (1) equating the coefficients ofs2, we get
8A=0+1 B(-4)(10)=1 | A+B+(C=0=>C=-A—B=_+

8
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8 40 10

Puts = 0in (1), we get
34—-B-3D=1="+'-3p=1

8 40
3.1
3D=_+_-1
8 40
15+1—40 —24 1
3p="Y o p = =>D=_
40 40x3 5
-1 1
1 _ 1 1 Go)s—z
(s—1)(s+3)(s2+1)  8(s—1)  40(s+3) s2+41
- 1 1 s 1

~ 8(s—1) 40(s+3) 10(s’+1)  5(s2+1)

1 1 1 1 1 1 1
y(®) = _L = _ L[ ]—_ L[] - L]
8 (s—1) 40 s+3 10 s241 5 s2+1
y(t) = Tet — o3t — 1_(cost — 2sint)
8 40 10

Example: Using Laplace transform solve the differential equationy” — 3y' + 2y =
4e2t, withy(0) = —3 and y'(0) = 5.
Solution:
Given y' — 3y'® 2y = 4¢é2t;jwith y(0) = —3 andy'(0) = 5.
Taking Laplace transform on both sides, we get,
Ly (O] =3L[y(t)] + 2L[y(£)] =-4L(e%)
[s2L[y(5)] = sy(0) = ¥'(0)] = 3[sLIy(D)] — y(0)] + 2L[y(D)] = 4 —

s—2

Substitutingy(0) = —3 and y'(0) = 5.
[s2L[y(£)] + 3s — 5] — 3[sL[y(t)] + 3] + 2L[y(t)] = j__z

s2Lly()] + 3s — 5 — 3sL[y(©)] = 9 + 2L[y(t)] = 4:

_ 4

s2Lly()] = 3sLly(D)] + 2L[y(®)] — —3s+14

PutLly(®)] ="y
— 4
§Zy— 3sy+ 2y= — —3s+14

4
[s? =3s+2]y= —4+14-3s
-

4+(14-3s)(s—2)

2 _
[s¢ —3s + 2[y= =

(s — (s — 2)y= 22D

- 44+(14-3s)(s—-2)

T (s—1)(s-2)2
B ¢
s—=2 (s—2)2

. 4+(14-35)(s-2) _ A
Consider ez —iat
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4+(14-3s)(s—2) __ A(s—2)%+B(s—1)(s—2)+C(s—1)

(s—D(5-2)2 (s—D(s-2)2
A(s—=2)2+B(s—1(s—2)+C(s—1)=4+(14-3s5)(s—2)-- (D)

Puts =1in(1) Puts = 2in (1) equating the coefficients ofs2, we get
A=4-11 C=4+0 A+B=-3=>-74+B=-3
4+(14-35)(s—-2) _ — 4 4

G-1D(-2)2  s—1  s=2 ' (s-2)2
2y= T+ g O

s—1 s-2 (s=2)2

y()=-7L-1[1 J+4L-1[L ] +4L1[ L]
(s—1) s—2 (s—2)2

= —7el + 4e? + 4e?%t 71 [S_lz]

y(t) = —7et + 4e?t + 4e?tt
Example: Using Laplace transform solve the differential equation y" — 4y’ + 8y = e?t,
withy(0) = 2 and y'(0) = —2.
Solution:

Giveny” — 4y' + 8y = e2t; with y(0) = 2 andy'(0) = —2.

Taking Laplace transform on'both sides, we get,

Ly' (O] = 4Lly ()] + BLIy(D]= L(e*)

[s2L[y(®)] — sy(0) — y'(0)] — 4[sL[y(®)] — y(0)] + BL[y(D)] = %

Substituting y(0) = 2 andy'(0) = —2.

[s?LLy()] — 25 + 2] — 4[sL[y(£)] — 2] + 8L[y(8)] =

s—2
s2Lly(t)] = 2s + 2 — 4sL[y(£)] + 8 + 8L[y(t)] = 172

1

s2Lly(t)] — 4sLly(©)] + 8L[y()]] = — 4+ 25 — 10

s=2
PutLly(t)] =7y
_ 1
SZy— 4syt+ 8y= — +25-10
-

1
[s2 —4s + 8]y= — +25—10
-

1+(25—10) (s—2)
s—=2

~ 1+(25-10)(s—2)

T (s—2)(s2—4s+8)

[s?2 — 4s + 8=

_ 14(2s—10)(s—2)
T (s=2)[(s—2)2+4]

14+(25-10)(s=2) _ A B(s=2)+C

Consider G-2[(s—-2)2+4]  s—2 ' (s—2)%+4
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_ A[(s=2)2+4]+B[(s—2)+C](s—2)

[s—2][(s—2)2+4]
Al(s—2)2+4]+B[(s—2)+Cl(s—2)=1+(2s—10)(s — 2)--- (1)
Puts =2in (1) Puts =0in (1) equating the coefficients ofs?, we get
4A=1+0 8BA+4B—-2C=21| A+B=2='4+B=2

4
A =1 C =—-6 B =Z
4 4
1 7
1+(25-10)(s=2) _ 5 =26
(s—2)[(s—2)2+4]  s-2 T (s=2)2+4
2y= L L7 D -6 !
4(s=2) 4 (s—2)%+4 (s—2)2+4
y(© =1Ly 7 6D 6Lt ]
4 (s—2) 4 (s—2)%2+4 (s—2)%2+4
1
— } e2t + 7 eZtL 1S 25 4] — 6e2t[-1 [52+4]
=le 4 7 e2cos2t — 2t T
3 4 2
y(t) = "e2t 4+ e2tcos2t — 3eltsin2t
4 4
LIf(©)] = F(s) L-1[F(s)] = f(®
1 1
L[] = L1
s s
1 1
_ -1 —
L[t] = o L [SZ] t
n! n!
n| — i -1 — fn
L[t"] i if nis an integer [s"+1]
. 1 _tn
[STH-I] o n!
1
[eat] = L-1[ ] = eat
s—a s—a
1 1
L[e—at] = —1[ ] — p—at
s+a s+a
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L[sinat| = - =
[ ] s? + a? sz + a? a
S S
L[cosat] = L] ] = cosat
SZ + az SZ + aZ
a L1 1 | sinhat
L|sinhat| = B =
[ ] sz — a2 sz — a2 a
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