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LINE INTEGRAL -CAUCHY INTEGRAL THEOREM

If f(2) is a continuous function of the complex variable z = x + iy and C is any
continuous curve connecting two points A and B on the z — plane then the complex line
integral of f(z) along C from Ato B is denoted by [ f(2)dz

When C is simple closed curve, then the complex integral is also called as a contour integral

and is denoted as @ f(z)dz. The curve C is always take in the anticlockwise direction.

Note: If the direction of C is reversed (clockwise), the integral changes its sign

(ie)$ f(2dz = —§ f(2)dz

Standard theorems:
1. Cauchy’s Integral theorem (or) Cauchy’s Theorem (or) Cauchy’s Fundamental
Theorem
Statement: If f(z) is analytic and its derivative f'(z) is continuous at all points

inside and on a

simple closed curve C then @ f(z)dz=0

2. Extension of Cauchy’s integral theorem/(or)* Cauchy’s theorem for multiply
connected, Region| Statement: 1§, f(z) wis ‘analytic,at all points inside and on a
multiply connected region whose outer boundary is C and inner boundaries are
C1,C>, ..., Cn then

| fdz={ f(z)dz+fc f@dz+ -+ [ f(2)dz

Example: Evaluate f:Hdez along the line joining the points (0, 0) and (3, 1)
Solution:
Given f03+i z2dz
Letz=x+1y
Here z = 0 corresponds to (0, 0) and z = 3 + i corresponds to (3, 1)
The equation of the line joining (0, 0) and (3, 1) is
y=1=x=3y
3

Now z2dz = (x + iy)?(dx + idy)

= [x2 — y2 + i2xy][dx + idy]

= [(x2 — y2) + i2xy][dx + idy]
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= [(x2 — y2)dx — 2xydy] + i[2xydx + (x2 — y?)dy]
Since x = 3y = dx = 3dy
~ z2dz = [8y2(3dy) — 6y2dy] + i[18y2dy + 8y2dy]
= 18y2dy + i26y2dy
f03+i z2dz = fo'[18y2 + i26y?]dy
—[18 % +i26 ¥']
3 37
=6+i2
3
Example: Evaluate f02+i(x2 —iy)dz
Solution:
Letz=x+1iy
Here z = 0 corresponds to (0, 0) and z = 2 + i corresponds to (2, 1)
Now (x2 — iy)dz = (x%2 — iy)(dx + idy)
= x2dx + y dy) + i (x2dy — y dx)
Along the path y = x2 = dy = 2xdx
S oot — iy)dz=, (x62dX +e2eddx) + (23 da=x2do0)
f02+i(x2 — iy)dz,= fj(xz + 2 3)dx + i(2x3 — x2)dx
= +ﬁ]2 T R
3 47 4 37
=C+H+i1 -5
3 2 2 3

32, . 16
=—+1—=
3 3

1
Example: Evaluate [ e dz,where C is |z| = 2

Solution:
1

Let f(z) = ezclearly f(z) is analytic inside and on C.

1
Hence, by Cauchy’s integral theorem we get [ ezdz = 0

1
Example: Evaluate | z%e-dz,where Cis |z| = 1
Solution:
Given[ z2el/zdz
c

= # dz

c e 1/z

—1 —»

Dr=0 =2z=0,Wegete 0 =¢ =0
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z = 0 lies inside |z| = 1.
Cauchy’s Integral formula is

J, z2et7dz = 2mif (0) = 0

Example: Evaluate [ _' dz where Cis|z| = 1
c 2z-3
Solution:

. 1
Given [ __ dz
¢ 2z-3

Dr=0=2z-3=0,—2="
2

GivenCis|z| =1
>lzl=P=2>1
2 2

3,. .
~ z = _lies outside C
2

= By Cauchy’s Integral theorem, [ ' dz=0

¢ 2z-3
@
Example: Evaluate [ ~_ where Cis|z| = 2
c z+4
Solution:
. d
Given [»&
c z+4

Dr=0=z4+4=0 =>2z=-4
Given Cis |z| = 2

> |zl =|-4]=4>2
~ z = —4 lies outside C.

» By Cauchy’s Integral Theorem, [ * =0

c z+4
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Cauchy’s integral formula

Statement: If f(z) is analytic inside and on a simple closed curve C of a simply
connected region R
and if ‘a’ is any point interior to C, then

1 f(2)
f@=5m) =a®
(OR)

J f(_X)a dz = 2mi f(a),

c

the integration around C being taken in the positive direction.
Cauchy’s Integral formula for derivatives
Statement: If f(z) is analytic inside and on a simple closed curve C of a simply
connected Region R
and if “a’ is any point interior to C, then

I f(2) dz = 2mif (a)

(z—a)?

Cc

1 ID™, — i)

. (z—a)’

Ingeneral, [ '? a4z = 2mifo-1(a)

c (z—a)"

2z : 1
Example: Evaluate [ °  dz,where Cis|z| = _
c z2+1 2

Solution:

. 2z
Given [ 7 dz
c z2+1

Dr=0=>2241=0 = z=+i

. . 1
GivenCis |z| = _
2

. 1

>zl =|%il=1>_C

2

~Clearly both the points z = +i lies outside C.

5, By Cauchy’s Integral Theorem, [ dz =0
c z2+41
ZE+x1ampIe: Using Cauchy’s integral formula Evaluate | dz,where Cis |z| =
¢ (z-3)(z-1)
2
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Solution:
1

Given [ _ " 4z
¢ (z-3)(z-1)
Dr=0=2z=3,1
GivenCis |z| = 2

~Clearly z = 1 lies inside C and z = 3 lies outside C

1 _
z+ dz :f (z+1)/(z 3dZ
¢ (z—-3)(z-1) c (z—1)
~ By Cauchy’s Integral Theorem

J G 4y = 2mif (1) Where f(z) == f(1) =
¢ (@D o3 -

= 2mi(—1) = —2mi

sinmt zZ+cosmz

2
Example: Using Cauchy’s integral formula, evaluate [ dz where C is the

c (z-2)(z-3)
circle
|z| = 4.

Solution:

2

- sint 224-cosT z
Given j; Wdz

Dr=0 =>2z=2,3
GivenCis |z| = 4
~Clearly z = 2 and 3 lies inside C.

Consider, -t 4 . B
(z—2)(z=-3) z—2  z—3

>1=4(z-3)+B(Z=2)
Putz=-3=>1=8B

Putz=2=> —1=A4

Gt o=t
" (2-2)(z-3) 7—2 + z—3

sin mz2+cos mz2 sinmz2+cos mz2 sinmz2+cos wz>
[ TRIEACOSTE gy =  f A gy 4 [ WIS gy
c (z—2)(z—3) z—2 z—3

= —2mif(2) + 2mi f(3) Where f(z) = sin(mz2) + cos mz2
= —=2mi(1) + 2mi(—1) f(2) =sin4m + cos4m =1
= —4mi f@3) =sin9r +cos9m — 1 =
-1
ZE+>5}ampIe: Evaluate | Where Cisthecircle (i)|z+1+i| =2 (iD)|z+1—-i| =
€ z2427+5
2
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(iii) |1z] = 1
Solution:
Given/ ™ 4z
¢ z242z+45
Dr=0=2z24+2z2+5=0
o= —2+\2/4—20
=>z=-1+2i
. z+4 _ (z+4) dz
B fc 22422+5 dz = fc [z—(—1+420)[z—(-1-20)]

(i) |z+ 1+ i| = 2 is the circle
Whenz = =1+ 2i,|-1+2i + 1+ i| = |3i] > 2 lies outside C.

Whenz = -1 —2i,|-1—2i+ 1+ i] =|—i|] < 2 lies inside C.
= By Cauchy’s Integral formula
[ ATl gy = 2mif(—1 - 20) Where f(z) = “**
c [z—(—=1-2D)] [z—(—1+20)]
= 2mi [3—21'] f(—l _ Zi) — —-1-2i+4 —
—4i —1-2i+1-2i
3—2i
—4i
= (2 ™)
2

(i) |z+ 1 —i| = 2 is the circle
Whenz=—-1+42i,|-1+2i+1—i| =|i|] <2liesinside C
Whenz = -1 -2i,|-1—-2i+1—i| = |-3i| > 2 lies outside C
=~ By Cauchy’s Integral formula
[P gy = mi f(-1+20)  Wheref(z) =

¢ [z—(—1+2D)] z—(—1-2i)
_ 27_”_ [3+2i] f(—l + Zi) — —1+2i+4 —
4i —14+2i+1+2i
3+2i
4i
="(3+2)
2

(iii)|z] = 1 is the circle
When z = —1 + 2i,1 — 1 + 2i| = /5 > 1 lies outside C
When z = —1 — 2i,1 — 1 — 2i| = v/5 > 1 lies outside C
=~ By Cauchy’s Integral theorem

z+4 dZ — 0
¢ 7242245
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dz where C is the

IZE+x1ampIe: Using Cauchy’s integral formula, evaluate [

c z242z+4

circle
lz+1+i|=2
Solution:

. +1
Given [ _ " dz
¢ z242z+4

Dr=0=>224+2z4+4=0

_ —2+/4-16

- 2
>z=-1+0i/3

. f z+1 (z+1)dz
Cc

2242244 dz = ¢ [z—(—1+iVI)][z—(—1-iV3]

=Z

GivenCis|z+1+i| =2

When z = —1 —iv3,|-1 — iv/3+ 14 i| = |(1 — V30| < 2 lies inside C.
When z = —1 + iv/3,|=1 + iv/3 + 1 + i| = |i +/3i| > 2 lies outside C.
=~ By Cauchy’s Integral Formula

[ (z+1)/z—(=1+iV/3)] d7= 2mi f(~F=iV3) Wherey ()= z+1
c [z—(—1-in/3)] z—(—1+iV3)
P : . —1-iV3+1
=2nmi (0) = mi —1-iV3)=__"""" =
(2) A ) —1-iV3+1-iV3

V3i 1
—2iv3 7 2

af 2L _dz=mi

c ZZ+22_!Z-3'_1
Example: Evaluate [ “" dz where C is the circle Dz—1|=13D|z+ 1| =
c z2-1
1(ii)]|z—i| =1
Solution:
2 2
Given[ “tlaz=[ "' 4,

c z2-1 ¢ (z+1)(z—1)
Dr=0=>2z=1,-1
(i) (z—1) = 1is the circle

Whenz=1,|1—-1] =0 <1 liesinside C
When z = —1,|—1 — 1| = 2 > 1 lies outside C

=~ By Cauchy’s Integral formula

Z*+1 _ (D)2 g

¢ (z+1)(z—-1) c (z—1)
. 72241
= 2mif (1) where f(z) = — = fa=1
VA
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= 2mi(1)
= 2mi
(ii)]z + 1| = 1 is the circle
Whenz=1,|1+ 1] =2 > 1 lies outside C
When z =—1,|-1+ 1| = 0 < 1 lies inside C
=~ By Cauchy’s Integral formula

2 — Zz
[ EED g = omi f(-1) where f(2) =7 =

c z+1 z—1
f-D=-1
= 2mi(—1) = —2mi
(iii) |z — i] = 1 is the circle
When z=1, |1 —i|] =+/2 > 1 lies outside C
When z = —1,|—1 — i| = V2 > 1 lies outside C
=~ By Cauchy’s Integral Formula

RGNy P,
¢ (z+1)(z—1)
zdz
Example: Using €auchy’s Integral formula evaluate fc @) (z—2)2Where C is the circle

1
lz—2|="_
2

Solution:

Given [ i
¢ —D)(E-2)?

Dr=0= z =1isapoleoforder1, z=2isapole of order 2.

GivenCis |z — 2| =1
2
Whenz=1,]1-2|=1> ! lies outside C.
2
Whenz=2,12-2|=0< ! lies inside C.
2

= By Cauchy’s Integral formula

[ 7"az = 2mi £1(2) Where f(z) = *_
c (z—2)2 z—1
= 2mi(-1) f@) =2 f@) =
-1
= —2mi
Example: Evaluate [ dz where Cis the circle |z| = 1
c T 3
(z—p)
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Solution:
a2
Given [ "7 dz
c (2—65 3

Dr = 0 = z = isa pole of order 3.
6

GiveCis |z| = 1.

Clearly z =  lies inside the circle |z| = 1
6

= By Cauchy’s Integral formula

f sin223 dz =£ f"(TL'/6) Where f(Z) = sin’z
) 2!
= %(1) f(2) = 2sinzcosz = sin 2z
=i f'(2) = cos2z(2) = 'O =
6

2 cos (ﬁ)
6

=2c0s"=2() =1
3 2

Example: Evaluate [ ° _dz whére C is the circle |z| = 2, using Cauchy’s Integral
¢ z-1)?

formula
Solution:

Given[ _° dz
¢ (z-1)3

Dr =0 = z = 1isapole of order 3.
GivenCis |z| = 2.
Clearly z = 1 lies inside the circle C

= By Cauchy’s Integral formula

[ g =E (1) Where f(2) = 2= f(2) = 1
c (Z—l)3 2!
=70 >f@=0=f1)=0
=0
2 . .
Example: Evaluate dz where C is the circle |z| = 1
c (2z-1)2
Solution:
2
Given[ _ " 4z
c (2z—1)2

Dr=0=2z= 0=>z=1isapoleoforder2.
2
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GivenCis |z| = 1.

Clearly z = ! lies inside the circle ¢
2

= By Cauchy’s Integral formula

[, P dz=[ ", dz Where f(2) = 22 = f'(z) = 2z
2(z—) (z—)
2 2
= 1 @rif () sfO=1
4 2 2
1 .
= _mi(1)
2

i

2

binils - Anna University App on Play Store



binils.com - Anna University, Polytechnic & Schools

Free PDF Study Materials
Binils.com — Free Anna University, Polytechnic, School Study Materials

TAYLORS AND LAURENTS SERIES

Taylor’s Series

If f (2) is analytic inside and on a circle C with centre at point ‘a’ and radius ‘R’ then

at each point Z inside C,

f (@ =f(a)+(Z—a)@+(z_a)zf”(a)+
1!

2!

(OR)
f(@) = By E2 (@)
This is known as Taylor’s series of f(z) about z = a.

Note: 1 Putting a = 0 in the Taylor’s series we get

F(@)=f0)+z—-0"® ”+(z 0)27© ¢ .. this series is called Maclaurin’s Series.
1!

Note: 2 The Maclaurin’s for some elementary functions are
) A-2)1=14+z+22+23 +-,when|z| <1
2) A+2)t'=1—-z+22—-23 +--,when|z| <1
3) 1—2)2=1+4+2z+32z2+4z3 +---,when |z| < 1
4) (14 2)7%=1 —22+32% — 423 H=-, When |z} < 1

V4

2
5) ez=1+ "4 4 - when|z| < »
w21
2
6) ez=1—"4"_+--when|z|] <o
1 2
3 5
N sinz=z—"+" 4+ --when|z|] <
31 5
2 4
8) cosz=1—"_+4+"_4--when|z| <
20 4l

LAURENTS SERIES
If c1 and c2 are two concentric circles with centre at z = a and radii r1 and r2 (r1 <
r2) and if f(z) is analytic inside on the circles and within the annulus between c1 and c:

then for any z in the annulus, we have

f@@)=Yroam(z—a)*+ X" bu(z— (1)
n=1 a)™
f(@

f(2)
Where ¢, = qu(z et dz and b = L f

¢ == @z and the integration being

taken in positive direction. This series (1) is called Laurent series of f(z) about the point
Z=a

Example: Expand f(z) = cosz as a Taylor’s series about z = _.
4

Solution:
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Function Value of function at z = ’:
f(2) = cosz FQ =cos() =%
f(@) = —sinz F &= sin (= - f/;
f@) = meosz &= s (= -
'@ = sinz =L

The Taylor series of f(z) about z = gis f(2)= f(g) + (z—%) ’¥+ (z _7? °f ”;ﬁ 4o
_1 2_1 . .
cosz=i+(z—f)if+(z—f) V2.
V2 4 1! 4 2!

Example: Expand f(z) = log (1 + z) as a Taylor’s series about z = 0.

Solution:
Function Value of functionat z = 0
f(z) =log (1+2) f(0) =log (14+0)=0
\ . 1
f(Z)—1+Z f(O)_m_1
flz)y=_—1_ fo=_"1 =2
(14 2)° (1+0)*
@ =_2% fFO_ 2
(1+2)° (1+0)°

The Taylor series of f(z) about z=0is

F@=f0+z-0"+Ez-02"@+..
1! 2!

log (1+2) =0+ (2) 11_+ (2)? ‘Zi+

log (1+2) = (2) _— (2)? _+ -
1! 2!

Z-1
Example: Expand f(z) = _~ as a Laurent’s series if (i) |z]| < 2 (ii) |z| > 3
(z+2)(z+3)
(iif2 < |z] <3
Solution:
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. z2—1
Given f(z) =~ —
(z+2)(z+3)

Is an improper fraction. Since degree of numerator and
degree of denominator of f(z) are same
~ Apply division process

1

z2+4+5z+6 z2-—-1

z2+5z4+6
—5z—-7
. z2—1 _ 1 _ 5z+7
T @+2)(z43) (z+2)(z+3) " (1)
Consider—5zt7 _ — 4 4 B

(2+2)(z+3)  z+2  z+3
=25z24+7=A(z+3)+B(z+2)
Putz = —2,we get —10 + 7 = A (1)

= A=-3
Putz =-3,weget—15+7 = B(—1)
=B =8

5247 =3, 8

N GH2)EF) z2+2  @+3

s )>1-31 8
zZ+2 z+3

(i) Given |z| <2
3 _ 8
2(14+%/7)  3(1+%/3)

3 VA -1 8 A -1
:1+5(1+ /2) §(1+ /3)

z 22 2

= 31— [0 181 —=2419 4 ...
14+ 2 =c+ L] 4] =20 =o+ ] 4]

Y fl2) =1+

14’y o =ty o
2 n=0 2 3 n=0 3

(i) Given |z| > 3
“f@)=1+_° _ 8
z(142/5) Z(1+13/z) .
=1+ 2(1+2/) —2(1+3/y

=1+ 2[1—2;+[;2]2+...]_§[1—3+[_3]2

z z

= 1475 e ["-tnr DL

z z N=

(iii) Given2 < |z| < 3
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af@=14+_° _ 8
§(1+2/z£ 3+%/3)

-1
_ _ VA
=1+ -1+ T —o(1+7/y

2 2
=14+ =24 +1-1-2+ 0 ]
z z z 3 3 3
n
=1+°%" )r["-lxr D
z n=0 z 3 n=0 3
Example: Find the Laurent’s series expansion off(z) = Linl <lz+1|<3.

z(z—2)(z+1)
Also find the residue of f(a) at z=—1

Solution:

Given f(z) = _ =
z(z—2)(z+1)
722 _ AL B C

z(z—2)(z+1) Tz z—2  z+1
7z—2=A(z—-2)(z+1)+Bz(z+ 1) + Cz(z — 2)

Putz=2,wegetl4—2=B(2)(2+1)

-2

= 12 = 6B
=B =2
Putz=—-1,weget =7 = 2 =C(—1)(—1—-2)
= -9 =8C
=>(C=-3
Put z = Owe get —2 = A(—2)
>A=1
cf) ="+ 22
z z—2 z+1

Givenregionis1 < |z+ 1| <3
letu=z+1=>z=u-1
(lLe)l<|ul<3

Now f(z)=_"'_ 4 2 _3

u—1 u—3 u

_ 1 23
-1/  —3(1-%3) u

_’1( ) Y s

=17 w 30Ty —g

=-[1+-+[] +-]-=[1+=-+[] +]—-

u 3 u

2

IS SRS S L KNI ¥ 0 AP LS ST _ 3

1[1+Z+1+[1]+ ] 3[+3+[3]+ -5
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DN L Sl e

z+1 ™0 241 3 nOZJrTl z+1
Also Res[f(z),z = —1] =coefficientof 1_ = _»
z+1
1
Example: Expand f(z) = —— in a Laurent’s series valid in the region

(z—1)(z—2)
Mz—1>1(i)0< |z—2| <1 (iii)]|z] >2(v)0<|z—-1| <1
Solution:

. 1

Given f(Z) = m

1 - A LB

Con5|der( 56— 1 2
=21=A(z-2)+B(z-1)

Putz = 2,wegetl = B(1)

>B=1
Putz =1wegetl =A(1-2)
>A=-1
Ff@) = 4L
-1 =2

(i) Given region is|z— 1| >1
letu=z—-1=2z=u+1
(i.e) l[ul > 1
Now f(z) = b

u u—1
1

u(1-17,)

= 2ila-t /)

1
u

=—_1+l[1+i+[§] 4]

u u u

= —+——[1+——+ [—] ]

z+1 z+1

-1 0 n
LD X
741 z+1 "=0 z+1]

(i)Given0 < |z—2| <1
letu=z—-2=z=u+2

(i,e)0<|ul<1

Now f(z) = — — + 1
u+1 u
=—(1+w 1+ 1

u
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= [I—u+u)+]+2

= [1-@z-2)+[z-212+-1+__

1 z—2
= - % [ilz-2rt
n=0 z—2
(iii) Given |z| > 2
Now f(z) = — 141,
1 o 2.1
=—-_(1-2) +_(1-9)
VA VA Z VA
1 1 12 1 2 22
= ;[1+;+[;] +"']+;[1+—Z+[;] + -]

"I s
(iv)Given0 < |z—1] <1
letu=z—-1=>z=u+1
(i,e)0<|ul <1
Now f(z) = — L+ 1

u u—1
1

Rl e Sl

—+

—1 1=y
+ (1-w1t

—[1+u+[ul?2+-]

=-_1 -1+z-1+4+[z—-1]2+ -]

21_1
=—_ -3 [z-1P
z—1 n=0
Example: Expand f(z) = —— in a Laurent’s series about (i) z = —1 (ii) z = 2
(z+1)(z—-2)
Solution:
; __A , B
Consider m = 711 + 72

=2z=A(z—2)+B(z+1)

Putz = 2,weqget2 =B(3)
>B=>2
3
Putz =—1we get —1 = A(—3)
=2 4= 1_
3
1 2
~f2) = 3(z+ 1) + 3(z—2)

(i) Toexpand f(z) about z = —1
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onlz—1]<1
Putz+l=u=z=u-1
>|z-1<1=>ul<1

1
Now f(z) = _ 2
f( ) 3u + 3(u-3)

1 2

3((-3)(1-%/3)

. 1_2 u -1
=551
1 2[1+u+[u]2
BT AR

R Y O IR 2 s B o ) PR
T 3(z+1) 9[ 3 +[3]+ ]

SUS i s
3(z+1) 9 n=0 3
(i) Toexpand f(z) about z = 2

(onz—-2| <1

Putz—2=u=>z=u+2
B|lz-2|<1=>|u <1

Now f(z) = : AR
3(u+3) | 3@w)

1 2

S S—
3((A+Y/z)  SW
1 -1 2
=_(1+" +
9 /3) 3(u)
1 u 2 2
= _[1—-+]= S
9 [ 3 [:] T ] + 3(w)

2
3(z—-2)

1 2
_ e ed
L =+ 571+ 1+
1ye ( yn [ n 2
= — — +
g n=0 —1 3 ] 3(z-2)

6z+5
z(z—2)(z+1)

Example: Expand the Laurent’s series about for f(z) = in the region 1 <

lz+ 1| <3
Solution:

Consider__6z+s  _ A, B
z(z—2)(z+1) z z—2 z+1

=26z+5=A4A(z—-2)(z+1)+Bz(z+1)+Cz(z—-2)

[

Putz =0,weget5=A(—-2)(1)
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=> A= _i
2
Putz = — 1weget —11 = C(—1)(—3)
s>c=-21
3
Put z = 2we get 17 = B(2)(3)
>B="
6

afm=_"+_Y __u
2z 6(z—2) 3(z+ 1)

Givenregion1 < |z+ 1| <3
Putz+l=u=z=u-1
(iLe)l<|ul<3

-5
Now f(z) = 17 U
f( ) 2(u-1) + 6(u—3) 3u
=5 17 11

-+ 7
ul—)  6(-3)(1-p 3u

2u u 18 3 3u
S =T Y e

2u u u 18 3 3 3u

-5 1 12 17 (z+1) | (z+1) 2
7T (z+1)+[(z+1)] F AT § +ol-
11
3(z+1)

5 yw 1 n 17Zoo z+1) ™ B 11
T 2D =0 it T e n=0lT3 3(z+1)
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SINGULARITIES

Zeros of an analytic function
If a function f(z) is analytic in a region R, is zero at a point z = zo in R, then zo

is called a zero of f(2).
Simple zero

If f(zo) = 0 and f'(z0) # 0, then z = zo is called a simple zero of f(z) or a zero of
the first order.
Zero of order n

If f(z0) = f'(20) = -+ = fr~1(z0) = 0 and f(zo) # 0, then zo is called zero of
order.

Example: Find the zeros of f(z) = 2

1—z

Solution:
The zeros of f(z)are given by f(z) =0
(ie)f(2) = z2+1= (z+D)(z—D) _ 0

1—z2 1—z2

> Z+idz—-10) =0

= z = [ and - i are simple zero.

Example: Find the zeros of f(z) = sin I

z—a

Solution:
The zeros are given by f(z) = 0

(i.e.) sin_- =0

zZ—a

> —nmn=+142, ..

Z—a
>Z—anr=1

~ The zerosarez = a + i,n =41,4+2
nm

rn

sin z—z

Example: Find the zeros of f(z) =

Solution:
The zeros are given by f(z) = 0
. sin z—z
(i.e.) = 0

Z

23 25

— —-z=0

=
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_3 5
>3 ...=0
z3
1 72
>—-_+_..=0
3! 5!
. Sinz—z 1
But lim =—_+4+0
70 2z3 3!

= f(z) has no zeros.
Singular points

A point z = zo at which a function f(z) fails to be analytic is called a singular
point or singularity of f(z).

Example: Consider f(z) = x
z—5

Here, z = 5, is a singular point of f(z)
Types of singularity
A point z = zo is said to be isolated singularity of f(z) if
(i) f(2) is not analytic at z = zo

(i) There exists a neighbourhood of z = zo containing no other singularity

z

Example: f(z) =

ze—1
This function is analytic everywhere exceptatz = 1, -1
~ z = 1,—1 are two isolated singular points.
When z = zo is an isolated singular point of f(z), it can expand f(z) as a Laurent’s series
about z = zo
Thus
(@) =X2yan(z — zo)" + 22y bn(z — zo)™
Note: If z = zo is an isolated singular point of a function f(z), then the singularity is called
(i) a removable singularity (or)
(i) a pole (or)
(ii) an essential singularity
According as the Laurent’s series about z = zo of f(z) has
(i) no negative powers (or)
(i) a finite number of negative powers (or)

(ii)) an infinite number of negative powers

Removable singularity
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If the principal part of f(z) in Laurent’s series expansion contains no term (i.e.)bn =
0 for all n, then the singularity z = zo is known as the removable singularity of f(z)
~ f(2) = 22 an(z—2zo)™
(OR)
A singular point z = zo is called a removable singularity of f(z), if lim f(z) ezists finitely

Z—2Z0

sin z

Example: f(z) =

There is no negative powers of z.

~ z = 0 is a removable singularity of f(z).

Poles

If we can find the positive integer n such that lim (z — zo)™ f(2) # 0, then z = zo is called a
Z—Z0

pole of order n for f(z).
(or)

If lim f(z) = oo, thenz = zo Is a pole of f(z)
Z—Z(
Simple pole

A pole of order one is called a simple pole.

Example: f(z) = v
(z—1)2(z+2)

Here z = 1 is a pole of order 2
z = 2 isapole of order 1.
Essential singularity
If the principal part of f(z) in Laurent’s series expansion contains an infinite number

of non zero terms, then z = zo is known as an essential singularity.

1 1,2

- ) L L
Example: f(z) = el/z=1+4_7 +(’_ + --- has z = 0 as an essential singularity since, f(z)

1! 2!

is an infinite series of negative powers of z.

1
f(z) = ez * has z = 4 an essential singularity

Note: The removable singularity and the poles are isolated singularities. But, the essential
singularity is either an isolated or non-isolated singularity.

Entire function (or) Integral function

binils - Anna University App on Play Store



binils.com - Anna University, Polytechnic & Schools

Free PDF Study Materials
Binils.com — Free Anna University, Polytechnic, School Study Materials

A function f(z) which is analytic everywhere in the finite plane (except at infinity) is
called an entire function or an integral function.
Example: ez, sin z, cos z are all entire functions.

sinz—z

Example: What is the nature of the singularity z = 0 of the function f(z) =

z

Solution:
Given f(z) =

sinz—z

The function f(z)is not definedat z = 0
By L’ Hospital’s rule.

li sinz—z _ 4. cosz—1

z—0 z3 z—0 322
= lim —sinz
z—0 6z

= lim — cosz _ —1
z—0 6z 6

Since, the limit exists and is finite, the singularity at z = 0 is a removable singularity.

z—sinz

Example: Classify the singularities for the functionf(z) =

z

Solution:
Given f(z) =

z—sinz

Z

The function f(z)is not definedat z = 0
But by L’ Hospital’s rule.

. Z—Ssinz .
lim =liml—cosz =1—-1=0
z—0 z z—0

Since, the limit exists and is finite, the singularity at z = 0 is a removable singularity.

1
Example: Find the singularity off(z) = (Ze_—;;
Solution:
: el/z
Given f(z2) = -

Poles of f(z) are obtained by equating the denominator to zero.
(i.,e)(z—a)2=0

= z = ais a pole of order 2.

Now, Zeros of f(z)

z—0 (Z_a)z a?

= z = 0is a removable singularity.
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~ f(z) has no zeros.

cotnz

Example: Find the kind of singularity of the function f(z) =

(z—a)?
Solution:
Given f(z) =

cotnz

(z—a)?
cos Tz

Singular points are poles, are given by
= sinmz(z—a)2 =0
(i.e.)sinmz=0,(z—a)?=0
nz = nmw, wheren = 0,+1, +2, ...
(i.,e)z=n
z =a isapole of order 2
Since z=n,n=0,+1,4+2, ...
z = oo is a limit of these poles.
~ z = o0 IS non- isolated singularity.

Example: Find|[the singular point'ofthe function f(z) = sinz 1__ State nature of
VA

singularity.
Solution:

Given f(z) = sinz 1
z—a
z = a is the only singular point in the finite plane.
sinz'_ = L _ 1 4 ' _..
z—a z—a 3l(z—a)®  5l(z—a)b

z = a is an essential singularity

It is an isolated singularity.

Example: Identify the type of singularity of the function f(z) = sin ( 1_)
1-z

Solution:
z = 1 is the only singular point in the finite plane.
z = 1 is an essential singularity
It is an isolated singularity.
Example: Find the singular points of the function f(z) = (__11_) state their nature
sin___""' ’

z—a

Solution:
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f(z)has an infinite number of poles which are given by

1 - nm,n= +1,+2,..

Z—a
(i.,e)z—a= i;z=a+i
nm nm

But z = a is also a singular point.

It is an essential singularity.

It is a limit point of the poles.

So, It is an non - isolated singularity.

tanz

Example: Classify the singularity of f(z) =

z

Solution:
Given f(z) =

tanz

z
23 275
_Z+3_+F+'"

VA
2 4

1 +Z 42 4 .
3 15

=1 %0

. tanz
lim

z-0 _Zz

= z = 0is a removable singularity of f(2)
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RESIDUES

The residue of f(z) at z = zo IS the coefficient of in the Laurent series of f(z)

Z—20

about z = zo
Evaluation of Residues

(i) If z = zo is apole of order one (simple pole) for f(z), then

[Res f(2),z = zo] = lim (z — 20) f(2).

Z—2Z(0
(i) If z = zo is a pole of order n for f(z), then
[Res f(z),z=2z]= lim rodnm (z —z)" f(2)

0 z—-zg (n—1)! dz"~ dzn—1

Example: Calculate the residue of f(z) =

Solution:

Given f(z) =

eZz

oy Here, z = —Tisapole of order 2.

We know that,
[Res f(z),z=2z]= lim
0

Z—zy (m—1)! dzm~1

1 d m-1

(Z—Z ™ f(2)

Here, m = 2
[Res f(2))z = —1] = Tim . Lz 12 2”
z——11ldz (z+1)2
= lim %~ [e22] = lim 2[e??] = 2 e2
z—>—1dz z-—1

sinz

Example: Find the residues at z = 0 of the function (i) f(z) = e'/z (i) f(2) = o
(i) f(2) = zcos

Solution:
The residues are the coefficients of 1 jn the Laurent’s expansions of f(2)
zZ
aboutz =0
(iye'/z = 1+94+ 94

1! 21

=1+_ O+ O+ 10~

[Res f(z),0 ]| = coefficient of Lin Laurent’s expansion.

Z

[Res f(2),0] = 1= 1by definition of residue.
1!

(“) f(Z) — sinz —

z4 z4 3! 5! z3 31z 5!

5 5
Yz- 4 T P e
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[Res f(z),0] = coefficient of Lin Laurent’s expansion.

Z

[Res f(2),0] = — 1 1_by definition of residue.
3! 6

(lll) f(Z) = 7C0S 1_: VA [1 — 1_1_+ 1_1__ ]
z 2! z2 41 74
oot
21z 41273

[Res f(z),0 ] = coefficient of Lin Laurent’s expansion.
zZ

[Res f(2),0]=— " =—
2!

N| R

Example: Find the residue of zZsin (1_) atz=0
z

Solution:
3
_ 1
Let f(2) = zsin() = 2[ =D 4]z “o by
z 1! 3! 1! 6z

[Res f(z),0 ] = coefficient of Lin Laurent’s expansion.

z
1

6
Example: Find.the residue of the function f(z) =

o at a simple pole.

Solution:
Here, z= 2 is a'simple pole.
[Res f(2),z=2] = lim(z — 2) L
72 z3(z—-2)
1

.4
=lim__ L
2

z—2 73

4
8

Example: Find the residue of e atz=0

z3

Solution:
2 3 4
_ 1-[1- 24+ @ _ @3 @
. 1—e72 L " +
Givenf(z) = __° = S B
z3 z3
Z Z2 23
(1= 5+ 5= it ]
= >

Here, z = 0 is a pole of order 2.

[Res f(2),z = 0] = Llim L[(2)?f(2)]

1! z—-0dz
. d z 72 z3
=lim_[[1-2+_—-_+ ..]]
z—0dz 2! 3! 4!
_ 2
=lim[ + 2 -+ ]
z—0 2! 3! 4!
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CAUCHY RESIDUE THEOREM
Statement:
If f(z) is analytic inside and on a simple closed curve C, except at a finite number of
singular points a1, az, ... a» inside C, then
fc f(2)dz = 2mi [sum of residues of f(z)at a1, az, ... an]
Note: Formulae for evaluation of residues

(i) If z = ais asimple pole of f(z) then

[Res f(2),z = a] = lim(z — a) f(2)

z—a

(i) If z = aisapole of order nof f(z) , then

-1

im (""" [(z — " f (D]}

(n=1)! z»aq dzn—1

1

[[Res f(2)],z = a] =

sinmz%+cosnz

2
Example: Evaluate using Cauchy’s residue theorem, [ dz, where Cis

¢ (z-1)(z-2)
|z| =3

Solution:
2

_ sinmz*+cosnz
Let f(2).= + 5.8

The poles are givenby (z—1)(z—2) =0
= z = 1, 2 are poles of order 1.
GivenC is|z| = 3
~ Clearly z = 1and z = 2 lies inside |z| = 3
To find the residues:
() Whenz =1

[Res f(2)]-=1 = lziinl(z - Df(2)

2

— lim(z _ 1) cosmz2+sinnz
z—1 (z—1)(z—2)

li cosmz®+sinmz?

z—1 (z—2)
__ cosm+sinm
T -1
_ —1+0 _

= 1
-1

(i) Whenz = 2
[Res f(z)]z=2 = lirr;(z - 2)f(2)
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2 : 2
— . _ COSTZ“+Ssinmz
lim(z - =50

= i cosnz?+sinmz?

z—2 (z—1)

cos4n+sindn

= By Cauchy’s Residue theorem

[. f(@dz = 2mi (sum of residues)

2
Example: Evaluate [ _“  dzwhere C is |z| = 2 using Cauchy’s residue theorem.
c z24+1
Solution:

Let f(z) =

72

z24+1
The poles are givenby zZ2+1 =0
= z = +i are poles of order 1.
GivenCis |z| =2
~ Clearly z = iy~ lie§ inside |z| = 2
To find the residue:

() Whenz =i
[Res f(z)] =lim(z—1)
z=t z—i (z+D)(z—D)
= llm 7 = _—1
z—i (z+i) 2i
(i) When z = —i
2
[Res f(z)] = lim e+ =
z=-1 z——i (z+1)(z—0)
=lim _%
z——i (z—i)
—i_1
T2 20

= By Cauchy’s Residue theorem

J. f(@)dz = 2mi (sum of residues)

=2mi(C+1)=0
2i 2i
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(z-1)

Example: Evaluate [ dz where C is the circle |z — i| = 2 using Cauchy’s

¢ (z+1)%(z-2)
residue theorem.
Solution:

s =

The poles are given by (z +1)?(z—2) =0
>z4+1=0z—-2=0
= z = —1isapoleof order 2 and
= z = 2 is a pole of order 1.

GivenCis|z—i| =2

Whenz = —1,|z—i| =|-1-i| =v2 <2

~ z = —1lies inside C

Whenz =2,|z—i| = |2 —i| = V5 > 2

~ z = —1lies inside C

To find the residue for the inside pole:

[Res f(2)] o =olim 1z + 1)2£(2)]

F= z7——1dz
= lim [z +1)2.
z——1dz (z+1)%(z-2)
= lim & (=1
z——1dz (Z—Z)
_ lim [ERQ==0ay 1
z-—1 (z-2) 9
= By Cauchy’s Residue theorem
[. f(2)dz = 2mi (sum of residues)
=2mi (— )
o f =)  dz = —2mi (1_)
¢ (z+12%(z-2) 9
@ . . . .
Example: Evaluate | where C is the circle |z — i|] = 2 using Cauchy’s residue
€ (22+4)°
theorem.
Solution:
Let f(z) =
(z2+4)2

The poles are given by (z2 + 4)2
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=2z2+4=0
= z = t2i are poles of order 2
GivenCis|z—i| =2
Whenz =2i,|z—i|=2i—i|=1<2
~ z = 2i lies inside C
When z = =2i,|z—i|=|-2i—i]| =3 > 2
~ z = —21i lies outside C

To find the residue for the inside pole

[Res f(2)] N = limi [(z = 20)%f(2)]

z=al z—2i dz

z—-2idz (z—20)2((z+2D)%)

2
)
= lim[_ 2 ]
z-2i (z+20)3)
2 2 1

(40)3 —64i 320

= lim i( 1
z—2idz “z+2i

= By Cauchy’s Residue theorem

fc f(@)dz = 2ni'(sum of residues)
= 2mi ()
32i

. dz _m
T (22+4)2 T 16

eE%;imple: Evaluate /| _ where Cisthecircle |z| = 4 using Cauchy’s residue
¢ (z2+m2)?
theorem.
Solution:
Let f(z) = __©

2
(z2+m2)

The poles are given by (z2 + 12)2 = 0
=>z24+m2 =0
= z = *mi are poles of order 2
GivenCis |z| = 4
Clearly z = + mi,z = mi lies inside |z| = 4
To find the residue

(i) When z = + mi
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[Res f(2)] = lim * [(z — n)*f(2)]

z=ni iy
. d . ez
= lim _ [(z — mi)?
zomidz (z—mi)2(z+mi)?2

=limd ¢ )
zomidz (z+mi)?

= lim [(z+rri)2ez—2(z+rri)ez)]
zoTi (z+mi)*®)

= lim [(z+mi)e?[z+mi—2]4
Z—TTi t (z+mi)* 1

e"i(2mi—2)

(2mi)3
__ eM(mi—1)

—473i

_ (cosm+isinm)(1—mi)
- 4m3i

_ (=1+0)(1-mi)

- 4m3i

_ (mi-1)
T 4mdi

(i) When z = — mi
[Re$ f(2)] = lim i [(z + mi)?f(2)]

g Z2—>—mi dz

= lim i[(z + mi)? |
7= —mi dz (z—mi)2(z+mi)2

=lim 4, ¢ )
z——mi dz ~(z—mi)?

= lim r(z—n:i)zez—Z(z—rri)ez)1
= F :
Z—>—Tl (z—mi)*

ni)e’[z—mi—2]q
1

= lim |-
z—>—Ti . (z—mi)*
__ e m(=2mi-2)
(—2mi)3
(=2)(cosm—isinm) (mi+1)
8m3i
_ —(-1-0)(mi+1)
473i
_ (A+mi)
473i

= By Cauchy’s Residue theorem

fc f(z)dz = 2ni (sum of residues)

_ . r(mi=1) (mi+1)
=2mi | 4m3i + 4-1'[31']
= 2mi [ZT[l ] = i

473i T
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. f dz i
c (ZZ+71'2)2 T

Example: Evaluate [ _~ where Cis thecircle |z| = 1 using Cauchy’s residue
¢ zsinz
theorem.
Solution:
Let f(2) = —
zsinz
The poles are given by zsinz = 0
Z3 25
>z[z-_+_—--]1=0
3! 5!
2 4
>z2[1-"+"--]=0
3! 5!

= z = 0is a pole of order 2
GivenCis|z| =1
~ z = 0 lies inside C

To find the residue for the inside pole

[Res f(2)],20 = lgn [(z = 0)*f(2)]
]

= lim *~ [(2)?
z50 dz zsinz

= 1im 3%
z—0dz sinz

[ sinz(1 )—z(cosz)]

(sinz)?

= lim
zZ— O
2 []form
0 0

. cosz—|z (—sinz)+cosz(1)]
_ i Soszolz Csina)veosz ]y p 5
z—0 2sinzcosz

Hospital rule)

_ l . cosz+zsinz—cosz

z—0 2sinzcosz

= lim _2Sinz
z—0 2sinzcosz

= lim
z—0 2cosz
0

_ _ = O
2

= By Cauchy’s Residue theorem

J. f(2)dz = 2mi (sum of residues)
= 2mi [0]
f dz -0

C zsinz
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& . . . .
Example: Evaluate [ where C is the circle |z — 1| = 2 using Cauchy’s residue

¢ z2sinhz
theorem.
Solution:
Let f(z) = ___
z2sinhz

The poles are given by z2sinhz = 0
= z2 =0 (or)sinhz=0
= z = 0or) z = sinh~1(0) = Ois a pole of order 1.

GivenCis|z—1| =2
~Clearly z = 0 lies inside C.

To find residue for the inside poleat z = 0

1
f(z) =
z2sinhz
= —31—5—
T 2[4+
31 51

1
=2 4
B+ ]

6 120
1 B z2
= o old +ul! where w.=1+° + -
z3 6
= 1_[1—u+u2—u3...]
73
1 LI 2 2
273[1—(? +E+"')+(?+E+'“) ]
1 1 z

= - - + ...

z3 6z 120

[Res f(2)] -, = Coefficient of 1in the Laurent’s expansion of f(z)

1
~ [Res f(2)],=0 = ~¢
=~ By Cauchy’s Residue theorem
fc f(z)dz = 2ni (sum of residues)

= 2mi [—1]

6

. dz _ —mi

" fC z2sinhz 3
Example: Evaluate [ _” dz where Cisthecircle |z—"| ="
C cosz 2 2

Solution:
Let f(2) =~

Ccosz

The poles are given by cosz = 0
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=>z=02n+1)"_,n=0,+1,+2, ... are poles of order 1
2

GivenCis|z—-"| ="
2 2

Here z = " lies inside the circle and others lies outside.
2

[Res f (Z)]Z:L; = lim (z—3) f(2)

T z

[Res f(2)],-= = lim (z —-)

Using L © Hospital’s rule
(z_ZS @ Hz(1)

= lim, .
Z—_ —Sinz
2
T
. (2—29+Z
= lim, :
z—_ —Sinz
2
_ s
2

=~ By Cauchy’s Residue theorem
[ T@dz = 24ii (Sum of Fesidiies)

= 270 [—g]

Z ]
f dz = —m2i
C cosz

Example: Evaluatefc z2e'/z dz where C is the unit circle using Cauchy’s residue

theorem.
Solution:

Let f(z) = z2%e'/z
Here z = 0 is the only singular point.
GivenCis |zl =1
~Clearly z = 0 lies inside C.
To find residue of f(z) atz= 0

We find the Laurent’s series of f(z) about z = 0

= f(z) = z2e'/z

=21+ +_1 4]

z 2122

[Res f(2)] -, = COefficient of 1 in the Laurent’s expansion of f(z)

z
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- [Res f(2)],=0 = 3

~ By Cauchy’s Residue theorem
[. f(2)dz = 2mi (sum of residues)
= 2mi [']
6
i

.’.f Zzel/z dz =
c 3
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Contour Integration

Evaluation of Real Integrals

The evaluation of certain types of real definite integrals of complex functions over
suitable closed paths or contours and applying Cauchy’s Residue theorem is known as

Contour Integration.

Type 1: Integration round the unit circle

Integrals of the form fﬁ" f(cos8,sin 8)dO where f is a rational function in cosé and
sin 6
To evaluate this type of integrals

We take the unit circle |z| = 1 as the contour C.

On|z| =1,letz = et

dz .. .
=_"=jel? =iz

de
dz
ae =_—
iz
0 0 Z+1 2
elv4et - z:4+1
Also, cos 0 = = z_
2 2 2z
. elf—e=00 721
and, sin @ = =
2i 2iz

|z| =1 = 6 varies from 0 to 27
fznf (cos8,sin8)dl = [ f (
0 c

2 2
z¢+1 z°—1, dz
) _) —_—

2z 2iz iz

Zm de . . )
Example: Evaluate fo sraampYSINg Contour integration.
Solution:
Replacement Let z = ei®
d i 2_q
=>df =2 andsing =~
iz 2iz
27 dz
i I3 .
~ S1a s 9=L —2Z— wherecis|z| =1
Sin 5+4( o )
dz
= | iz
Cc 5iz+2z -2
iz
_ f dz
T e 22245iz—2
= [f@dz ...(1)
1
Where, f(z) =
2z2+45iz—2
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To Evaluate, [ f(z) dz
To find poles of f(z), put 2z2 + 5iz— 2 =0
—5i+V=25F16 —5i+3i

Z =

4 4
z =—_L,—2i are poles of order one
2
GivenCis|z| =1
Consider z = — -
2
=i 1
>zl =T1=2<1
2 2
~ z = —_lies inside C
2

Consider z = —2i
=zl =|-2il=2>1
~ z = —2i lies outside C.

Find the residue for inside pole z = ~!
2

[Res f(2)] L= lim'(z + i_z)f(z)

zZ=—

2 Z7—
2 .
==lim (z +Jn o
—_—— 2 2(z+§ Z+2i)
2
1 1
B 2(—+2i) -

= By Cauchy’s residue theorem

fcf(z)dz = 2mi [Sum of residues]
LAl 2n
= 2m éi) 3

2t 49 _ 2m
(1)=>f0 5+4sin6 3

2n de A A
Example: Evaluate fo Tars e pUSINg Contour Integration.

Solution:

Replacement Let z = ei®

dz . z2—1
=>df =_"_andsinf =
iz 2iz
2n de dz/iz ]
.-.fo o /Z —— where Cis |z| = 1
Sin
13+5(,,, )
=[ _ dz/iz
c 26iz+522—5
2iz
= 2 dz
€ 522426iz—5
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=2 S(@dz - (1)

Where, f(z) = !
522426iz—5

To evaluate [ f(z)dz

To find poles of f(z), put 5z% + 26iz —5 =0

—26i+vV—676+100 —26i+24i

10 10
= z = — ., —5i are poles of order one.
5
GivenCis|z| =1
Consider z = — .
5
Slzl=|-="1<1
5 5
~ z = —_lies inside C
5
Consider z = —=5i
= |z| =|-5il=5>1
~ z = —5i lies outside C.
Find the residue for inside pole z = — -
5
[Res fF(AT™N,  E limz & ) f(@)
z=—" Z_)_i 5
5
=lim(z+9__"
gk 5 52z2+426iz—5
5
= lim (z+ ") L
gt 5 (5z+i)(z+5i)
5
=lim @+ __ "
ot 5 (5(z+é)(z+5i)
5
1 1

- 5(—+51) ~ 2a4i
= By Cauchy’s residue theorem

| f(2)dz = 2mi[Sum of residues]

= 2mi (i) ="

24i 12
:Jzﬂ do :2(1) ="
0 1345sin6 12 6

de

———a>b >0 byusing contour integration.

2n
Example: Evaluate [ 0 a7p

Solution:

Replacement Let z = ei?
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2
= do =i and cos @ =71

iz 2z
2r - de dz/iz .
“f, thcosd éa_ﬂ wherecis |z| =1
a+b( 27 )
=f dz/iz
C2az+b27+b
2z
— E dz
i € bzZ+2az+b
2
="[ f(2)dz . (1)
ic
Where, f(z) = !
bz2+2az+b
To evaluate [ _f(z)dz

To find poles of f(z), put bzz + 2az + b

_ —2a+V4(a?-b?) _ —atVaZ-p?
2b b
_ —atVaE=bE —atVaR=bE

= , are poles of order one.
b b

Clearly, z = —HVET_ L ies inside ¢

and z = ~2VTFT £ lies outside ¢

Since a > b, we can writé bz2 + 2az + b= b(z — a)(z =f)
Find the residue for inside pole z = «

Res f(z)] =lim(z—a) !
z=a z-a b(z—a)(z—p)
!
 b(a—p)
1
© 2VaZ=bpZ

- By Cauchy residue theorem

[ f(2)dz = 2mi [sum of residues]
o ——
- om [ZVa Zp 2]

= Ve
2 i
D)= [ e _ 2 1

0 atbcos® i VaZ—b

_ 2m
Va2—-p2
2m cos 36 d0 sing contour integration.
O 5-4cos#

Example: Evaluate

Solution:
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Replacement Let z = ei?

d z241
=>do =2 andcos =
iz 2z
cos 30 = Real part of e3¢ = R. P (z3)
@%a .
21 c0s30d0 _ 2nRP —sr where Cis |z| = 1
0O 5—4cos @ 0 s5-4(*Th
2z
= R. Pf z3dz/iz

=RP (-2 f(z) dz e
Where, f(z) = z

27z2-5z42

To evaluate [ _f(z)dz

To find poles of f(z),put 2z2 —5z+2 =10
;= 5+4/25-16 _ 543

- 4 4
51
=z= 2'5 are poles of order one.

Given Cis |z| =1

. 1
Consider z = _
2

= |z =]

1,. . .
~ z = _lies inside C
2

Consider z = 2
> |zl=12]=2>1
~ z = 2 lies outside C

Find the residue for inside pole z = !
2

[Res f(z)] 1=1lim(z~ ) f(@)

= lim (z —_1) f(2)
! 2

Z—_
2

3

=lim@z->)__"~
z-1 2 (2z-1)(z-2)
2
1 73
=lim(z — ) 1 f
Z_ 2 Z(Z—E) z—2
2
3
_9 1
2145?2)— 24
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~ By Cauchy’s Residue theorem
fcf(z)dz = 2mi [sum of residues]

. 1 i
=2mi(-_)=-"2
24 12
2 30 _ 1 my T
@)= 723 dp=RP (- (- =1
0 5—4cos@ i 12 12
Example: Evaluate 27 sin?0d6 __  2m cos20d6

0 5-3cos8 0 10—6cos@
Solution:

Replacement Let z = ei®

2
= do =% andcosg ="
iz 2z
cos 20 = Real part of e2¢ = R.P (Z2)
(z2)dz
f21r sinf8 (@ = f 1-R.P =
0 5-3cosf 0 10—6(u)
2z
whereCis|z| =1
(1—-2z%)dz/iz

= R'PfC 10z—322-3
4

N et (1-z%dz
T RIPK( i) fC 3722-10Z+3

=R.P (- 1_) fo(Z)dZ . (D

1—z2
Where, f(z) = ___ ~
32z2-10z+3

Toevaluate [ f(z)dz

To find poles of f(z),put 3z2 —10z+3 =0

10+100—36 __ 1048
6 6

1
~Z= 3»5 are poles of order one.
GivenCis|z| =1

. 1
Consider z = _
3

1
=zl =1 =1<1
3 3
nZ= llies inside C
3
Consider z = 3
=>|zl=13]=3<1
~ z = 3 lies outside C

Find the residue for inside pole z = !
3
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[Res f(2)],_1 = lim (z = ) f(2)
3 Z—_
3
— lim (7 — 1 1-z%
n}( 3) 3(z—;)(z—33

zo

w

= By Cauchy’s Residue theorem

[ f(@dz = 2mi [sum of residues]

= 2mi (— E)
(1) = _2m sin?0 d6 —R.P(- _)( Zm) 2
0 5-3cos@
Example: Using Contour Integration, evaluate the real integral | 51::;?;;)

Solution:

Replacement Let z = et

dz 7241
=>df =" andcos O =
iz 27
T 1+2 cos @ 1" 2m 142 cos@
Now, df = db

IO 5+4 cos|f 2 5+4cos 6

[+ [ FGodx = 2 [ F)dx, if f(2a — %) = f(x)]

22+1) dz
. L[ la2cos0 1o W2 (9l
** 2JO 544 cos B = ZfC Z2FT)
2z )
1 (Z2+Z+1)
T 209 z(22245z+2
1
=_£ f(z)dz . (D
2i

2
Where, f(z) = "+
Z(22%+52+2)

Toevaluate [ f(z)dz
To find poles of f(2),put z(2z2+5z+2) =0
=2z=0;2224+5z242=0

1
=z =0;z = —2,z = — _are poles of order one.
2

GivenCis|z| =1
Consider z =0

S lzl=10]=0<1
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~ z = 0lies inside C

Consider z = —2

>zl=]-2l=2>1
~ z = —2 lies outside C
Consider z = —%
Slzl=-2=1<1
1 o 2 2
~ z=—_lies inside C

2

Find the residue for the inside pole
() Whenz=0
[Res f(z)]z=0 = Lt (z — 0)f(2)
z—-0

(z%+z+1) _1

z—0 Z(2Z%+5z+2) 2
.. 1
(i) Whenz = —_
2

[Res f(2) _

Z

= lim 2+ ) f(2)

2
= lim (Z+_1) A
71 2 Z(2z+1)(z+2)
2
= lim (z+
1 2 ZZ(Z+EI)(Z+2)

72424+1

zo—
2

_ 37t
- 2()(=5+2)

- By Cauchy's Residue Theorem

[ f(2)dz = 2mi [Sum of residues]
= 2mi [i —;] =0

1

(1) = 27‘[1+2C059d9 — 1 [O] —0

2J0 5+4c0s06 2i

Type Il: Integration around semi — circular contour
Integrals of the form foo fe dx,
—©g(x)

where f(x) and g(x) are polynomials in x, such that the degree of f(x) is less than that of
g(x) atleast by two and g(x) does not vanish for any value of x.

Let C be a closed contour of real axis from —R to R and semicircle 'S’ of radius R above real
axis.
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Thus,
@ = (R fD g4 [ f@ gy
€ gz ~Re S 9@

AsR - oo, [ 7P dz > 0 by Cauchy’s lemma

¢ g2
_( @,
=/ dz = [
C g(2) —®g(x)
Example: Evaluate x2dx wherea > b > 0
| -

Solution:
Replacementput x =z = dx = dz
® 2dx = 2%dz)  where
—00 (x2+a?)(x2+b2) C  (z%+a?)(z%+b?)

Where C is the upper semi circle

= fc f(2)dz ..(1)
Where, f(z) = d

To find the poles, put (z2 + a?)(z2 + b2) = 0
= z = *aiyz =.1bi, are.poles of order one:
Here z = ai, bi lies in upper, half of the z —plane.
Find the residue for the inside pole
(i) When z = ai
[Res f(2)] = lim (z — ai)

=al i (z+ai)(z—ai)(z2+b?)

72

_a?
2ai (b2—a?)
_ a

21 (@>—b?)

(i) When z = bi
[Res f(2)]z=bi =1lim (z — bi)f(2)

z—bi
2
= lim (z — bi) i

7—bi (z2+a?) (z+bi)(z—bi)

bZ
(a2—b2)2bi
b

2i (a2—b2)

= By Cauchy’s Residue theorem

fc f(z)dz = 2mi [sum of residues]
b

. a
= 2mi [Zi(az—bz) 2i (a2—b?)
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__2mi a—b
T2 [(a—b)(a+b)]

T

o " a+b
(1) = f x%dx _ @
—© (x*+a?)(x*+b?)  a+b

o dx

Example: Evaluate [ Erad) (D)

,a>0,b>0

Solution:
[e9) dx dx

f— 1 ©
Jo Pt ) 2 J (22 +a?) (x*+b%)
Replacement put x = z

>dx =dz
1 .00 dx :1 (] dx
Ef—mm Ef—oom

Where C is the upper semi circle
=[] f@dz.. (1)
2c

Where, f(z) = !

(2+ad) (22 +b2)
To find the poles, put (22 + a?)(zZ+b%) = 0
= z = +ai, +bi are poles of order.one.
Here z = ai, bi lies«in the upper‘half of the:z="plane.
Find the residue for the inside pole

(i) When z = ai
[Res f(2)]z=ai = lim (z — ai)f(2)
Z—al
= lim (z — ai) !
zai (z+ai)(z—ai)(z2+b?)
— 1 = — L
" 2ai(b2—a?) 2ai (a2—b?)
(i) When z = bi
[Res f(2)]z=bi = lim (z — bi)f(2)
Z—atl
= lim (z — bi) = !
z—bi (z2+a?)(z+bi)(z—bi)
_ 1
"~ (a?-b2)2bi

= By Cauchy’s Residue theorem

[ f(2)dz = 2mi[- ! + !
c 2ai (a?—h?2) 2bi (a?—h?2)
2mi [-14 ]

T 2i(@2-b%) a b
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(a+b)(a b) (_)
_ T
- " ab (a+b)
(1) => dx _1 T

f —o0 (Z+aD@45D) 2 ab (ath)

_ T
2ab (a+Db)

Example: Evaluate “
f—wm

Solution:

Replacement putx =z =>dx =dz

Now, J," = = 21 oo<x2+a2>
=1 where C is the upper semi circle
27c (22+a2)2
= [ f(2)dz (1D
2c
Where, f(z) = !
(z2+a?)?

To find the poles, put (zZ + a2)2 =0
= z = tai are poles of order 2 here z = ai lies in the upper half of z — plane. Find the

residue of the inside pole.

(i) When z = ai
. d .
[Res f(2)],eai = led— (z — ai)? f(2)
z—al az
= lim [(Z — ai)?
z—ai dZ (z—ai)2(z+ai)?

=lim 4 _1
z—ai dz (z+ai)2
-2

= lim [
z—ai (z+ai)3

_ 2 2 1
(2ai)? —8a3i  4ia3

~By Cauchy’s Residue theorem,
fc f(2)dz = 2mi [sum of residues]|

= 2mi ( )

4iq3

_m
" 243
Example: Evaluate 2—x+2  dx
f —o0 (x*+10x2+9)

Solution:
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Replacement Put x = z = dx = dz

o x*-x+2 z2—z+2

. —ax =
—o (x*+10x%2+9) fC (z*+102%2+9)

dz, where C is the upper semi circle.

=[ f(2dz (D

Where, f(z) = i
(z*+102%2+9)
To find the poles, put z* + 1022+ 9 =0

=>(z2+1)(z2+9) =0

= z = +i, + 3i are poles of order one.
Here z = i, 3i lies in the inside pole
Find the residue of the inside pole.
() When z =i

[Res f(2)]:=1 = lim(z — i) f(2)

z-i

2_
=lim[(z—i)__“ "2
z—i (z+0)(z—0)(22+9)

. (Z%=2+2) ]
70 (2+1)(2249)

(i) When z = 3i
[Res f(2)] N = lim i(z— 3i) f(2)

z—3idz

= lim [(z — 3i)
7231 (22+1)(z+31) (z—31)

(z%2-2+42)

]

= lim (2%2—-2z+2)
z-3i (22+41)(z+30)

_ —9-3i+2 _ —7-3i

T (-8)(6i)  —48i

_7+3i

T o480

=By Cauchy’s Residue theorem,

[ f(@dz = 2mi [sum of residues]

7+3i
)

. 1-i
=2mi (—+
(161' 48i

= 2mi (3—3i+7.+3i}

48i

= 2mi (ﬂ) =
48i° 12
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5
€Y :>foo P—x+2  dx ="
—oo (x*4+10x%+9) 12
Example: Evaluate [, —2
’ 0 x%+aq*

Solution:

© dx _ 1 .0 dx
fO xt+at Ef—oo x*+at

Replacement Putx = z = dx = dz

aif? % _1p __@ whereCisthe upper semicircle.
2 —ooxttat  2°C zt+at
1
=_[f(2)dz . (D
2 c

Where, f(z) = !

z4+a*
To find the poles, put z* + a* = 0
= z4 = —q*
1
=z = (—a*)+
=z = (—1)V4%a

1
= (cosm+ isinm)+a

= [cos

1
= [cos(m + 2km) + isin(w + 2kiw) ]+ a
) =ksi'sin
4 4

T+ 2km mT+2km
)| a
m+2km

=qeti () ;k=01,23....
4

i
Whenk =0,z = ae+
ﬁ
Whenk =1,z = ae 4
SE
Whenk = 2,z = ae 4
E
When k = 3,z = ae + are all poles of order one.
i 3im

Here z=ae+ and, z=ae 4 lies in the upper half of the z plane.

Find the residue for the inside pole
()When z = ae+

[Res f(2)] (2= ae?) f(2)

z—ae

— i i 1
z—ae 4

=2 [Apply L'Hospital rule]
0
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= lim
im 423
z—ae 4
_ 1
- 3m
4q3e%
3im

(i) When z = ae +

[Res @] ax= lim (z-ae™) f(z)

= 4’
z=ae e &
. 3im
= lim (z—ae®) 1,
3in Zz +a
z—ae 4

=° [Apply L'Hospital rule]
0

= lim i

3im 473

z—ae 4

1

= —w
4a3ed

= By Cauchy’s Residue theorem,

[ f(@)dz = 2mi [sum of residues]

. 1 1
= 2mi ( 30 + ‘Jm)
4a3e @ 4a3e &
2mi —i3m —i9m

=Zlg(e D)

i i

= % (e—n’ie 4_+ e—izn'e— D [-.- e—TL’i — _1]
i in in
= —((-De® + (-De7) [ e=2mi = —1]
—mi elf—e_%) [ e = {sin x]
a3 2 2
=" (isin])
a3
1
="
1a3 V2
o dx - "
W= [ s~ %
Example: Evaluate dx
/ —o0 (x2+1)3

Solution:

Replacement Putx = z = dx = dz

0o dx

. where C is the upper semi circle.
—oo (x*+1)3 C (z*+1)3

= fcf(z)dz .. (1
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Where, f(z) =

(z4+1)3
To find the poles, put (z2 4+ 1)3 =0
>2z2+1=0
= z = +i are poles of order 3.
Here z = i lies in the upper half of z — plane.

Find the residue for the inside pole z = i

1., d? .
[Res f(2)],= = - Lim_ (z — D3f(2)
2 z—1 dz
L1m [(z — )3 ]
2| 70 d22 (z+0)3(z—i)3

d? 1
L1m 1 ]
2' z—i dZ2 (z+0)3
1,. d -3
=_lim_ [~ ]
2 z-idz (z+i)*
112 _ 6 _ 3

2205 ~ 320 16i

=By Cauchy’s Residue theorem,

[ f(@dz = 2mi [sum of residues]

= 2mi (_3 =
16i 8
(1) = dx | 3w
f—oo (x4-+1)3 ?
Type 111
Integrals of the form
« f() sin(nx)dx (or) e cos(nx)dx

— g(2) f—°° 9
To evaluate this integral, write sin(nx) and cos(nx) in terms of einx thus,
J I ginzgy = i
¢ 9@

Where C is the closed curve as in type 11 and finally equate imaginary part or real part

© d(z)
—% g(x)

einxdx

accordingly to get the required integral.
Example: Evaluate @ cosmxdx,a > 0,m > 0

0 x24q2

Solution:

Replacement put x = z = dx = dz and cos mn = R. P eimn

NOW, 00cosmx o RP e”""
0 xz+a2 f_°° x2+a2
RP . ..
=_f ™ dz where C is the upper semi circle.
2 C  z24+q2
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= gff(z)dz (D

Where f(z) =eii

z24q?
To find the poles, put zZ2 + a2 = 0
= z = tai are poles of order one.
Here z = ai lies in the upper half of z — plane.

Find the residue for the inside pole z = ai

[Res f(2)]z=ai = lim (z — ai) f(2)
z—ai
= lim (z — ai) e
z—ai (z+ai)(z—ai)
= lim ¢~
z—ai (z+ai)

e—ma

2ai

=By Cauchy’s Residue theorem,

fc f(2)dz = 2mi [sum of residues]
= 27i (ﬂ)
2ai

T e ma

a
R.P -ma: _
(1) = oocosmxdx =_(71' e — ie ma
0 x2+a? 2 a 2a
Example: Evaluate  «xsinmx dx where a > 0,m > 0

0  x24q?

Solution:

Replacement put x = z = dx = dz and sin(imx) = [P eimx
i imx
Now, . o xsinmx dx = ifoo xIPe dx
2vY —oo x2+a2

_LP [ ze™

dz where C is the upper semi circle.
2 ¢ z24q?

=2 f@dz e

z elmZ

0 x2+q?

Where, f(z) =

z%+a?
To find the poles, put f(z), putzZ + a2 =0
= z = tai are poles of order one.
Here z = ai lies in the upper half of z — plane.

Find the residue for the inside pole z = ai
[Res f(2)]z=ai =lim (z — ai) f(z)
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. . zelmz
= lim (z — ai) §
z—ai (z+ai)(z—ai)
_ (ai)e—ma _ e—ma
2ai 2

~By Cauchy’s Residue theorem,
[ f(@)dz = 2mi [sum of residues]

. e ma
=2mi () =me™ma
2

(1) = OOxSinmxd —ma) —_ T —ma

P, .
x=_(mie

0  x24q? 2 2
Example: Evaluate .«  cosxdx ,a>b>0

- (x2+a?)(x2+b2)

e

Solution:

Replacement put n = z = dz = dzcosx = R.P e

Now Joo cosx dx __ f RP €% dz
' J—oo x2+4a2 (x2+b2) ¢ (z%+a?)(z%+b?)

where C is the upper semi circle.
=2 rydz
Where, f(z) = e
(Z22+a?) (z%+b?)
To find the poles, put f(z), put (zZ + a?)(z* 4+ b2) = 0
= z = tai, +bi are poles of order one here z = ai, bi lies in the upper half of z — plane.
To find the residue for the inside pole
(i) when z = ai

[Res f(z)]z=ai =lim (z — ai) f(2)

Z—al
. , ez
= lim (z — ai)
z—ai (z+ai)(z—ai)(z2+b?)
= lim e

z—ai (z+ai)(z2+b?)
e—a _e—a

= Qad(bP—a?) _ (2ai)(@®—b?)

(ii) when z = bi

[Res f(2)]z=bi =lim (z — bi) f(2)

z—bi
. , ez
= lim (z — bi)
z—bi (z24+a?)(z+bi) (z—bi)
= lim et”
z—bi (z2+a?)(z+bi)
"~ 2bi(a?—b?)
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=By Cauchy’s Residue theorem,

J¢ f(2)dz = 2mi [sum of residues]
_ - |

= 2mi
((Zai)(aZ_bZ) + (2bi)(a?—b?)

2mi eb  ea
[ ——1

= @)(@-b?) a
__m et _ et
= (a=b?) ==
(1) = * cos x & R.P. " (ae_b_be_a) = T
f—OO (x2+a%) (x%+b?) a?—b? ab ab (a?-b?)
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