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ANALYTIC FUNCTIONS — NECESSARY AND SUFFICIENT
CONDITIONS FOR ANALYTICITY IN CARTESIAN AND POLAR CO-
ORDINATES

Analytic [or] Holomorphic [or] Regular function

A function is said to be analytic at a point if its derivative exists not only at that point
but also in some neighbourhood of that point.
Entire Function: [Integral function]

A function which is analytic everywhere in the finite plane is called an entire
function.

An entire function is analytic everywhere except at z = .
Example: ez, sin z, cos z, sinhz, cosh z

Example: Show that f(z) = log z analytic everywhere except at the origin and find its

derivatives.
Solution:
Let z = rei®
f(2) =log z
= log(re?) = logr + log(ei®) = logr + i0
But, at the origin, r = 0. Thus, at the origin, Note : e= =0

f(z) =log0+i0 = —0 +i6
loge=* = log0; —o0 = log0

So, f(z)is not defined at the origin and hence is not

differentiable there.
At points other than the origin, we have
u(r,8) =logr v(r,0) =0

! vr=0
Ur = —
r
us =0
ve=1

So, logz satisfies the C—R equations.

Further 1 is not continuous at z = 0.
Tr

So, ur, us, vr, ve are continuous everywhere except at z = 0. Thus log z satisfies all the

sufficient conditions for the existence of the derivative except at the origin. The derivative is
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Note: f(z) =u+iv = f(re®)=u+iv

Differentiate w.r.to ‘r’, we get

(i.e.) ef'(rei) = ™ 4%

ar or
Example: Check whether w = z is analytics everywhere.
Solution:
Let w=f(2) =2z
ut+iv =x —1iy
u=x v=-y
ux=1 vx=0
Uy = 0 Uy = -1

ux # vy at any point p(x,y)
Hence, C—R equations are not satisfied.
~The function f(z) Is nowhere analytic.

Example: Test the analyticity of the function w = sin z.
Solution:

Letw = f(z) = sinz
u + iv = sin(x + iy)
u + iv = sin X cosiy + cosxsin iy
u + iv = sin xcoshy + i cosx sin hy

Equating real and imaginary parts, we get

u = sinx coshy v = cosx sinhy
ux = cosx coshy vx = —sinx sinhy
uy = sinx sinh y vy = cosx coshy

S Uux =vyand uy = —vx

C —R equations are satisfied.
Also the four partial derivatives are continuous.

Hence, the function is analytic.
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Example: Determine whether the function 2xy + i(x% — y2) is analytic or not.

Solution:
Let f(2) = 2xy + i(x%2 — y?)
(i.e.) u = 2xy v=x2—y?
du v
P 2y P 2x
ou ov
@ = 2x 5 = =2y

Ux # vy and uy # —vx
C—R equations are not satisfied.
Hence, f(2) is not an analytic function.
Example: Prove that f(z) = cosh z is an analytic function and find its derivative.
Solution:
Given f(z) = coshz = cos(iz) = cos[i(x + iy]
= cos(ix — y).= cosix cosy + sin(ix) siny

W +iv = coshx cosy +d sinh x siny

u = coshx cosy

v = sinhxsiny

ux =sinh X cos y

Uy = —coshxsiny

vx =C0sh X sin'y

vy =sinh x cos 'y

“ Uy, Uy, Uy and vy, exist and are
continuous.
Ux = vy and uy = —vx
C—R equations are satisfied.
~ f(2) is analytic everywhere.
Now, f'(z) = ux + ivx
= sinhx cosy + i coshxsiny
= sinh(x + iy) = sinh z

aw ow

Example: If w = f(z) is analytic, prove that4w = ~ = —i _~ where z = x + iy, and
dz ax ay

2W
prove that 2 — = 0.
dz0z
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Solution:
Letw = u(x,y) + iv(x,y)

As f(2) is analytic, we have ux = vy, uy = —vx
NOW,‘;—‘;’=f'(Z) =U_ 4+ =1y —iuy =i(uy + ivy)

ou . Ov , Ou , Ov.
=_+i_=—i[_+i_]
Ox ox ay ay

9 . . .
=_(u+tiv)=—-i_(u+iv)
ox ay

_ow _ .

= 0—= —1—

ox ay

We know that, ‘3_W =0

. ’w
020z
%w

=0

Also =0

0z 0z
Example: Prove that every analytic function w = u(x,y) + iv(x, y)can be expressed as
a function of z alone.
Proof:

Letz=x+iy.and... z=x— iy

x—Z_ﬁ and —Z+_Z:
2 Y2

Hence, u and v and also w may be considered as a function of z and z

. ou .9
Consider v = % + ;%
2z 0z oz

— (9u, 0x , Ou Oy 9 dx , 9vdy
- (6x 9z 9y az)+(ax&— ay aE)
1 1 o1 1
=Cu ——_u)+i(Cv —_v
(2 X 2 3’) (2 X 20 3’)

=, — )+, 4wy
= 0 by C—R equations as w is analytic.
This means that w is independent of z
(i.e.) wis a function of z alone.
This means that if w = u(x, y) + iv(x,y) is analytic, it can be rewritten as a function of (x +
iy).
Equivalently a function of z cannot be an analytic function of z.
Example: Find the constants a, b, cif f(z) = (x + ay) + i(bx + cy) is analytic.
Solution:
f(@) = ulx,y) +iv(x, y)
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= (x+ ay) + i(bx + cy)

u=x+ay v =bx +cy
uxr=1 vx=>b
Uy = a Vy =¢C

Given f(z) is analytic
>ux=vy and uy =-u
1=c¢c and a=-b
Example: Examine whether the following function is analytic or not f(z) = e~*(cos y - i
siny).
Solution:
Given f(z) = e~*(cosy -i siny)

Su+iv=eXCcoSy-ie*siny

u=e>xCcosy v=—e*siny
Ux = —e~XCoS Y vx =exsiny
uy = —e*siny vy ==e~X COSYy

Here, ux = vy and uy = —vx
= C—R equations are satisfied
= f(z) is analytic.

Example: Test whether the function f(z) = 1_log(x2 +y2 + tan—1 () is analytic or not.
2 X

Solution:
Given f(z) =_1log(x2 +y2 4+ itan-1 ()
2 x

(i.e)u+iv =_1log(x2 + y2 4+ i tan-1 ()
2 x

1
u =_log(x* +y?) v = tan~1 (%)
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1 1 1 y
ur =572 T2 (2x) Vx = LZ[_x_z}
1+x2
X
RSz __
x2 + y?
1 1
uy:§x2+y2(2y) vy = 1 , _]
Y-
oy 1+°2
X+ y? X
:x2+y2

Here, ux = vy and uy = —vx
= C—R equations are satisfied
= f(z) is analytic.
Example: Find where each of the following functions ceases to be analytic.

(z2-1) (z—0)?
Solution:
(i) Let f(H) = _L
(z%-1)
' _(#-D)—z2) - —(7%F1)
f(Z) - (22_1)2 - (22_1)2

f(2) is not analytic, where f'(z) does not exist.
(i.e.) f'(z) » o
(i.e)(z2—1)2 =0
(i,e.) z2—1=0
z=
z==1
~ f(z) is not analytic at the points z = +1
(i) Let f(z) =

(z—i)?
, _ (z=D2()(z+D)[2(z—D] _ (z+30)
f2) = (z—i)* T (2B

f'(z) > ow,atz =i

~ f(z) is not analytic at z = i.
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PROPERTIES - HARMONIC CONJUGATES

Laplace equation
62<p

T+ az_‘”z 0 is known as Laplace equation in two dimensions.
9x2  9y?
Properties of Analytic Functions
Property: 1 Prove that the real and imaginary parts of an analytic function are
harmonic functions.
Proof:
Let f(z) = u + iv be an analytic function
ux =vy...(1) and  uy=-vx ...(2)byC-R
Differentiate (1) & (2) p.w.r. to x, we get
Uxx = Vxy ... (3) and  uUxy = —vx ...(4)
Differentiate (1) & (2) p.w.r. to X, we get
Uyx = Vyy ...(5) and  uyy = —vyx ...(6)
(B)+(B)=> wxx+ uyy =0 [v vy = Vya]
B)-@) = » vx Hvyy =0 Fouxy = uyx]
=~ u and v satisfy the Laplace equation.
Harmonic funetion (or) [Potential function]
A real function of two real variables x and y that possesses continuous second order
partial derivatives and that satisfies Laplace equation is called a harmonic function.
Note: A harmonic function is also known as a potential function.
Conjugate harmonic function
If u and v are harmonic functions such that u + iv is analytic, then each is called the
conjugate harmonic function of the other.
Property: 2 If w=u(x,y) + iv(x,y) is an analytic function the curves of the family
u(x,y) = c1 and the curves of the family v(x,y) = cz2 cut orthogonally, where c1 andcz
are varying constants.
Proof:
Let f(z) = u + iv be an analytic function
SUr=vy...(1) and uy=-vx ...(2)byC-R
Givenu =ci1andv = c2

Differentiate p.w.r. to X, we get
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utu ¥=0and v +v &v_

x Y dx x Y dx
d —u d —v
=52 =% and L ===
dx uy dx vy
—u —v
>mr =" =>mz ="
Uy Vy

ux Uy by (1) and (2)
=00 )=-1

Hence, the family of curves form an orthogonal system.

ml.mz (__:(I__ux)
Uy

Property: 3 An analytic function with constant modulus is constant.
Proof:

Let f(z) = u + iv be an analytic function.

SuUur=vy...(1) and uy=-vx ...(2)byC-R

Given |f(2)| =Vuz +v2=c #0

=|f(2)| = u? + vz = c2 (say)

(i.e)uz+v2=c2 ...(3)
Differentiate (3) p.w.r. to x and y; we get

2uux + 2vvx = 0 = uux +vvx =0 ...(4)
20Uy + 2vvy' =0 = uuy 4 vuy = 0 .5
A xu =2 viux+uvvy =0 2. (6)
B)xv =2uvuy+ vivy =0 . (7)

6)+(7) =>vux+v2vy +uv|[vi+uy] =0
= utuxr+ V2ux+uv|[—uy +uy] =0by (1) & (2)
= (UW+vduxr =0
= ux=20
Similarly, we get vx = 0
We know that f'(z) =ux +vx =0+i0=10
Integrating w.r.to z, we get, f(2) = ¢ [Constant]
Property: 4 An analytic function whose real part is constant must itself be a constant.
Proof :

Let f(z) = u + iv be an analytic function.

= Ux =Uy(1) and Uy = —Ux (2) byC—R
Given u=c¢ [Constant]
>ux =0, uy =20

=Sux =0, vx =0 by (2)
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We know that f'(z) = ux + ivx =0 +i0 =0
Integrating w.r.to z, we get f(z) = ¢ [Constant]
Property: 5 Prove that an analytic function with constant imaginary part is constant.

Proof:
Let f(z) = u + iv be an analytic function.
Sur=vy...(1) and uy=-vx ...(2)byC-R
Given v = ¢ [Constant]
=vx =0, vy =20
We know that f'(z) = ux + ivx
= vy + ivx by (1) = 0 + i0
> f(2)=0
Integrating w.r.to z, we get f(z) = ¢ [Constant]
Property: 6 If f(z) and f(Z)are analytic in a region D, then show that f(z) is constant in
that region D.

Proof:
Let f(z) =fu(x, y)™ iv (x, y)rberan analytic function.
B =uley) = wioy) = up + i[—ulx, y)]
Since, f(z)-i5 analytic in' D, we getux = vy anthaly = =wvy
Since, f(Z) is analytic in D, we have ux = —vy and uy = vx
Adding, we get ux = 0 and uy = 0 and hence, vx = vy =0
Sf@)=ux+ivk=0+i0=0
~ f(z) is constant in D.
Theorem: 1 If f(z) = u + ivis a regular function of z in a domain D, then

V2|f(2)|? = 4|f'(2)|?
Solution:
Given f(z) =u+iv
= |f(2)| = Vuz +v2
= f@F = u? +v?

= Vf(2)|2 = V2(u? + v?)

= V2(u?) + V2(1?) (D
2
ved) = (04 9y 20 06D 4 o) ()
ax2  9y? 9x2 9y?
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2 2
Twy =" e =2+ MM =
6£c2 ox ox 0x2  oOxa&
.. u
Similarly, @ (u2) = 2u ou 2
ayz 9 2 + 3 (a_y)
@)= vz?) =2u(®"+ "

ou 2 du 2

2 2
2u”" + 2™
dx

ox?

ou 2 ou. 2
- ) + &
0+2[G) (ay) ]
V2(u?) = 2u? + 2u?
x y
Similarly, V2(v2) = 2v2 + 2v2
X

[+ u is harmonic]

y
(1= V2f(2)|? = 2[u? + u? + v? + v?]
x y x y
=2[u?+ (—v )2 + v2 +u? k. =viu =-v]
x x x x x y oy x
= 4[u? + v?]
X X

(. e)V2f(2)|* = 4lf (@)
Note: f(2) =u+iv; f'(z) = ux + ivx ;

N f(2)=vy+iuy;|lf @D =vuz +v2;|f@DI?=u2 +v2

Theorem: 2 If f(z).= u+ iwvis.a regularfunction of-zin a.demain.bD; then VZ log

If(z)| = 0iff(z) f'(z) # 0inD. i.e., log.|f(2)| is harmonic in D.
Solution:

Given f(z) =u+iv
lf(2)| = Vuz + v?
log |f ()] = log (u? +v?)

V2log|f(2)| =_1 V2log (u? + v?) = L+ )Iog(u2 + v2)

2 2 ox2 y
1 92 1 82
=___[logw? +v3)] + ___[log(w? + v)] (D)
2 Ox2 2 9y2
2 2
ia_[log(uZ + 172)] — 16_[ 1 ( + 217 )] [uux+vvx]
2 9x? 2 9x ul4v? ax ax Y

_ (u2+v2)[uuxx+uxux+vvxx+vxvx]—(uux+vvx)(2uux+2vvx)
(u2+v2)2

_ (u2+172)[uuxx+vvxx+u2+vz]—Z(uux+vvx)2

- X X

5 (u2+v2)2
i i 10 2 2 2 271 2
Similarly, " log? + v?)] = (W+v )[uuyy+wyy+g v -2 (uuy+vvy)
2 8y? (u2+v2)2
@+ +u H)+vw +v ) +@P+u?) +@*+vH)]-2uw +vv 12 2
(1)$ Vzloglf(z)l = xx yy xx yy x y x y x x  —2[uuy+vvy]
(u2+v2)2
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w?+v?2) [u(0)+(u2+v2)+u2+v2)——2[u w4+ v2vi42uv u v +u? ui4vi42uv u v ]
y y x x X X y Yy y ¥y
(u?+v2)?2

[ Uxx + Uyy = 0, Uxx + VVyy =

0]
@2Hr)[|f @2+If (@2 -2[ul@?+ u2 )+ 22 +vD)+2uv(u v +u v |
—_ X hY% x hY X X y vy
o (u2+v2)2

[f(@) =u+iv|f(@D] =ur +ive (00) f'(2) =vy —wlf (2I* = uq+ v
N If'(@|? = uz + v?
y y

_ 20 0 d0r Q%12 i O 1 D’ |+2u(0)]

(u2+v2)2

[“uy = vy, uy, = —vy]
SUx vx +Uuyvy =0
>u? +u? = u2 + vz |f'(2)]?

x y
>v2 +v? = u2 + v2 =|f'(@|?
x y y

2 +v2)|f(z)|2—2(u2+v2)|f'(z)|2

(u+v2)2
(i.e,) V2oglf(2)| =
Theorem: 3 If f(z) = u + ivis a regular function of z in'a domain D, then

VZ(wp) = p(p — 1) uwr-2[f'(2)|?
Solution:

v2(up) = (a_z + :_2) ()

(up) + (up)
ax
2
2w =2 [pw- 1_] =pwu 4+ pp - Duw2(u )?
Ox?2 ax 0x xx x

2
imi d
Similarly, a_yz(up) =pur~lu ,, + p(p — Dur-2(uy)?

(1) = V2(wP) = pur—Yuxx + uyy) +p(p — Dur—2[u? + u?]
x y

= pur~1(0) + p(p — Dur~2|f'(2)|?
[“uxx + uyy = 0,f(2) =u+iv, f'(z2) = ux +ivy, |f'(2)|?2 = u2 + u?
x oy

V2(wr) = p(p — 1) w?|f'(2)I?
Theorem: 4 If f(z) = u + ivis a regular function of z, then VZ|f(z)|P =

PAf@P2f (2> .

Solution:
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Let f(z) =u+iv

IfD| = Vuz + v2 ...(a)
If ()P = (uz + v2)r/2 ...(b)
2 2
vIf)P =+ %) 2 + vy
9x2 9y2
2 2
= (u? + vH)p/? +a_(u2 + v2)P/2
9x2 9y?
aZ p—l
— (u? /2 =9 = ou v
W p2yp2 = 2P 42y, [2ut+2

p_
=pW? +v?)2 [Ulxx + Ustlx + VVxx + VxVi]

+p (g - 1) (w4 vz)ﬁ—z (uux + vvx) Quux + 2vvx)
2 2P 2 2
=p(u +v )2 [ulxx+ Ur + VUxx + Vx]
k2
+2p (g — D@+ 2y, “(uux + vvi)?

_ 2 ., 2p 2 2P 2 2
Similarly, W(l +v) =t +v )z [uuyy +uy + vvyy + vy

2y
+2p (g D@ 42y, (uuy + vwy)?

2 2

12 1 2
[u(Uxx + U.yy) + U(va + Uyy) +urtuy + vx +

2 ) 2 2 P-
> VIf@| =gy 20y

vi] +
P2
2p (%— D (W 4+ v2y; [w2u2 4 v2vE + 2uv u,w, + utud + v2v2 +
2Uv uyvy|
2 2% 2 2
=p(u +v )z [u(0)+v(0)+ 2(ux + uy)]
14
p 2 272 2 2 2 2 2 2
+2p (5 —DC +v )2 [u (ur+w) +v (vx +vy) + 2uv(uxvx +
Uyvy) ]
g Lo
=2p(u +v2). |f'(2)|2 t 2P E— D@ +v2) [wf'@IP+v2|f'(2)]* +
2uv(0)]

L + )| (D)

-1
2 |f'(@)I?

= 2p(u2 +v2), IF(@I + 2P -1+
= 2p(u? + vz)i_llf’(z)lz +2p fz— 1) (W2 + v2)
= 2p(e2 + 2y IF @R L +2- 1)

= op(uz + 2y, If@P =g+ ) 2 P
— P E TR ()P
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= pAf @21 (2)]? by (a) & (b)

Theorem: 5 If f(z) = u + iv is a regular function of z, in a domain D, then
@I + @I = 1@
Solution:
Given f(z) =u+iv
If(D| = Vuz + v2
2f() = Vo]

1 UUXxF VU
= pvemr [ + 2v0e] = TEae
il ( )l 2 (uux+vvx)2 UPUPH V2024 2uv Uxvy
[6x f z ] = T2 = u2+v2
9 2 wru? 4224 2uv u v
Similarly, [ — = Y Yy
y [ay |f(2)I] w242
i) 2 [i] 2 w2 [ul+ul]4+v2[v2 v+ 2ur [u v +u v
_ + [— — x y x y xx yy
@0+ @I o
_ I @A @ +2u v (0) .,
- 2 +v2 [“ux=y5u = —v
_ @AIf@* _ 2f..
= "7 =|f@I- U vx+wvy =0]

1B+v2

Theorem: 6 If f(z) = u + ivis a regular function of z, then V2|Re f(z)|%2 = 2|f'(z)|?

Solution:
Let f(z2)=u+v
Ref(z) =u
IRe f'(2)|? = u?
V2|Re f'(2)|? = V2u?
=@+ w
ox2  9y?
a2 a2
= () @) + () (u?)
ox2 9y?
= 2[u? + u?]
x y
=21f'(2)|?
Theorem: 7 If f(z) = u + iv is a regular function of z, then prove that VZ|Im f(z)|? =
2|f'(2)|?
Proof:

Let f(z) =u+iv
Imf(z) =v
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[Im f(2)|* = v?
9 (v?) =2vv
ox x

9% (v?) = 2[vvxx + vxvx] =dw + vj]

0x2 xx
2
o o
Slmllarly,a_yz(UZ) = 2[vvyy + ]

2 2
SO D) Im @R = 2o +v )+ 2 + 2]
ax2  9y? xx y x

y y
= 2[v(0) + u? + v?] by C—R equation
X X
= 2|f'(2)|?
2 92 aZ aZ
Theorem: 8 Show that 2_ 2" =4 (or)ST V2=4
axz  dy? 9z9z 929z

Proof:

Let x &y are functions of zand z

. +: =
thatis x =22y =%
2 21

a 0 Ox d dy
0z 0x 0z dy 0z

9 .1 9 1 1,0
2O+ 2 =12 1y
ox 2 oy 2i 2 @ i oy
ol a 14
EEENE Ne
o _90x, 00y
9z 9xdz 0yoz
a .1 i)
= QO+ =L2-19
ox 2 oy 2i 2 i dy
i} 19
20 =212 (@)
0z ox i dy

92 | 92 _ 19,0 10y, —b)=a? — b2
i tas (a+iay)(& ?5)[ (a + b)(a — b) = a? — b?]
=(zai> @ ;> by (1) & (2)

aZ
0z0Z

Theorem: 9 If f(z) is analytic, show that V2| f(z)|? = 4|f'(z)|?
Solution:

=4

2 2
We know that, @ 4 8° = 4_°

ax2  8y? 9207
If@I1?=f(2)fe
V2| f(z)|? = 4aizaiz_v(z>7@]

= 45 f(2)] [gfﬁ]
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[f(2)is independent of z nd fTZ) is independent of z]

PO N
oy Qo v oro

=4 f@P [:2z2=|@

|
“V O f

Example: Find the value of m if u = 2x2 — my?2 + 3x is harmonic.

Solution:
Given u = 2x2 — my? + 3x
2 2
O 4 %% — 0 [+ u is harmonic] (D)
axZ  ay?
%u = 4x + 3 u = —2my
0x Jy
aZu azu — _zm
0z 02
~(D)=>2M@+(2m) =0
>m=2
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CONSTRUCTION OF ANALYTIC FUNCTION

Method: [Milne — Thomson method]
(i) | Tofind f(z) whenu is given

Let f(z) =u+iv
f(z) = ux + ivx
= ux — ivy [by C—R condition]
“ f(2) = [ux (2,0)dz — i [ uy(z,0)dz + C [by Milne—Thomson rule],

Where, C is a complex constant.

(i) To find f(z) when v is given

Letf(z) =u+iv
f'(2) = ux + ivx
=vy +ivx [by C—R condition]
~ f(2) = [vy (2,0)dz + i [ vx(z,0)dz + C [by Milne—Thomson rule],
Where, C is a complex constant.
Example: Construct the analytic function f(z) for which the real part is ex cos y.
Solution:
Given u ="e* cosy
= Ux = eXcosy [~ cos0 = 1]
= ux(z,0) = ex
= Uy = e* cosy [~ sin 0 = 0]
= uy(z,0) =0
~ f(2) = [ux (2,0)dz — i [ uy(z,0)dz + C [by Milne—Thomson rule],
Where, C is a complex constant.
“f(z)=[erdz—i[0dz+C
=e’+C
Example: Determine the analytic functionw =u+ivif u = e?*(xcos2y —
ysin 2y)
Solution:
Given u = e?*(x cos 2y — y sin 2y)
ux = e?*[cos 2y] + (xcos2y — y sin 2y)[2 e?*]
ux(z, 0) = e?7[1]+[z(1) — 0][2e?7]
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= e2z 4 2ze?z
= (1+ 2z)e*
uy = e?*[—2xsin 2y — (y2cos2y + sin 2y)]
uy(z,0) = e22[-0—- (04+0)] =0
“ f(2) = [ux (2,0)dz — i [ uy(z,0)dz + C [by Milne—Thomson rule],
Where, C is a complex constant.
f(2)=[(1+22)ex2dz—i[0+dz+C
= [(1+ 22)e2dz + C

2z 2z
=(1+22)e_—Ze_+C [“fuvdz=uw —uv +u'v —..]
> 2 1 2 3
2z 2z
=° 4+ze22-° 4¢C
2 2
= ze’” +(C

Example: Determine the analytic function where real part is
u=2x3—-3xy2+3x2-3y2+1.
Solution:
Given, u = x3 — 3xy2 +.3x2 — 3y2 + 1
Ux = 3x2 =~ 392 + 6x
=.udz,0) =322 — 0+ 6z
uy =0—6xy+0— 6y
= uy(z,0) =0
f(2) = [ux (z,0)dz — i [ uy(z 0)dz + C [by Milne—Thomson rule],
Where, C is a complex constant.
f(2)=[(Bz2+62z)dz—i[0+dz+C

2 2
=3"+6”2+¢C
3 2

=z3+3z22+C

Example: Determine the analytic function whose real partin —sin2x
cosh 2y—cos 2x

Solution:

. in 2

Given u=__"""
cosh 2y—cos 2x

__ (cosh 2y—cos 2x)[2 cos 2x]—sin 2x[2 sin 2x]

Ux [cosh 2y—cos 2x]2

(1 — cos 2z)(2 cos 2z)—2sin?2z
z,0) =
ux(2,0) [cosh 0—cos 2z]2
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_ 2cos 2z—2 cos?2z—2sin%2z
(1 - cos 22)?

2 cos 2z—2[cos?2z+sin?2z]
(1 —cos 22)?

__2cos2z—2
(1 - cos 2z)2

__ —2(1—cos 2z)
(1 — cos 2z)?2

__ 2cos 2z—2
(1 = cos 22)

-2
2sin?2
= —cosec?z

__ (cosh 2y—cos 2x) (0) — sin 2x[2 sin 2y]
Uy [cosh 2y—cos 2x]?2

= uy(z,0) =0
f(2) = [ux (z,0)dz — i [ uy(z, 0)dz + C [by Milne—Thomson rule],
where C is a complex constant.
f(z) = [(—cosec?z)dz—i [0dz + C
=cotz+C
Example: Show that the funetionu = IElog(x2 + y2)uis harmonic.and.determine its

conjugate. Also find f(z)
Solution:

Givenu = 1_log(x2 + y?)
2

wo=1l_1t (o=_",
X2 (x2+y?) x2+y2
z 1

z z

u = GOy _ Ayt | yPea? (1)

XX [x2+y2]2 [x2+y2]2 [x2+y2]2

1 1

u o =__ @p=_"_

y 2 x24y2 x2+y2

= uy(z,0) =0
u = GOyl 2Py .. (2

vy [x2+y2]2 [x2+y2]2

To prove u is harmonic:
22 2.2

[x2+y2]2

S Uy T Uy,
= u is harmonic.

Tofind f(z):
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f(2) = [ux (z,0)dz — i [ uy(z, 0)dz + C [by Milne—Thomson rule],

Where, C is a complex constant.
f@)=[ldz—ifodz+C
A

=logz+C
Tofindv:

f(2) = log (re®) [z = reif]
u + iv = logr + log e = logr + i6

=>u=logr,v=20
Note: z = x + iy
r=lz| = Va2 + y2
logr = _110g( x% +y?)
2

tanf =2

X

0 = tan-1 (%) i.e.,v = tan-1 ()
X X

Example: Construct an analytic function f(z) = u + iv, given that
u=ex Y cos 2xy. Hence find v.
Solution:

Given u = ex ¥ cos 2xy = ex'e=¥" cos 2xy

Ux = e—yz[exz(—Zy sin 2xy) + cos 2xy exZZx]

ux(z, 0) = 1[922(0) + ZZeZZ] = 2ze?

Uy = e’fz[e—y2 (—2x sin 2xy) + cos 2xye—y2 (—2y)]
uy(z,0) = e’ [0+ 0] = 0

f(2) = [ux(z,0)dz — i [ uy(z 0)dz + C [by Milne—Thomson rule]
= [2ze'dz+C
=2[zeldz+C
putt = z2, dt= 2z dz
= [etdt+C
=et+C
f@=e'+cC
Tofindv:

u+iv= e(x—H'y)2 — exz—y2+i 2xy — exz—yzeiz xy
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= ' [cos(2xy) + isin (2xy)]
v = e ¥ sin 2xy [+equating the imaginary parts]
Example: Find the regular function whose imaginary part is
e*(xcosy+ ysiny).
Solution:
Given v = e*(xcosy + ysiny)
vy = e *[cosy] + (xcosy + ysin y)[—e*]
vx(z,0) = ez + (z2)(—e?) = (1 — 2)e*
vy = e X[—xsiny + (ycosy + siny (1))]
vx(z,0) =e2[04+0+0]=0
“f(2) = [vy(2,0)dz+i[vx(z,0)dz+ C [by Milne—Thomson rule]
Where, C is a complex constant.
f(2)=[0dz+i[(1—2)e2dz+C
=i[(1—2)e2dz+C

=i[A-D[]- (D[] +cC
-1 (_1)2
=il-(1—-2)e¢z+ e +C
=ize 24 C

Example: In a two dimensional flow, the stream function is ¥ = tan-1 (*). Find the
X

velocity potential ¢.
Solution:

Given Y = tan~1(y/x)
We should denote, ¢ by u and by v

~ v = tan~1(y/x)
1

v = [i —_7y Ux(Z, 0) =0

X 14(y/x)? Tx? x2+y?’

v ="' [1=7 z 1
Yo 1+@/0)? x x24y2 vx(z,0) = z_2 = ;

o f(2) = [vy(2,0)dz +i [ vx(z,0)dz + C
f@)=[ldz+if0dz+C =logz+C

To find ¢:
f(z) =log (rei) [z =rei?]

u + iv = logr + log e
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u+iv =logr +i6
= u = logr z=x+1y,|z| = Vx2 + y?

= u = logVx? + y?
= log(x% + y?)
2

So, the velocity potential ¢ is
¢ = 51 log(x* + y?)
Example: If f(z) = u + iv is an analytic function and u — v = e*(cos y — sin y), find
f(z) interms of z.
Solution:
Given u — v = e*(cosy — sin y), ..(4)
Differentiate (A) p.w.r. to x, we get
Ux — vx = eX(cosy — siny),
ux(z,0) — vx(z,0) = e (D
Differentiate (A) p.w.r. to y, we get
Uy — vy = e*(—siny — cosy)

Wy(Zp0) - vy2p0) = e7[ 714

i.e, uyp(z,0) = vy(z,0) = —ez
—vx(z,0) — ux(z,0) = —e? ... (2) [by C—R conditions]
(D+@2)= —2vx(2,0)=0
= vx(z,0) =0

(1) = ux(z,0) = e
f(2) = [ux(2,0)dz+ i [ vx(z,0)dz + C [by Milne—Thomson rule]
f(z) = [exdz+i0+C
=ez+C
Example: Find the analytic functions f(z) = u + iv given that
Q) 2u+v =e*(cosy —siny)
(i) u—2v =e*(cosy —siny)
Solution:
Given (i) 2u+v = e*(cosy — siny) ...(4)
Differentiate (A) p.w.r. to X, we get
2ux + vx = e*(cosy — siny)

2ux —uy = e*(cosy —siny)  [by C—R condition]
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2ux(z,0) — uy(z,0) = e ..(D
Differentiate (A) p.w.r. to y, we get
2uy + vy = e*¥[—siny — cosy]
2uy + ux = eX [—siny —cosy] [by C—R condition]
2uy(z,0) + ux(z,0) = e?(—1) = —e? ...(2)
(D)X (2) = 4ux(z,0) — 2uy(z,0) = 2e ...(3)
(2)+(3) = 5ux(z,0) = ez
= ux(2,0) = é e’

(1) 2u (20 = Z_eZ—eZ = ez
y

5 5
= u,(2,0) = — Zez
f(2) = [ux (z,0)dz — i [ uy(z,0)dz + C [by Milne—Thomson rule]
Where, C is a complex constant.

f(2) =f_1ezdz—if—fezdz+C
5 5

2 3.
="_ez+ _jez+ C
5 5

= 1—+53—iez H
(i) u—2v =ex(eosy —siny) 1.. (B)
Differrentiate (B) p.w.r. to x, we get
Ux — 2vx = e*(cosy — siny)
ux + 2uy = e*(cosy —siny)  [by C—R condition]
ux(z,0) + 2uy(z,0) = e (D
Differentiate (B) p.w.r. to y, we get
Uy — 2vy = e*[—siny — cosy]
Uy — 2ux = e* [—siny —cosy] [by C—R condition]
uy(z,0) — 2ux(z, 0) = —e* ..(2)
(D x(2) = 2ux(z0) + 4uy(z,0) = 2e ...(3)
(2)+ 33) = 5uy(z0) =e?
= uy(7,0) = _e*

2
(1) = ux(z0) = - gez te*

3
= &
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f(2) = [ux(2,0)dz — i [ uy(z,0)dz + C [by Milne—Thomson rule]
Where, C is a complex constant.

@) =[lerdz—i[lerdz +C
5 5

3 .1 3—i
="ez—] ez2+C="_e2+C
5 5 5
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CONFORMAL MAPPING-MAPPING BY FUNCTIONS

Definition: Conformal Mapping

A transformation that preserves angels between every pair of curves through a point,
both in magnitude and sense, is said to be conformal at that point.

] el 0

Some standard transformations
Translation:
The transformation w = C + z, where C is a complex constant, represents a translation.
Letz=x+1iy
w=u+ivandC =a+.ib
Givenw =z + C,
(lLe)utiv=x+iy+a+ib
su+iv=(x+a)+i(y+b)
Equating the real and imaginary parts, wegetu =x+a,v=y+b
Hence the image of any point p(x, y)in the z—plane is mapped onto the point p'(x +
a,y + b) in the w-plane. Similarly every point in the z—plane is mapped onto the w plane.
If we assume that the w—plane is super imposed on the z-plane, we observe that the
point (x, y) and hence any figure is shifted by a distance |C| = VaZ + b2 in the direction of C
i.e., translated by the vector representing C.
Hence this transformation transforms a circle into an equal circle. Also the corresponding
regions in the z and w planes will have the same shape, size and orientation.
Example: What is the region of the w plane into which the rectangular region in the Z
plane bounded by the linesx = 0, y = 0, x = 1 and y = 2 is mapped under the
transformation w =z + (2 — i)
Solution:
Givenw =z + (2 1)
(le)ut+tiv=x+iy+Q2-d=x+2)+i(y—1)
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Equating the real and imaginary parts

u=x+2,v=y-—1

Given boundary lines are transformed boundary lines are
x=0 u=0+2=2
y=0 v=0-1=-1
x=1 u=1+2=3
y=2 v=2-1=1

Hence, thelinesx =0,y =0,x =1,and y =2  are mapped into the linesu = 2,v = —1,

u = 3,and v = 1 respectively which form a rectangle in the w plane.

Example: Find the image of the circle |z| = 1 by the transformation w = z + 2 + 4i

Solution:

x D=4 0O

Givenw =z 2 + 4i
(lLe)utiv=x+iy+2+4i
=x+2)+i(y+4)
Equating the real and imaginary parts, we get
u=x+2,v=y+4,
x=u—2,y=v—4,
Given |z| =1
(ie)x2+y2=1
u—-22+w-4)2=1
Hence, the circle x2 + y2 = 1is mapped into (u — 2)2 + (v — 4)2 = 1 in w plane

which is also a circle with centre (2, 4)and radius 1.
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1
P R

v

1Z] =1
z-Plane
w-Flane
2. Magnification and Rotation
The transformation w = cz, where ¢ is a complex constant, represents both

magnification and rotation.
This means that the magnitude of the vector representing z is magnified by a = |c|
and its direction is rotated through angle « = amp (c). Hence the transformation consists of a
magnification and a rotation.
Example: Determine the region ‘D’ of the w-plane into which the triangular region D
enclosed by the lines x = 0,y = 0,x + y = 1 is transformed under the transformation
w =2z
Solution:
Letw=u+ v
z=x+1y
Given w =2z
u+iv=2x+1iy)
u+iv=~2x+1i2y

u v
u=2x=>x=-,V=2y>y=-
2 2
Given region (D) whose Transformed region D’ whose
boundary lines are boundary lines are
X = 0 = u = 0
y=0 = v=20
x+y=1 = L L
(iLe)u+v=2

In the z plane the line x = 0 is transformed into u = 0in the w plane.

In the z plane the line y = 0 is transformed into v = 0in the w plane.
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In the z plane the line x + y = is transformed intou + v = 2

in the w plane.

z-plane w-plane

Example: Find the image of the circle |z| = A under the transformation w = 5z.
Solution:

Givenw = 5z

lw| = 5]|z]
ie, lwl=51 [v]z| =2]

Hence, the image of |z| = A in the z plane is transformed into |w| = 54 in the w plane under
the transformation w = 5z.
Example: Find the image of the circle |z| = 3 under theransformation w = 2z
Solution:

Givenw = 2z, |z| =3

lwl = (2)lz]
= (2)(3), Sincelz| =3
=6

Hence, the image of |z| = 3 in the z plane is transformed into |w| = 6 w plane under
the transformation w = 2z.
Example: Find the image of the region y > 1 under the transformation
w=(1-1i)z.
Solution:

Givenw = (1 —i)z.
u+v=_>0-x+iy)
=x+iy—ix+y
=@x+y)+ily—x
e, u=x+y v=y—x

u+v =2y u—v=2x
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utv u—v
y:T X = —

Hence, image region y > 1is " > 1i.e., u + v > 2 in the w plane.
2

3. Inversion and Reflection

. 1 . . . .
The transformation w = _ represents inversion w.r.to the unit circle |z| = 1, followed

z

by reflection in the real axis.

= x = (D)

Sy=____ (2

u+v2
We know that, the general equation of circle in z plane is
x2+y>+2gx+2fy+c=0 -.(3)
Substitute, (1) and.(2) in.(3)we.get

u2 ‘172 u %
+2 +2f (= 2
(u2+v2)2 i (uP+v?2)? Y (u2+v2) L (u2+v2) v & K
> cw+v)+2gu—-2fr+1=0 (4

which is the equation of the circle in w plane

. 1 . . .
Hence, under the transformation w = _a circle in z plane transforms to another circle

Z

in the w plane. When the circle passes through the origin we have ¢ = 0in (3). When ¢ = 0,
equation (4) gives a straight line.

Example: Find the image of |z — 2i| = 2 under the transformation w = !

VA

Solution:
Given |z — 2i| = 2......(1) is acircle.
Centre = (0,2)
radius = 2
1

- _1_ —
Given W=-=>2z=_
Z w

1 .
(1) = |—-—2i| =2
w

= |1 = 2wi| = 2|w|

= |1 - 2(u+iv)i| = 2|lu + iv|
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= |1 —2ui + 2v| = 2|u + iv|
= |1+ 2v — 2ui| = 2|lu + iv|

> V(1 + 2v)? + (—2u)? = 2Vu? + v2
= (14 2v)2 + 4u? = 4(u? + 1v?)

= 1+ 4v2 + 4v + 4u? = 4(u? + v?)
=>1+4v=0

1
Sv=—"_
4

Which is a straight line in w plane.

5 5 u=0
(o] ©+E-2y=4

w-plane
z-plane

-

Example: Find the image of the gircle |z — 1| = 1in the complex plane under the
mapping w = 1;
Solution:
Given |z—1| =1....(1) isacircle.
Centre =(1,0)
radius = 1

1 1
GivenW=-=>2Z = _
Z w

(1) :»|i—1|=1

w
= [1—w|=|wl|
=21 - (u+iv)| = |lu+ivy

> [1—u+ivl=|u+iv|

= V(1 —w)? + (—v)? = Vu? + 12
> (1 -uw?+v2=u?+v?
>1+u?—-2v+v2=u?+v?
=>2u=1

1

> u= _
2
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which is a straight line in the w- plane

Y 1\ N
(x — 1) +y*=1 . u="1
ali L \ A
g ) ? X 0 v=0 7 u
z-plane w-plane

Example: Find the image of the infinite strips
(i)i <y< ! (i) 0<y< ! under the transformation w = *
4 2 2

VA
Solution :

Givenw = i(given)

. 1
1.e.,z =_
w

1 _ u—iv _u—iv
usivy,  @+im)Hu—iv) u2 12
. uU—iv u A —v
x4+ iy = = | +1] ]
u?+v? u?+v? u2+v?2

x=_"_..(Dy=_—"" (2

u24v2 u24v2

(i) Givenstripisl<y< !
4 2

Whenyzl
4
1__ by (2
4 ul+v? y (@)
> u? +v2 =—4v

Sut+v2+4v =0
s>ul+(v+2)2=4
which is a circle whose centre is at (0, —2) in the w plane and radius is 2k.

wheny:i
2
1o by (2
2 ul4v? y (@)
>u?+v?2=-2v

Sul+v2+2v=0

>uw+w+1)2=0

binils — Android App

binils - Anna University App on Play Store



binils.com - Anna University, Polytechnic & Schools

Free PDF Study Materials _
Binils.com — Free Anna University, Polytechnic, School Study Materials

>w+w+D2=1 ... 3)
which is a circle whose centre is at (0, —1) in the w plane and unit radius
Hence the infinite strip 1<y < ! is transformed into the region in between circles u? +
4 2

(v+12=1and u2+ (v+2)2=4inthew plane.

v ;
] A
x-0 i 1/2
| ] { GEE ; u
) ]]
—— y= /4 .

() =%

(-2)
_..___.,.__,,F_.___.___.___> X
s i
z-planc w-plane

ii) Given stripis 0 < y <
2

wheny =0
=>v=0 by (@
Whenyszegetu2+(v+1)2 = 1 by(3)
2

Hence, the infinite strip 0< y < Lis mapped into the region outside the circle u? +
2

(v 4+ 1)2 = 1 in the lower half of the w plane.

wt v+ )i =

z-plane w-plane

Example: Find the image of x = 2 under the transformation w = 1

z

Solution:

. 1
Given w =_
Z

. 1
ie,z=_
w
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7 = 1 _ u—iv _ u—iv
utiv | Wt +@—iv)  ul+v?
, u .~V
x+iy= +1
Y [u2+v2] [u2+v2]
. u -v
e, x= —— e (D),y = — (2
Given x = 2 in the z plane.
“2=— by (1)

u2+v2

22 +v¥) =u

1
u2+v2_zu:0

which is a circle whose centre is (;»0) and radius

~ x = 2 in the z plane is transformed into a circle in the w plane.

Example: What will be the image of a circle containing the origin(i.e., circle passing
through the origin) in the XY plane under the transformation w = %?

Solution:

Givenw = f
VA
] 1
ie,z=_
w

1 u—iv . u—iv

et | (utiv)+(@—iv) w22

x+iy=[———]+i[——]

7Z =

u24p?2 U242
. u
1. €. X = ______
: s (D),
—v

Given region is circle x2 + y2 = a2 in z plane.
Substitute, (1) and (2), we get

u? v2

+ = q?
[(u2+v2)2 (u2+v2)2 ]
u?4v? — 2
[(u2+172)2] =a
1 = a2
(u2+v?)
w2 +v2=_
a2

Therefore the image of circle passing through the origin in the XY —plane is a circle passing
through the origin in the w — plane.

Example: Determine the image of 1 < x < 2 under the mappingw = !

z
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Solution:

Givenw =

e,z =

R ElRrN] e

u—iv _ u—iv

Z = = =
u+iv (u+iv)+u—iv) u2+v?

x+iy=[_ ]+i[
y [u2+v2] [u2+v2]
. u
e, x=___ v (1), =__
u2+v? M y U242 e (2)

Givenl<x<?2
When x =1

u

=1= by ... (1)

u2+v2
Sul+vi=u

Suw+ v —u=0
which is a circle whose centre is 1 0) andis !

2

)

When x =2

22=2"  pym.p1)

u4p?2

u
> ul+vi=_
2

=>uz+v2 g =0
which is a circle whose centre is (},0) and is
Hence, the infinite strip 1 < x < 2 is transformed into the region in between the circles in

the w — plane.

. S U
()w/

z-plane w-planc

-
Il
=
v
o)
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4. Transformation w = z2

Problems based on w = z2

Example: Discuss the transformation w = z2.
Solution:
Given w = z2
u+iv=(x+1iy)?=x2+ (iy)? + i2xy = x2 — y2 + i2xy
l.e.,u=x2—y2 (), v=2xy e (2)
Elimination:

2) >x="
2y

(1) >u= %)2 _y2

su=" 2
2 Y

> 4uy? = v? — 4yt
= 4uy? + 4yt = v?
= y2[4u +H4y?] = v?
= 4y?lu + y?| = v?
= 12 = 4ydy? +uw)
when y = ¢ (# 0), we get
v2 = 4c2(u+tc?)
which is a parabola whose vertex at (—c?, 0) and focus at (0,0)
Hence, the lines parallel to X-axis in the z plane is mapped into family of confocal parabolas
in the w plane.
wheny =0,weget vZ=0ie,v=0,u=x%2ie,u>0
Hence, the line y = 0, in the z plane are mapped into v = 0, in the w plane.
Elimination:

v
2) >y=—
@) =y=—
(1) = u=x2—(0)°
2x
Su=x2—__
4x2

:sz 2
=X“—U
4x2

= 12 = (4x2)(x%2 — u)
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when x = ¢ (# 0), we get v2 = 4c2(c? — u) = —4c2(u — c?)

which is a parabola whose vertex at (¢ 0) and focus at (0,0) and axis lies along the
u —axis and which is open to the left.

Hence, the lines parallel to y axis in the z plane are mapped into confocal parabolas
in the w plane when x = 0, we get v2 =0.i.e., v =0,u=—-y2ie,u<0

i.e., the map of the entire y axis in the negative part or the left half of the u —axis.

Example: Find the image of the hyperbola x2 — y2 = 10 under the transformation w =
z2 if
w=u-+Iiv
Solution:

Given w = z2

u+iv=(x+1iy)?

= x2 —y2 + i2xy

vV=2Xy . (2)
Given x2 — y2 = 10
e, u="10

Hence, the.image of the hyperbola x* —y2'= 10 in.the z plane is mapped into u =
10 in the w plane which is a straight line.
Example: Find the critical points of the transformation w? = (z — ) (z — ).
Solution:
Given w2 = (z—a) (z—p) (1)

Critical points occur at 4w = 0 and 4z = 0
dz dw

Differentiation of (1) w. r. to z, we get
= 2w = z—a)+ (z—-Pp)

dz
=2z—(a+p)
= dw _ 2z-(at+f) - (2)
dz 2w
Case (i)d_wz 0
dz

= 2z—(a+p) -0

2w

=22z—(a+p)=0
=>2z2=a+f
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= z =25
2
Case (ii) -
dw

N 2w -0
2z—(a+p)

>_" =0
7-FB

>w=0>Z-a)(z—-p)=0
>z=aqf

=~ The critical points are “_+2&, a and 3.

Example: Find the critical points of the transformation w = z2 + lz
z

Solution:
. 1
Given w = z2 + _ (1)

z2

Critical points occur at 4w = 0 and 4z = 0
dz dw

Differentiation of (1) w. r. to z, we get

= M0, 2 24

dz z3

z3

Case (i)d_wz 0
dz

4_
2?8 _Ip ozt L) ey
Z3

=>z¢4-1=0
=>z==1,+i
Case (ii) %= 0
dw
z3 3
A3 =0=>2z22=0=>2z=0
=~ The critical points are+1,+i,0
Example: Prove that the transformation w = _~_ maps the upper half of the z plane into
1-z

the upper half of the w plane. What is the image of the circle |z| = 1 under this

transformation.

Solution:
Given |z| = 1 isacircle

Centre = (0,0)
Radius = 1

Given w=_"_
1—z
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w
> Z=__

w+1
_wl
= |4 | =

_ I_W
w+1 lw+1|

Given |z| =1

wl

> =
lw+1]|

= |w| =|w+ 1]

=2 lutivl=|lut+iv+1|

= Vuz +v2 = V(u + 1)2 + 12
Sul+v2=w+1)2+v?
suw+vi=ur+2u+1+v?
>0=2u+1

-1

SU=__
2

Further the region |z| < 1 transforms into u > !
2
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BILINEAR TRANSFORMATION

A bilinear transformation is also called a linear fractional transformation because aztb g 5
cz+d

fraction formed by the linear fuctions az — b and cz + d.

Theorem: 1 Under a bilinear transformation no two points in z plane go to the same point
in w plane.

Proof:

Suppose z1 and z2 go to the same point in the w plane under the transformation w =

az+b
cz+d’

Then %1tL _ azdb

cz1+d cz2+d

= (az1 + b)(czz + d) = (az2 + b)(cz1 + d)
i.e., (az1+b)(cz2+d)—(azz+b)(cz1+d)=0
= acz1 z2 + adz1 + bcz2 + bd — acz1 z2 — adz2 — bcz1 — bd = 0
= (ad —bc)(z1— z2) =0
or zi=2z2 [+ ad — bc # 0]
This implies that no two distinct points in the z plane go to the same point in w plane.
So, each point in the z plane go to a unique point in the wplane.

Theorem: 2 The.bilinear transformation whiech transforms z1, zz2, z3,infto w1, w2, w3 is

w=w1)(w2—w3) _ (z=21)(z2—23)

(w—w3)(wa—w1)  (z-23)(z2—71)

Proof:

I the required transformation w = ““2,

cz+d
S>w-—w _ aztb _azitb _ (ad—bc)(z—z1)
L7 cz4d  czitd  (cz+d)(czi+d)

= (cz+d)(cz1 + d)(w — w1) = (ad — bc)(z — z1)
= (cz2 + d)(cz3 + d) (w2 —w3) = (ad — bc)(z2 — z3)
= (cz+d) (czz+ d)(w—w3) = (ad — bc)(z — z3)
= (cz2 + d)(cz1 + d)(w2 —w1) = (ad — bc)(z2 — z1)

[(ad—bc)(z—zl) 1 (ad—bc)(z2—-23)

w=w1)(W2=w3) __ _F%—E%)_Sg(zli%}_[ cz2+d)(cz3+d
= (w—w3)(w2—w1) = [a —Dbc)(Z—23, ad—bc)(z2—Z1.

(cz+d)(cz3+d)] [(czz+d)(cz1+d)]

— (z=z1)(z2=23)

(z—23)(22—21)

Now, (w=w1)(w2—w3) — (z=21)(z2=23) (1)

w—w3)(wz2—w1)  (z—2z3)(z2—21)
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w2—w3 Z2—23
Let:A=—"—"",B=""
w2—w1 z2—Z1
w—w1 z—71
(1H)=>—""A="—"8B
w—ws3 z—273
wA—wi1A _ zB—ziB
w—ws3 z—273

= WAz — wAz3 — widz + wildz3z = wBz — wz1B — w3zB + w3z1B

= w[(A — B)z + (Bz1 — Az3)] = (Aw1 — Bw3)z + (Bw3z1 — Aw123)
(Aw1—Bw3)z+(Bw3z1—Aw1z3)
(A—B)z+(Bz1—Az3)

aztb  Hence a=Aw —Bv ,b=Bwz —Aw z ,c=A—-B,d=Bz —
ord 1 3 31 13 1

> w =

Az3
Cross ratio
Definition:
Given four pointz ,z ,z ,z inthis order, the ratio(z=z10(z3-z4) s called the cross
1 2 3 4 (z2—23)(z4—71)
ratio of the points.
Note: (1) w =

“*P can be expressed as cwz + dw — (az + b) = 0

cz+d

It is linear both in w and z that is why;, it is called bilinear.

Note: (2) This transformation is conformal only when 4 0
az.

ad — bc
l.e.,mi
i.e.,ad —bc #0

0

If ad — bc # 0, every point in the z plane is a critical point.

Note: (3) Now, the inverse of the transformation w = o , — —dw+b_
cz+d cw

bilinear transformation except w = £,

[

Note: (4) Each point in the plane except z = icorresponds to a unique point in the w plane.

Cc

: ¥
The point z = — corresponds to the point at infinity in the w plane.

Note: (5) The cross ratio of four points

(w1 —w2)(ws —wa) _(z1 — z2)(23 — z4)
— — t——7 (7 — P is invariant under bilinear
2 37 4 2 3 4724

transformation.
Note: (6) If one of the points is the point at infinity the quotient of those difference which

involve this points is replaced by 1.
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Suppose z1 = %, then we replace2=2L by 1 (or)Omit the factors involving oo

z2—271

Example: Find the fixed points of w = 22Lts

z—4i

Solution:

The fixed points are given by replacing w by z

2zi+5
z = :
z—4i
z2 —4iz=2zi+5; z2—-6iz—5=0
7 = 6i+\/—236+20 fg = 51,,1,
Example: Find the invariant points of w = 2**
1-z

Solution:

The invariant points are given by replacing w by z

1+z
Z—_

T 1z
>z—z2=1+z
=>2z2=-1
>z==i

Example: Obtairrthe invariant points of'the transformationw =2% 2

z

Solution:

The invariant points are given by

Z=2—E; z ="

z zZ
z2 =2z — 2; z2—2z4+2=0
;= 2+\/24—8 _ 2+\2/—_4= zizzl': 14§

Example: Find the fixed point of the transformation w = **~°

z

Solution:

The fixed points are given by replacing w = z

. 62z—9 _
ie,w= = 5 =%
zZ zZ

=227z2=6z2—-9
=22z2—-62+9=0
=2((z—-3)%2=0
=z=233

The fixed points are 3, 3.
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Example: Find the bilinear transformation that maps the points z = 0,—1,i into the
points w = i, 0, oo respectively.
Solution:

Given z1 =0, zz2=-1, z3 =1,
wi=1i w2=0, w3z= oo,
Let the required transformation be

w=w1(w2=w3) _ (z—z1)(z2—2z3)
w—w3)(wz—w1)  (z—2z3)(z2—21)

[omit the factors involving ws, since w3 = oo]

N wowi (z=2z1)(z2—23)

w2—w1 (z—23)(z2—21)
= woi (z=0)(—1-1)

0—i (z—i)(—1-0)
Wi 7 (1+40)

—i (z—0)
SwW—1I= —i
s (-i+1)
A

S>w=

. . =i iz+1 1
- (—l+1)+l=L+.lZ+=i
(z—i) (z—1) z—i
Aliter: Givenjz1 = 0,0z = —1,0z3= |,

wi =1 w2=0, w3= o,

Let the‘required transformation.be
az+b

w = ..(1),ad —bc#0
cz+d
. b
1 =_
d
azi+b az+b az3+b
= w2 = w3 =
cz1+d cz2+d cz3+d
i = E _ —a+b 1 _ aitb
d —c+d 0 ci+d
b=d =>—-a+b=0 =ci+d=0
>a=>» =d=—ci
ca=b=di=c
1 1
oo (1) > W :ﬂ?!: Zil—: Z+—
az+, Z+—i z—i

Example: Find the bilinear transformation that maps the points oo,i,0 onto
0, i, oo respectively.
Solution:

Given z1 =0, z2=1i, z3=0w1 =0, w2a=1i, w3 = oo,

Let the required transformation be
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w=w1)(w2=w3) _ (z=z1)(z2—2z3)

(w—w3)(w2—w1)  (z-23)(z2—71)

[omit the factors involving z1, and ws, since z1 = oo, w3 = 0]

o Ww1 (z2—23)
w2—w1 Z—Z3
-0 —
i—0 z—0
-1
>w =

Example: Find the bilinear transformation which maps the points 1, i, —1 onto the points
0,1, 0, show that the transformation maps the interior of the unit circle of the z — plane
onto the upper half of the w — plane
Solution:
Given z1=1, z2=1i, zz3=-1
wi=0, w2=1, w3 = oo,

Let the transformation be

w=w1)(w2=w3) _ (z=z1)(z2—2z3)

(w—w3)(wz—w1)  (z—2z3)(z2—21)
[Omit the factors involving ws, since , w3 = o]
w—w1 _ (z=z1)(z2=23)

= =
w2—Ww1 (2=23)(z2—21)

-0 S (41 i+1y i+1 (2+iti+l
R s I EN =

1-0  (z+1)(i-1) i+1 i

_ (DD

T (z+1)(i-1)
=]

z+1

(=i)z+i az+b
> W= YW=

,ad — bc # 0 Form]
Dz+1 cz+d

To find z:
Swz+w=—iz+1I
Swz+tiz=-w+Ii
Szw+il=-w+i

(w—0)
wHi

>z =
To prove: |z] < 1 mapsv > 0

=zl <1

= [ < 1

w+i
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M <1

wH+i
=>|w—i|l <|w+i
Slutiv—il<|lu+tiv+i
Slutilv-1D|<|u+i(v+i)l
S>uw+w-—-12<u+ (v+1)?
>@wW-1)2<(w+1)?
> v -2v+1<vi+2v+1
=>—4v <0
>v>0
Example: Find the bilinear transformation which maps z = 1, i, —1 respectively onto
w = i,0, —i. Hence find the fixed points. [A.U, May 2001] [A.U April 2016 R-15 U.D]
Solution:
Given z1=1, z2=1i, z3= -1,
wi=1i w2=0, w3z=—i,
Let the required transformation be

Ww=w1)(wz2E=w3) _  (z=2z1)(22—23)

(B (wiEwi) P Fez3)(22—70)
LetlA ' R=-0'R 1
w2—w1 0—i
B = ZZ__Z§: ii: —l
Z2—271 i—1
2>a=Aw1—Bws =10 - (D) =—-i+1
= b = Bwsz1 — Awizz = (=) (-)(1) - (D (-1) =-1—-1i
Sc=A-B=(-1)—(-)=—1+i

>d=Bz1—Azz=(-D1D) - (D) =—-i—-1

We know that, w = ““* ad — bc £ 0
cz+d
_ (CiDzH(-1-D) _ izt

(—14+D)z+(=i-1)  (=Dz+1
Example: Find the bilinear transformation which maps z = 0 ontow = —i and has —1
and 1 as the invariant points. Also show that under this transformation the upper half of
the z plane maps onto the interior of the unit circle in the w plane.
Solution:
Given z1=0, z2=-1, z3=1,
wi=—i, wa=-1, w3z =1,

Let the required transformation be
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w=w1)(w2=w3) _ (z=z1)(22—23)
w—w3z)(w2—w1)  (z—z3)(z2—21)

Let A="2"="1"1_ 2 =1+i
w2—w1 —1+i —1+i

Z2—2 -1-1
B=%"=""=5)

z2-z1  —1-0
Sa=Awi—Bws=(1+0)(=)—-2(1)=—i+1-2=—i—1
= b = Bwzszi1 — Awizz = 2)(1)O0) - A+ DH(-)(1) =i—-1
Sc=A-B=(1+)-2=i—1
>d=Bz1—Az3=2)(0) - A+ D)) =—1+1)
az+b,ad—bc *#0

We know that, w =

cz+d
_ (—i+DzH(i-1) _ z+(=D)
T (imDzt(=1-i)  (=i)z+1

We know that, z = ~™*?= """ _ wi
cw—a —iw—1 1+wi
_ utiv+i
T 1(utiv)i
_ utiv+i _ utiv+i
T 1tiu—v (1—v)+iu
_ [ u+tiv+i 1-v—iu

(1-v)+iv~ (1-v)—iu

B U—uv—iv+iv—iv2+uv+i—iv+u

(1-v)2+u?
. 2uti[—ut—v3+1]
X+ly=——
y (1-v)24u?
1—u2—p?
=1 S
y (1-v)24u?

Upper half of the z —plane

=>y=0

1—u2—p?

TR

>1-u2—-1v22=20

>1=>u?+v?

sut+12<1
Therefore the upper half of the z —plane maps onto the interior of the unit circles in the w-
plane.
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