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EIGEN VALUES AND EIGEN VECTORS
Definition
The values of A obtained from the characteristic equation |A — AI| = 0 are called

Eigenvalues of ‘A’.[or Latent values of A or characteristic values of A]

Definition
X1
Let A be square matrix of order 3 and A be scaler. The column matrix X = (X2) which
X3

satisfies (A — AI)X = 0 is called Eigen vector or Latent vector or characteristic vector.

2 2 1
Example: Find the Eigen values for the matrix (1 3 1)
1 2 2

Solution:
The characteristic equation is A3 — s1A2 4+ s2A — s3=0
s1 = sum of the main diagonal element
=2+3%2=7

s2. = sum of the minors of the/main diagonalelement

=|3 1|-|-|2 1|+|2 2|=4+3+4=11
2 2 1 2 1 3
2 21
ss=|Al=1 3 1/=2(6-2)—-2(2-1)+1(2-3)
1 2 2

=8-2-1=5
Characteristic equation isA3 — 722+ 11L.—-5=10
=>A=1,A2—-6A+5=0
>Ai=1 A-1DA-5=0
The Eigen valuesare A = 1,1,5

-2 2 -3
Example: Determine the Eigen values for the matrix ( 2 1 —-6)
-1 -2 0

Solution:
The characteristic equation is A3 — s1A2 + s2A — s3=0

s1 = sum of the main diagonal element

=—2+1+0=-1
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s2 = sum of the minors of the main diagonalelement

=11 T 4% Y =—12-3-6=-21
2 0 -1 0 2 1
2 2 -3
ss=|Al=]2 1 —6/=-2(0—12)—2(0—6)—3(—4+1)
1 -2 0

=24+12+4+9 =45
Characteristic equation isA3 + A2 — 21L —45=0
=>A=-3, A2—20A—15=0
>i=-3 (L+3)(L—5) =0
The Eigen values are A = —3,—3,5
Eigen values and Eigen vectors for Non — Symmetric matrix

8 -6 2
Example: Find the Eigen values and Eigen vectors for the matrix (-6 7 —4)
2 -4 3

Solution:
The characteristic equation is A3 — s1A2 4 s2A — s3=0
s1. = sum of the main‘diagonal element
=8+7+3=18
s2 = sum of the minors of the main diagonalelement

=17 TH+® H418 O =s5+20+20=145
4 3 23 -6 7

8 -6 2
ss=|Al=|-6 7 —4=8(21-16)+6(—18+ 8)+2(24—14)
2 -4 3

=40-40+20=0
Characteristic equation isA3 — 18\2 + 450 = 0
= A(A2— 1814 45) = 0
>A=0, A—15)(A-3)=0

= A =0,3,15
To find the Eigen vectors:
X1
Case( i) When A = 0 the eigen vector is given by(A — AI)X = 0 where X = (X2)
X3
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8—0 —6 2 X1 0
=>(-6 7-0 —4)*2)=(0)
2 -4 3-0 X3 0

8x1 —6x2+2x3 =0..(1)
—6x1 + 7x2 — 4x3 = 0...(2)
2x1 —4x2 +3x3 = 0...(3)

From (1) and (2)

X1 ____ X2 X3
24—-14 —12+32 56—-36

3
X1

Case (ii) When A = 3 the eigen vector is given by(A — AI)X = 0 where X = (X2)
X3

8-3 -6 2 X 0
=06 713 —4)2)=(0)
2 | 4 3-3 W% 0

5x1 — 6x2 + 2x3 = 0...(4)
—6x1 + 4x2 —4x3 = 0 ... (5)
2x1 — 4x2 + 0x3 = 0...(6)

From (4) and (5)
_X1 X2 _
24-8  —124+20  20-36
_X3
-16

— X3

1>
Il
Il

= \lﬁ [oe] \'.i?
e
)

o folia
Il
Il

|

[l

2
X2=(1)
-2
x1

Case (iii) When A = 15 the eigen vector is given by(A — AI)X = 0 where X = (X2)
X3

8—15 -6 2 X1 0
=( -6 7—15 —4 ) (X2) = (0)
2 -4 3—15 X3 0
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7x1 — 6%x2 + 2x3 = 0...(7)
—6x1 —8x2—4x3=0...(8)

2x1 —4x2 — 12x3 = 0...(9)
From (7) and (8)

X1 X2 __ X3
24+16  —12-28  56-36
X1 __ X2 __ X3
40 —40 20
X1 _ X2 _ X3
2 -2 1
2
X3 =(=2)
1
1 2 2
Hence the corresponding Eigen vectorsare X1 =(2) ;X2 =(1); X3 =(=2)
3 -2 1
7 -2 0
Example: Determine the Eigen values and Eigen vectors of the matrix (-2 6 —2)
0 -2 5
Solution:
The characteristic equation is A3 — sid2 + s2A — s3=0
s1 = sum of the main diagonal element
=7+6+5=18
s2 = sum of the minors of the main diagonalelement
=1°% 21417 9417 T =26+35+38=99
-2 5 0 5 -2 6
7 =2 0
s3s=|Al=]|-2 6 —2|=182—20+0=162

0 -2 5
Characteristic equation is A3 — 1812 + 99\ — 162 = 0
=>A=3,(A—-15L+54) =0
>A=3, A—9)A—-6)=0
=>A1=3,69
To find the Eigen vectors:

X1
Case (i) When A = 3 the eigen vector is given by(A — AI)X = 0 where X = (X2)

X3
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7-3 =2 0 X1 0
(-2 6-3 =2)(*2)=(0)
0 -2 5-3 X3 0

4x1 — 2x2 + 0x3 = 0...(1)
—2x1 + 3x2 — 2x3 = 0...(2)
Ox1 —2x2 +2x3 = 0...(3)

From (1) and (2)

X1 __ X2 _ _ X3
4-0 048 12-4
X1 _ X2 _ X3
4 8 8
X1 _ X2 _ X3
1 2 2
1
X1=(2)
2
X1
Case (ii) When L = 6 the eigen vector is given by(A — AI)X = 0 where X = (X2)
X3
7—-6 -2 0 X1 0
F(=2 646" —2)CCD= 0
0 -2 5-6 X3 0
x1 —2x2 +0x3 =0..(4)
—2x1 + 0x2 — 2x3 = 0...(5)
Ox1 — 2x2 —x3=10...(6)
From (4)and (5)
X1 _ X2 _ X3
4—0 042 0-4
X1 _ X2 _ _X3
4 2 -
X1 _ X2 _ _X3
2 1 -2
2
X2=(1)
-2
X1
Case (iii) When A = 9 the eigen vector is given by(A — AD)X = 0 where X = (X2)
X3

7-9 =2 0 X1 0
=(-2 6-9 -2)*2)=(0)
0 -2 5-9 X3 0
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—2x1 —2x2+ 0x3 = 0...(7)
—2x1 —3x2 — 2x3 =0...(8)
Ox1 —2x2 —4x3 =0...(9)

From (7) and (8)
X1 __ X2 _ _X3
4—0  0-4 6-
X1 __ X2 _ X3
4 -4 2
X1 __ X2 _ X3
2 -2 1
2
X3 =(-2)
1
1 2 2
Hence the corresponding Eigen vectorsare X1 = (2) ;X2 =(1); X3 =(=-2)
2 -2 1
3 1 4
Example: Determine the Eigen values and Eigen vectors of the matrix (0 2 6)
0 0 5
Solution:

The characteristic equation Is A3 — s1A2%: oA — 53=0

s1 = sum of the main diagonal element

=3+2+5=10
s2 = sum of the minors of the main diagonalelement
:|2 6|+|3 4-|+|3 1|=10+15+6=31
0 5 0 5 0 2
3 1 4
s3=|[Al=]0 2 6|=30
0 0 5

Characteristic equation is A3 — 1022 4+ 311 —-30 =0
>A=2,A2—-8L+15 =0
>A1=2, AW=5A-3)=0

=>A=235
To find the Eigen vectors:

X1
Case( i) When A = 2 the eigen vector is given by(A — AI)X = 0 where X = (X2)

X3
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3-2 1 4 X 0
=>(0 2-2 6 )2)=(0)
0 0 5-2 X3 0

x1+x2+4x3=0 ... (1)

0x1 + 0x2 + 6x3 = 0...(2)

Ox1 + 0x2 + 3x3 = 0...(3)
From (1) and (2)
X1 _ X2 _ _X3
6-0 0—6 0-0
X1 __ X2 __ X3
6 -6 0
X1 __ X2 __ X3
1 -1 0
1
X1 =(-1)
0
X1
Case (ii) When A = 3 the eigen vector is given by(A — ADX = 0 where X = (X2)
X3
3—3 1 4 X1 0
(0 2-3 % )@F2)=40)
0 0 5-3 X3 0

Ox1 +x2 +4x3 =0...(4)

Ox1 —x2 + 6x3 = 0...(5)

Ox1 + Ox2 + 2x3 = 0...(6)
From (4) and (5)
X1 _ X2 _ X3
446 0-0 0-0
X1 _ X2 _ X3
0 0 0
X1 _ X2 __ X3
1 0 0
1
X2 = (0)
0
X1
Case (iii) When A = 5 the eigen vector is given by(A — AD)X = 0 where X = (X2)
X3
3-5 1 4 X1 0
(0 2-5 6 )F2)=(0)
0 0 5—-5 X3 0
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—2x1 +x2+4x3 =0..(7)
Ox1 —3x2 + 6x3 = 0...(8)
0x1 + 0x2 + 0x3 = 0...(9)

From (7) and (8)

X1 _ X2 _ X3
6+12 0412  6-0
X1 __ X2 __ X3
18 12 6
X1 __ X2 __ X3
3 2 1
3
X3 = (2)
1
1 1 3
Hence the corresponding Eigen vectors are X1 = (—1) ;X2 = (0); X3 = (2)
0 0 1
Problems on Symmetric matrices with repeated Eigen values
6 -2 2
Example: Determine the Eigen valuesand Eigen vectors of the matrix (-2 3 —1)
2 -1 3

Solution:
The characteristic equation is A3 — s1A2 4+ s2A — s3=0
s1 = sum of the main diagonal element
=6+3+3=12
s2 = sum of the minors of the main diagonalelement
=13 H41® 4 41% T -gt+14+14=36

-1 3 23 =2 3
6 -2 2
ss=|Al=]-2 3 —1| =32
2 -1 3

Characteristic equation is A3 — 1242 + 361 — 32 =0
>A=202—101L+16) =0
>A=2 (A—2)(A—8)=0

=>A=228

To find the Eigen vectors:
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X1
Case (i) When A = 8 the eigen vector is given by(A — AI)X = 0 where X = (X2)
X3
6-8 -2 2 XN 0
=>(-2 3-8 -1)(2)=(0)
2 -1 3-8 X3 0
—2x1—2x2+ 2x3 = 0...(1)
—2x1 —5x2 —x3 =0...(2)
2x1 —x2 —5x3 =0..(3)
From (1) and (2)
X1 __ X2 _ _X3
2410  —4-2  10-4
X1 _ X2 _ X3
12 -6 6
X1 _ X2 _ X3
2 -1 1
2
X1 = (-1)
1
X1
Case (ii) When X = 2 the eigen vector is given'by(A <ADX = 0 where X = (%2)
X3
6-2 -2 2 % 0
>(-2 3-2 -1)&2)=(0)
2 -1 3-2 X3 0
4x1 — 2x2 + 2x3 = 0...(4)
—2x1 +x2—x3 =0..(5)
2x1 —x2 +x3 = 0..(6)
In(1) putx1 =0 = —2x2 = —2x3
-x =D
X2 __ X3 =
=17 2
1
In(D)putx2=0 =4x1+2x3=0
= 4x1 = —2x3
(o)
x1_x3 22X =(0
=172 3
2
2 0 -1
Hence the corresponding Eigen vectors are X1 = (—=1) ;X2 =(1); X3 =(0)
1 1 2
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2 21
Example: Find the Eigen values and Eigen vectors of the matrix (1 3 1)
1 2 2

Solution:

The characteristic equation is A3 — s1A2 4+ s2A — s3=0

s1 = sum of the main diagonal element

=243+2=7
s2 = sum of the minors of the main diagonalelement
=3 L4 e ? f=a4344=1
2 2 1 2 1 3
2 2 1
ss=|Al=]1 3 1]=5
1 2 2

Characteristic equation is A3 — 702+ 11A—-5=10
>A=1A2—-61L+5)=0
>A=1 A-1DA-5)=0

=>A=1,15
To find the Eigen vectors:

X1
Case (i) When A = 5 the eigen vector is given by(A — ADX = 0 where X = (X2)
X3

2—5 2 1 X1 0

=>(1 3-5 1 )2)=(0)
1 2 2—5 X3 0

—-3x1+2x2+x3 =0..(1)
x1—2x2 +x3 =0..(2)
X1+ 2x2 —3x3 =0...(3)
From (1) and (2)
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x1
Case (ii) When A = 1 the eigen vector is given by(A — AI)X = 0 where X = (X2)
X3

2-1 2 1 X 0
(1 3-1 1)F2)=(0)
1 2 2-1 %3 0

X1+ 2x2+x3=0..(4)
X1+ 2x2+x3 =0..(5)
x1+ 2x2+x3=0..(6)
In(1) putx1 =0 = 2x2=—X3

In(1) putx2 =0 =>x1 = —x3

=>X =( 1
X1 _ X3 =
=T 3 0)
1
1 0 -1
Hence the corresponding.Eigen,vectors are Xa.= (1) ;X2.= (=1); . X3 =0 )
1 2 1
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CHARACTERISTIC EQUATION

If A is any square matrix of order n, the matrix A — Al where 1 is the unit matrix and
A be scaler of order n can be formed as

a1 —A app - A1n
|A—2All = | : i | =0 iscalled the characteristic equation of A.
ani an2 o Qpn — A

Working Rule for Characteristic Equation

Type I: For 2 X 2 matrix

a a A . .
IfA=( 1 12), then the characteristic equation of AisA2—s A+s =0
az1 Qzz ! z

Where s1 =Sum of the leading diagonal elements =a11 + az22
s2 = |A| =Determinant of a matrix A.

Type IlI: For 3 x 3 matrix

ay; A1z 413
If A= (a1 Q2 az3), then the characteristic equation of AisA3 —s1124+5s2 A —5s3 =0
azi1 dzz d4szs

Where s1 =Sum of.the leading.diagonal elements =a11.+4.a22 +-.a33
sz =Sum of minors of leading diagonal.elements

as
ass

ars

a12|
ass

_ Q22 ag aii
N Ia32 |+ |a31 |+ |a21 az;
s3 = |A| = Determinant of a matrix A.

Example: Find the characteristic equation of the matrix (1 2)
0 2

Solution:
The characteristic equation is A2 — siA +s2 = 0

s1 = sum of the main diagonal element

=142 =3
sz=|A|=|1 2|=2
0 2
Characteristic equation isA2 —3A +2 =0
Example: Find the characteristic equation of the matrix ( 15 _42)

Solution:

The characteristic equation is A2 — siA +s2 = 0
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s1 = sum of the main diagonal element
=1+4+4 =5
s, = Al = L =2 _4_10=-6
-5 4
Characteristic equationis A2 — 5L — 6 =0

2 01
Example: Find the characteristic equation of the matrix (0 2 0)

1 0 2
Solution:
The characteristic equation is A3 — s1A2 4+ s2A —s3 = 0

s1 = sum of the main diagonal element

=2+2+2=6

s2 = sum of the minors of the main diagonalelement
2 0
=1y 2I+I1 2I+IO 2I 11
2 01
s3i=|Al=]0 2 0/=24-0)—-0+1(0-2)
T 02

=8—-2=06
Characteristic equation isA3 — 612 + 11A —6 =0

2 11
Example: Find the characteristic equation of the matrix (1 2 1)

0 0 1
Solution:

The characteristic equation is A3 — s1AZ 4+ s2A —s3 =0

s1 = sum of the main diagonal element

=2+4+2+1=5
s2 = sum of the minors of the main diagonalelement
2 1
=l al*+lg ql*+13 ol=7
2 11
ss=|Al=]1 2 1]=2(2-0)-1(1-0)+1(0—-0)
0 0 1
=4-1=3

Characteristic equation isA3 — 5 A2+ 7L —3 =0
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0 -2 -2
Example: Find the characteristic polynomial of the matrix (-1 1 2)
-1 -1 2
Solution:
The characteristic polynomial is A3 — s1A2 + s2A — s3
s1 = sum of the main diagonal element
ss=|Al=-1 1 2|=0+2(-24+2)-2(1+1)
-1 -1 2
= —4
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PROPERTIES OF EIGEN VALUES AND EIGEN VECTORS
Property: 1(a) The sum of the Eigen values of a matrix is equal to the sum of the elements
of the principal (main) diagonal.
(or)

The sum of the Eigen values of a matrix is equal to the trace of the matrix.
1. (b) product of the Eigen values is equal to the determinant of the matrix.
Proof:

Let A be a square matrix of order n.
The characteristic equation of Ais |[A-AI| =0
(i.e)An = SiAn1 + Soln=2 — oo 4+ (=1)Sn =0 (1)

where S1 = Sum of the diagonal elements of A.

Sn = determinant of A.

We know the roots of the characteristic equation are called Eigen values of the given matrix.

Solving (1) we get nroots.

Let the n be 41, 12, ... An.

i.e., A1, A2, ... An. are the Eignvalues of A.
We know already,

A" — (Sum of the roots An~1 + [sum of the product of the roots taken two at a
time] An-2 —

... + (—1)"(Product of the roots) =0

.. (2)
Sum of the roots = S1by (1)&(2)

(lLe)li+A2+4 - +An =51

(le)ytr+A2+ - +An=ann+ax+- - +am

Sum of the Eigen values = Sum of the main diagonal elements

Product of the roots = Snby (1)&(2)
(i.e.)A1A2 ... An = detof A
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Product of the Eigen values = |A|

Property: 2 A square matrix A and its transpose AT have the same Eigenvalues.
(or)
A square matrix A and its transpose AT have the same characteristic values.
Proof:
Let A be a square matrix of order n.

The characteristic equation of A and AT are

JA—All =0 e (1)
and |AT —AIl =0 e (2)

Since, the determinant value is unaltered by the interchange of rows and columns.
We know |A| = |AT|
Hence, (1) and (2) are identical.
~ The Eigenvalues of A and AT are the same.

Property: 3 The characteristic roots of a triangular matrix are just the diagonal elements of

the matrix.
(or)
The Eigen values of a triangular matrix are just the diagonal elements of the matrix.
Proof: Let us consider the triangular Characteristic equation of is
matrix. A=Al =0

air 0 0 ain — A 0 0
A=Jaz1 a2 0] i.e., | a2 az — A 0 |=0

az; dzy a4szs asq as» a3z — A

On expansion it gives (a11 —A)(azz —A)(as3 — 1) =0
i.e., A = ai1,az, ass
which are diagonal elements of the matrix A.
Property: 4 If 4 is an Eigenvalue of a matrix A, then i (A # 0) is the Eignvalue of A-1.
(or)
If Ais an Eigenvalue of a matrix A, what can you say about the Eigenvalue of matrix A-1.

Prove your statement.

Proof:
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If X be the Eigenvector corresponding to A,
then AX = AX .. (1)
Pre multiplying both sides by A-1, we get
A-1AX = A-1AX
(1) = X = AMA-IX
X =2AA"1X
+A>  X=AX
A
(Le) A1X= ;x

This being of the same form as (i), shows that }1 is an Eigenvalue of the inverse matrix A-1.

Property: 5 If A is an Eigenvalue of an orthogonal matrix, then ;is an Eigenvalue.

Proof:

Definition: Orthogonal matrix.
A square matrix A is said to berorthogonal if AAT = ATA = |

i.e., AT = A1

Let A be an orthogonal matrix.
Given 1 is an Eignevalue of A.

= lisan Eigenvalue of A-1
2
Since, AT = A1
~ Lisan Eigenvalue of AT
A
But, the matrices A and AT have the same Eigenvalues, since the determinants

|A — Alland |AT — Al| are the same.

Hence, 1 is also an Eigenvalue of A.
2

Property: 6 If A4, 45, ... 4,. are the Eignvalues of a matrix A, then Am has the Eigenvalues
Am Am . Am (m being a positive integer)
1 2 n

Proof:
Let A: be the Eigenvalue of A and X: the corresponding Eigenvector.
Then AX; = A:X; .. (1)
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We have AzX; = A(AXj)
= A(AX)
= MA(Xi)
= Ai(AiXi)
= AXi
1] 1y A3Xi = A3Xi
In general, AmXi = AMXi e (2)
Hence, A7 is an Eigenvalue of Am.
The corresponding Eigenvector is the same X:.
Note: If A is the Eigenvalue of the matrix A then A2 is the Eigenvalue of A2
Property: 7 The Eigen values of a real symmetric matrix are real numbers.
Proof:
Let A be an Eigenvalue (may be complex) of the real symmetric matrix A. Let the
corresponding Eigenvector be X. Let A denote the transpose of A.
We have AX = AX
Pre-multiplying this equation by 1 x 7'matrix X where the bar denoted that all elements
of Xare the complex conjugate of those of X', we get
XAX = AXX  ...(1)
Taking the conjugate complex of this we get X' AX = AX'X or
XAX =2AX Xsince, A= Afor Ais real.
Taking the transpose on both sides, we get

(X'AX)' = AX'X)'(.e., )X A X=AX X
(i.e.)X A’ X=2AX Xsince A" = Afor A is symmetric.
But, from (1), X AX=AX'X Hence AX'X =AX'X

Since, X’ X is an 1 X 1 matrix whose only element is a positive value, A = A (i.e.) A 1is real).
Property: 8 The Eigen vectors corresponding to distinct Eigen values of a real symmetric
matrix are orthogonal.

Proof:

For a real symmetric matrix A, the Eigen values are real.

MAS8251 ENGINEERING MATHEMATICS Il

binils - Anna University App on Play Store



binils.com - Anna University, Polytechnic & Schools
Free PDF Study Materials
Binils.com — Free Anna University, Polytechnic, School Study Materials

Let X1, X2 be Eigenvectors corresponding to two distinct eigen values A1, A2 [A1, A2 are real]
AX1 = MXa e (D
AX2 = A2Xz2 - (2)
Pre multiplying (1) by X2, we get
X2'AX1 = X2'AXa
= MX2'X1
Pre-multiplying (2) by X1', we get
X1'AX2 = A2X1'Xe -.(3)
But(Xz2'AX1)' = (A1X2'X1)'
X1'A Xz = MX1'X2
(i.e) XiAXe=MmX1'Xe 0 L 4) [+ A" =A]

From (3) and (4)

MXq Xz = A2X1' Xz
(i.e.,)(M1 —A2)X{X2=0
M # A2, X{ X2 =0
~ X1, X2 are orthogonal.
Property: 9 The similar matrices have same Eigen values.
Proof:

Let A, B be two similar matrices.

Then, there exists an non-singular matrix P such that B = P-1 AP
B — Al = P-1AP — Al

= P-1AP — P-1 AIP

= P-1(A — AP
|B —All = [P~1] [A —AI| [P]

= |A — Al| |P-1P|

= |A—Al| |1]

= |A — Al
Therefore, A, B have the same characteristic polynomial and hence characteristic roots.
=~ They have same Eigen values.
Property: 10 If a real symmetric matrix of order 2 has equal Eigen values, then the matrix

is a scalar matrix.
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Proof :
Rule 1 : A real symmetric matrix of order n can always be diagonalised.
Rule 2 : If any diagonalized matrix with their diagonal elements are equal, then the matrix is a
scalar matrix.
Given A real symmetric matrix ‘A’ of order 2 has equal Eigen values.

By Rule: 1 A can always be diagonalized, let A1 and Az be their Eigenvalues then

we get the diagonlized matrix = [7\1 0]
0 X
GivenA1 = A2
Therefore, we get = [}\1 0]
0 X

By Rule: 2 The given matrix is a scalar matrix.
Property: 11 The Eigen vector X of a matrix A is not unique.
Proof :

Let A be the Eigenvalue of A, then the corresponding Eigenvector X suchthat AX = A X.
Multiply both sides hy non-zero K,
K (AX) = K(AX)

= A (KX) = A (KX)
(i.e.)an Eigenvector is determined by a multiplicative scalar.
(i.e.) Eigenvector is not unique.
Property: 12 A1, A2, ... An be distinct Eigenvalues of an n X n matrix, then the
corresponding Eigenvectors X1, Xz, ... Xn form a linearly independent set.
Proof:

Let A1, A2, ... Am(m < n) be the distinct Eigen values of a square matrix A of order n.

Let X1,X2, ... Xm be their corresponding Eigenvectors we have to prove }7; ai Xi =

0 implieseach ai = 0,i = 1,2,...,m
Multiplying Y ; a: Xi = 0 by (A — Ail), we get
(A—MDaiX1 = a1(AX1 — A1X1) = a1(0) = 0
When Y™ ,a: Xi = 0 Multiplied by
(A—22D(A— 22D) ... (A — Ai-1D)(A — AiD) (A — Ai+1D) ... (A — Aml)

We get, ai(di — A1) (Ai — 22) ... (i — Li-1))(Ai — Ai+1) .. (i — Am) =0
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Since, A’s are distinct, ai = 0
Since, i is arbitrary,each ai = 0,i = 1,2, ...,m
Y aiXi = 0implieseach i = 0,i = 1,2,...,m
Hence, X1, X2, ... Xm are linearly independent.
Property: 13 If two or more Eigen values are equal it may or may not be possible to get
linearly
independent Eigenvectors corresponding to the equal roots.
Property: 14 Two Eigenvectors Xiand Xz are called orthogonal vectors if X X2 = 0
Property: 15 If A and B are n x n matrices and B is a non singular matrix, then A and
B-1 AB have same eigenvalues.
Proof:
Characteristic polynomial of B-1 AB

= |B-1 AB — Al| = |B-1 AB — B-1(AI)B]

= |B~1 (A — ADB| = [B~1[|A — Al||B]|

= |BZ!| [Bl |1A = All = [B~1B||A — Al

= Characterisstisc polynomialkoef A

Hence, A and B-1 AB have same Eigenvalues.

-2 2 -3
Example: Find the sum and product of the Eigen values of the matrix| 2 1 -6]
-1 -2 0
Solution:
Sum of the Eigen values =Sum of the main diagonal elements
==+ M+
=-1
-2 2 =3
Product of the Eigen values = | 2 1 -6
-1 -2 0
=-2(0-12)—2(0—6) —3(—4+1)
=244+124+9=45
1 2 3
Example: Find the sum and product of the Eigen values of the matrix A= [-1 2 1]
1 1 1

Solution:
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Sum of the Eigen values = Sum of its diagonal elements =1+ 2+ 1 =4

1 2 3
Product of Eigen values = |C| =|-1 2 1]
1 1 1

=12-1-2(-1-1) +3(-1-2)
=1(1) — 2(=2) + 3(=3)

=1+4-9=—4
6 -2 2
Example: The product of two Eigen values of the matrixA =[-2 3 —1]is 16. Find
2 -1 3
the third Eigenvalue.
Solution:
Let Eigen values of the matrix A be A1, A2, 3.
Given 1142 = 16
We know that, 111243 = |A]
[Product of the Eigen values is equal to the determinant of the matrix]
6 —2 2
~ AMd2As = | -2 3 1
2 [ —1 3

=6(9-1)+(—-6+2)+2(2-6)

=6(8) + 2(—4) + 2(—4)

=48—-8-8

= 1243 = 32
= 16 A3 = 32
32
> A3 = 16 =2
6 -2 2
Example: Two of the Eigen valuesof [-2 3 —1]are 2 and 8. Find the third Eigen
2 -1 3

value.
Solution:

We know that, Sum of the Eigen values = Sum of its diagonal elements
=6+3+3=12
Given A1 = 2,42 = 8,43 =7
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We get, 11 + 12 + A3 = 12

2+8+A3=12
A3=12-10
Az =2
=~ The third Eigenvalue = 2
8 -6 2
Example: If 3 and 15 are the two Eigen values of A = [—6 7 —4]find |A|, without
2 -4 3

expanding the determinant.
Solution:
Given A1 = 3,12 = 15,43 =7
We know that, Sum of the Eigen values = Sum of the main diagonal elements
>Ml+A+A3=8+7+3
3+15+ 43 =18
>A3=0

We know that, Product of the Eigen values =.]A|

= (3)(15)(0) =1A|

= |Al = (3)(15)(0)

= |Al=0
3 10 5
Example: If 2, 2, 3 are the Eigen valuesof A =[-2 -3 —4] find the Eigen values of
3 5 7
AT,
Solution:

By Property “A square matrix A and its transpose AT have the same Eigen values”.

Hence, Eigen values of AT are 2, 2, 3

Example: If the Eigen values of the matrix 4 = [1 1] are 2,—2 then find the Eigen
3 -1

values of AT.

Solution:

Eigen values of A = Eigen values of AT

=~ Eigen values of AT are 2, —2.
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3 -1 1

Example: Two of the Eigen valuesof A=[-1 5 —1]are3and 6. Find the Eigen
1 -1 3

values of A-1,

Solution:

Sum of the Eigen values = Sum of the main diagonal elements
=3+5+3=11
Let K be the third Eigen value
~3+6+k=11
=9+k=11
>k=2
11

=~ The Eigenvalues of A-tarel , ",
2 3 6

Example: Two Eigen values of the matrix A = |

== N
NWN

1
1] are equal to 1 each. Find the
2

Eigenvalues of A1

Solution:
Given A = |

Let the Eigen values of the matrix A be 14,15, 13

Given conditionis A2 = A3 =1

We have, Sum of the Eigen values = Sum of the main diagonal elements
>Mh+L24+A3=2+34+2
>Ah+14+1=7

>Mh+2=7
=>A1=5
Hence, the Eigen values of Aare 1,1, 5
Eigen values of A-1 are 1 ,1 ,1 , le, 1, 1,f
115 5
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CAYLEY HAMILTON THEOREM

Cayley Hamilton Theorem

Statement: Every square matrix satisfies its own characteristic equation.
Uses of Cayley Hamilton Theorem:

To calculate (i) the positive integral power of A and

(i1) the inverse of a non-singular square matrix A.
o1 =2
Example: Show that the matrix [2 || satisfies its own characteristic equation.

e =
2 1

The characteristic equation of the given matrix is |[A — AlI| = 0
A2—SiIA+S1=0
Where S1 = sum of the main diagonal elements.

—14+1=2
S |A|—I1 et i =
2= o) IE e

~ The charaeteristic equationiis A2 =2X+ 5= 10
To prove: A2—-2A+51=0

A AA 1 -2 1 =2 -3 —4
S (2 l ( 2 1)< 4 _3)
2 -3 -4 1 =2 1 0
A—2A+SI:(4 _3)—2(2 1)+5(O 1)
—(3 4 -2 4 5 0
0 0
0 0
Therefore, the given matrix satisfies its own characteristic equation.
-2 -1 2
Example: Verify Cayley — Hamilton theorem find A*and A-* when A = [—1 2 —1]
1 -1 2

Solution:
The characteristic equation of Ais [A—Al| = 0
i.e., A3 — S1A% 4+ S2A = 0 where

S1 = sum of its leading diagonal elements =2+ 2+ 2 =6
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S2 = sum of the minors of its leading diagonal elements
.y 2 —1|+|2 2|_|_|2 —1|
-1 2 12 -1 2
=4-1)+4-2)+4-1)=3+2+3=8
Ss=|Al=24—-1D+1(-2+1)+2(1-2)
=23)+1(-1)+2(-1)=6-1-2=3
=~ The characteristic equation of Ais A3 — S1A%2 + S2A —S3 =0
i.e., 3—6A24+81—-3=0
By Cayley-Hamilton theorem
[Every square matrix satisfies its own characteristic equation]
(i.e.) A3 —6A2+8A—31=0 (1)
Verification:
-2 -1 2 =2 -1 2 7 —-6 9
A2=AxA=[-1 2 —-1][-1 2 —-1]=[-5 6 —6]
1 -1 2 1 -1 2 5 =5 7

-2 -1 2 7 -6 9 29 -—-28 38
A3 = A XA? = [+1 2y +1]]=5 6 =6] =[=22 23.—28]

1 =1 2 5 -5 7 22 | —22 29
294 28,38 7. =6 |9
A3 — 6A2+8A—-31=[-22 23 —-28]—-6[-5 6 —6]
22 =22 29 5 =5 7
-2 -1 2 1 0 0
+8[-1 2 —-1]-3[0 1 0]
1 -1 2 0 0 1

29 28 38 42 —-36 54 16 -8 16 300
=[-22 23 -28]-[-30 36 -—-36]+[-8 16 —-8]—[0 3 0]
22 =22 29 30 =30 42 8 -8 16 0 0 3

I
~
coo
coo
coo
.
I
o

To find A%:
(1) = A3 —6A2—8A+3] ..(2)
Multiply A on both sides, we get
A* = 6A3 — 8A2 + 3A = 6[6A%2 — 8A + 31| — 8A2 + 3A by (2)
= 36A2 —48A + 181 — 8A2 4+ 3A
A* = 28A% — 45A + 18I .(3)
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7 —6 9 2 -1 2 1 0 O
(1)=> A*=28[-5 6 —6] —45[-1 2 —1]+18[0 1 0]
5 =5 7 1 -1 2 0 0 1

196 —168 252 90 —45 90 18 0 0
=[-140 168 -168]—-[-45 90 —45]+[0 18 0]
140 -—-140 196 45 —45 90 0 0 18

124 —123 162
=[-95 96 —123]
95 —95 124

To find A-1:
(D)XxA1=A2—-6A+81—3A1=0
3A"1=A2—-6A+ 8]

7 —6 9 2 -1 2 1 0 0
3A1=[-5 6 —6]—6[-1 2 —1]+8[0 1 0]
5 =5 7 1 -1 2 0 0 1
7 —6 9 —-12 6 —-12 8 0 O
=[-5 6 —6]+[ 6 -—12 6]+[0 8 0]
5 =5 7 —6 6 —12 0 0 8
3 6 -3 ,m B8 0 -3
3Al=[ 1 Z0f=Ak= 1 2% 0]
-1 1 3 —1 "y, 3
1 °-1 4
Example: Find A-1ifA=[3 2 —1],using Cayley- Hamilton theorem.
2 1 -1
Solution:

The characteristic equation of Ais |[A—AI| =0
(i.e.) A3 — S1A%2 + S2A — S3 = 0 where
S1 = sum of its leading diagonal elements
=14+2+(-1)=2

S2 = sum of the minors of its leading diagonal elements

2 -1, 1 4 1 -1
= | | +1 | +1 I
1 -1 2 -1 3 2
=(2+D+(-1-8)+(2+3)

=(-D+(-9)+5=-5

1 -1 4
Ss=I[Al=13 2 -1
2 1 -1

=1(=2+ 1) +1(-3+2)+(3-4)

MAS8251 ENGINEERING MATHEMATICS Il

binils - Anna University App on Play Store



binils.com - Anna University, Polytechnic & Schools
Free PDF Study Materials
Binils.com — Free Anna University, Polytechnic, School Study Materials

=1(-1) +1(-1) +4(—-1)
=-1-1-4=-6
=~ The Characteristic equation isA3 — 2A2 —5A 4+ 6 =0
By Cayley Hamilton Theorem we get
[Every square matrix satisfies its own characteristic equation]
~A3—-2A2-5A+61 =0 (1)
Tofind A-1
(H)xA1=A2-2A-51+6A1=0
A2 —-2A—-51+6A1=0

6A-1 = —AZ+2A+5I
1
A= [~A? +2A +5I] (2
A2=AXA

1 -1 4 1 -1 4
=3 2 -11[13 2 -1]
2 "1 -1 ™01 -1
1-348 ~1-244 "4+1~4 6h 17
—[346—-2 —3+44—-1 12—-2+1}=[7, 0 11]
2+3-2 —2+42-1" 8-1+1 3 -1 8

-6 -1 -1 1 -1 4 1 0 O
—A2+2A+51=[-7 0 -—-11]+2[3 2 -1]+5[0 1 O]
-3 1 -8 2 1 -1 0 0 1
-6 -1 -1 2 -2 8 5 0 0
=[-7 0 -11]+[6 4 =-2]+[0 5 0]
-3 1 -8 4 2 =2 0 0 5
1 -3 7
=[-1 9 -13]
1 3 -5
L 1 -3 7
From (2) > A1 = 6[—1 9 —13]
1 3 -5

Example: Use Cayley — Hamilton theorem to find the value of the matrix given by
()f(A) = A8 — 5A7 + 7A6 — 3A5 + A4 — 5A3 + 8A2 — 2A + |

(ii)A8 — 5A7 + 7A6 — 3A5 + 8A* — 5A3 + 8A2 — 2A +1 ifthe matrix A = [

_o N
_
N O R
e

Solution:
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The characteristic equation of Ais |[A— Al = 0
A3 — S1A2 + S2A — S3 = 0 where
S1 = sum of the main diagonal elements
=2+4+1+2=5
S2 = sum of the minors of main diagonal elements

1 0 2 1 2 1
|1 2| |1 2| I0 1I

=2-0+Ul-1)+2-0)=24+3+2=7
=D+(9N+5=-5

2 1 1
Ss=1|Al=0 1 o0
1 1 2

=22-0-10-0+10-1)=4—-1=3
Therefore, the characteristic equation is A3 —5A2 + 7A -3 =0
By C — H theorem, we get
A%—5A24 7A — 31 = On.. (1)
Let i) f(A) = A8 —5A7 + 7A5 —3A5 +/A* =543 + 8BA2 — 2A + |
i) g(A) = A8 — 5A7 + 7AS ~ 3A5 + 8AY— 5A3+ 8AZ — 2A +
() AS+A
A3 —5A2 + 7A— 31 A8 —5A7 + 7A6 — 3A5 + A* —5A3 + 8A2 — 2A +1
A8 — 5A7 + 7A6 — 3A5
) A% — 5A3 + 8A2 — 2A
A* —5A3 + 7A%2 - 3A
(=) A2+A+11
f(A) = (A3 —5A2+7A—31)(A2+A)+ A2+ A +1
=0+A24+A+1 by(1)
=A2+A+1 .. (2)

2

Now, A2 = [0
1

5

= [0

4

11

R O N

= e

N O R
e

el
GO NO R
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544 211 100
~A2+A+1=[0 1 0]+[0 1 0]+[0 1 0]
4 45 112 001
8 5 5
=[0 3 0]
5 5 8
(ii) A5 + 8A + 351

A3 —5A2 + 7A — 31 A8 —5A7 + 7A6 — 3A5 + A* — 5A3 + 8A2 — 2A + 11
AB — 5A7 + 7A6 — 3A5
-) 8A* — 5A3 + 8AZ — 2A
8A* — 40A3 + 56A2 — 24A
-) 35A3 — A2 + 22A+ 11
35A3 — 175 A2 + 245A — 105I
=) 127 A2 — 223A+ 1061

g(4) = (A3 — 52w 7A 3D(A4E 8A #35]) + 127A2%— 2234 +106]
=0+ 127A2~ 223A + 1061
= 127A2 — 223A + 106

5 4 4 2 11 1 0 0
=127[0 1 0]—223[0 1 0]+106[0 1 O]
4 4 5 1 1 2 0 0 1
295 285 285
gA=[0 10 0]
285 285 295
1 0 3
Example: Using Cayley Hamilton theorem find A-when A=[2 1 -—1]
1 -1 1

Solution:
The Characteristic equation of Alis |JA — Al = 0
A3 — S1A2 + S2A — S3 = 0 where
S1 = sum of the main diagonal elements =1+1+1=3

S2 = Sum of the minors of the main diagonal elements.
1 -1 1 3 1 0
= | |+ "I+
-1 1 1 1 2 1
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=1-D+1-3)+(1-0)

=0-2+1=-1
1 0 3
Ss=lAl=2 1 -1
1 -1 1

=11-1)-02+ 1) +3(-2-1)
=0-0+3(-3)=-9
=~ The characteristic equation AisA3 —3A2 —A4+9 =0
By Cayley - Hamilton Theorem every square matrix satisfies its own Characteristic equation
~A3—-3A2-A+91=0

A1 = ‘91 [A2 — 3A — 1] (D)

1 0 3 1 0 3

A2=12 1 -—-1][2 1 -—1]

1 -1 1 1 -1 1
1+0+3 0+0-3 3+0+3 4 -3 6
=[2+2-1 04+14+1 6-1-1]=[3 2 4]
-2+1 0-1-1 3+1+1 0 -2 5

-3 0 -9
-34=[-6 -3 3]
-3 3 =3
., 4 36 -3 0 -9 1 0 0
(1)=>A—1=9 (B 2 4H+(—-6 -3 —-3)—(0 1 0)]
0 -2 5 -3 3 =3 0 0 1
, 0 -3 -3
=, [-3 -2 7]
-3 1 1
L, 03 3
=9[3 2 —7]
3 -1 -1
1 3 7
Example: Verify Cayley- Hamilton for the matrix A=[4 2 3]
1 2 1
Solution :
1 3 7
GivenA=[4 2 3]
1 2 1

The characteristic equation Ais |[A— AI| =0
A3 — 5142 + S2AS3 = 0--- (1) where
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S1 = Sum of the main diagonal elements
=1+2+1=4
S2 = Sum of the minors of its leading diagonal elements

2 3 1 7 1 3
|2 1I |1 1I |4 2I

=2-6)+1-7)+2-12)
=—4-6-—10=-20
1 3 7
S3=1Al=14 2 3|
1 2 1
=12-6)-34-3)+7(8-2)
=—4-—3(1)+ 7(6)
=—4-3+42=35
~(1) > 23 —422—-201-35=0
By Cayley —Hamilton theorem
(2) > A3—442—-204A—-351=0

To find A2 and A3:
1/3:'7 1 3 7
A2=1[4 2 3][4 2 3]
1 2 11 2 1
141247 346414 7+9+7
=[4+8+3 124446 28+6+3]
1+8+1 34+4+4+2 7+6+1
20 23 23
=[15 22 37]
10 9 14
20 23 23 1 3 7
A3=[15 22 37][4 2 3]
10 9 14 1 2 1
20492 + 23 60 + 46 + 46 140 4+ 69 + 23

=[154+88+37 45+44+74 105+ 66+ 37]
10+36+14 30+18+28+ 70427+ 14

135 152 232
=[140 163 208]
60 76 111

A3 —4A2 —20A—-351
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135 152 232 20 23 23 1 3 7 1 0 0
=[140 163 208]—4[15 22 37]—-20[4 2 3]-35[0 1 0]
60 76 111 10 9 14 1 2 1 0 0 1
135 152 232 —-80 —-92 -92 —20 —60 -—140
=[140 163 208]+[-60 —88 —148]+[-80 —-40 —-60]+
60 76 111 —-40 -36 —56 —20 —40 -20
-35 0 0
[0 =35 0]
0 0 =35
0 0 O
=[0 0 0]
0 0 O

=~ The given matrix A satisfies its own characteristic equation.

Hence, cayley Hamilton theorem is verified.

MAS8251 ENGINEERING MATHEMATICS Il

binils - Anna University App on Play Store



binils.com - Anna University, Polytechnic & Schools
Free PDF Study Materials
Binils.com — Free Anna University, Polytechnic, School Study Materials

DIAGONALISATION OF A MATRIX BY ORTHOGONAL TRANSFORMATION
Orthogonal matrix
Definition

A matrix ‘A’ is said to be orthogonal if AAT = ATA =1

Example: Show that the following matrix is orthogonal ( cosf sm(-))

—sin® cos0
Solution:
Let A = cosO sinO
—sin0 cose)
- AT = cosO —sinb
( sin® cose)
AAT = cosO® sinb, ,cos6 —sinO
(—sine cose)( sin® cose)
— cos?0 + sin?0 —cosBsind + cosesine)
—sinBcosO + sinBcosO sinZ0 + cos20
1 0
=C =1
0 1
=~ A s arthogonal.
Modal Matrix

Modal matrix is a matrix in which each column specifies the eigenvectors of a
matrix .It is denoted by N.
A square matrix A with linearity independent Eigen vectors can be diagonalized
by a similarly transformation, D = N-1AN, where N is the modal matrix .The diagonal matrix D
has as its diagonal elements, the Eigen values of A.
Normalized vector

Eigen vector X is said to be normalized if each element of X is being divided by the

square root of the sum of the squares of all the elements of X .i.e.,the normalized vector is /|YX_|

. x1/\/x21 + x; + x§
1
Xr = [X2] ; Normalized vector of X, = [xz/\/Yf_‘"Tzz_‘"_?%z]
X3 x /NxE X%
3 1 2 3

Working rule for diagonalization of a square matrix A using orthogonal reduction:
i) Find all the Eigen values of the symmetric matrix A.

i) Find the Eigen vectors corresponding to each Eigen value.
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iii) Find the normalized modal matrix N having normalized Eigen vectors as its column
vectors.
iv) Find the diagonal matrix D = NTAN.The diagonal matrix D has Eigen values of A

as its diagonal elements.

2 1 -1
Example: Diagonalize the matrix (1 1 —2)
-1 -2 1

Solution:
The characteristic equation is A3 — s1A2 + s2A — s3=0

s1 = sum of the main diagonal element

=2+1+1=4
s2 = sum of the minors of the main diagonalelement
=11 4% 4 Y=s4141=21
-2 1 -1 1 1 1
2 1 -1
ss=]Al=]1 1 =-2|=-4
-1 -2 1

Characteristic equation is A3 —4A2 — A +4 =0
> =102-3\-49=0
=>Ai=1 A+1)A—-4)=0

>i1=-1,1,4
To find the Eigen vectors:

X1
Case (i) When A = 1 the eigen vector is given by(A — AI)X = 0 where X = (X2)
X3

2—-1 1 -1 X1 0

(1 1-1 -2)2)=(0)
-1 -2 1-1 X3 0

x1+x2—x3=0..(1)
x1+ 0x2 —2x3 =0...(2)
—x1 — 2x2 + 0x3 = 0...(3)
From (1) and (2)

X1 X2 X3
—2-0 —1+2 0-1
X1 X2 _ X3
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-2
X1=(1)
-1
X1
Case( ii) When A = —1 the eigen vector is given by(A — ADX = 0 where X = (X2)
X3
2+1 1 -1 X1 0
=>( 1 1+1 -2)*2)=(0)
-1 -2 141 X3 0

3xi+x2—x3=0..(4)
X1+ 2x2—2x3=0..(5)
—X1 — 2x2 + 2x3 = 0 ... (6)

From (4) and (5)
X1 __ X2 ___X3
242 -1+6  6-1
X1 __ X2 __ X3
0 5 5
X1 __ X2 __ X3
o 1 1
0
X2 = (1)
1
X1
Case (iii) When A = 4 the eigen vector is given by(A — AI)X = 0 where X = (X2)
X3
2—4 1 -1 X1 0
(1 1-4 =2)2)=(0)
-1 -2 1-4 X3 0

—2x1+x2—x3=0..(7)
x1 —3x2 —2x3 = 0...(8)

—x1 —2x2—3x3 =0..(9)
From (7) and (8)

X1 X2 _ X
—2-3  -1-4  6-1
X1 _ X2 _ X3
-5 -5 5
X1 _ X2 _ X3
-1 -1 1
-1
X3 =(-1)
1
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-2 0 -1
Hence the corresponding Eigen vectorsare X1 = (1) ;X2 = (1); X3z =(-1)
-1 1 1
To check X1, X2& X3 are orthogonal
0
X1TX2=(-2 1 -1)(1)=0+1-1=0
1
-1
X2™Xz3=(0 1 D(1)=0-1+1=0
1
-2
X3™X1=(-1 -1 1)(1)=2—-1—-1=0
-1
Normalized Eigen vectors are
-2 -1
V6 (1) 1\/3
1 —
Vel 6 1]

-1 1
hve) V¥ hv3)
Normalized modal matrix

Vo O 3
I
N = |\/6 V2 3 |
-1 1 1
hve vz v3)
-2 1 -
V6 Ve Ve
1 1
N =Uu 5
-1 1 1
hv3 V3 V3)

Thus the diagonal matrix D = NTAN

-2 1 -1 2 o -1
O T M

=,0 (1 1 -2)] I
| V2 2 Ve V2 V3
st 12 -1 =21 11 1
hvd V3 v3) hve vz +3)
1 0O 0

= (0 -1 0)
0 0 4
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10 -2 -5
Example: Diagonalize the matrix (-2 2 3)
-5 -3 5

Solution:

The characteristic equation is A3 — s1A2 4+ s2A — s3=0
s1 = sum of the main diagonal element
=10+2+5=17
s2 = sum of the minors of the main diagonalelement

=|2 3I+|10 _5|+|10 _2|=1+25+16=42

-3 5 -5 5 -2 2
10 -2 -5
s3=|Al=|-2 2 3|=0
-5 -3 5

Characteristic equation is A3 — 17A2 4+ 42AL =0
=>AA2—170+42) =0

=>1=0,314
To find the Eigen vectors:
X1
Case (i) When A = 0.the eigen vector is given by(A —ADXr= 0 where X = (X2)
X3
10—-0 =2 -5 X1 0
=>( -2 2-0 3)&2=(0)
-5 -3 5-0 X3 0

10x1 — 2x2 — 5x3 = 0...(1)
—2x1+ 2x2 + 3x3 = 0...(2)

—5x1 + 3x2 + 5x3 = 0...(3)
From (1) and (2)

X1 ___ X2 __X3
—6+10  10-30  20—4
X1 __X2 _ X3
4 20 16
X1 __X2 _ X3
1 -5 4
1
X1 = (=5)
4
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X1
Case (ii) When A = 3 the eigen vector is given by(A — A)X = 0 where X = (X2)
X3
10—-3 =2 -5 X1 0
(-2 2-3 3 )&2)=(0)
-5 -3 5-3 X3 0
7x1 — 2x2 — 5x3 = 0...(4)
—2x1 —x2+3x3 =0...(5)
—5x1 + 3x2 + 2x3 = 0...(6)
From (4) and (5)
X1 X2 X3
—6-5 10-21 —7—4
X1 _ X2 X3
-1 -11 -11
X1 _ X2 _ X3
1 1 1
1
X2 = (1)
1
X1
Case (iii) When L= 14 the eigen vector is‘given by(A*— ADX = Owhere X = (X2)
X3
10— 14 -2 -5 X1 0
=>( -2 2-14 3 )(*2)=(0)
) -3 5—14 X3 0
—4x1 — 2x2 —5x3 = 0 ... (7)
—2x1 —12x2 + 3x3 = 0...(8)
—5x1 + 3x2 —9x3 = 0...(9)
From (7) and (8)
X ——X2 ___X3
—6-60  10+12  48—4
X1 _ X2 _ X3
—66 22 44
X1 _ X2 _ X3
-6 2 4
-3
Xz3=(1)
2
1 1 -3
Hence the corresponding Eigen vectors are X1 = (=5) ;X2 =(1); Xs=(1)
4 1 2
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To check X1, X2& X3 are orthogonal

1
Xi™X2=(1 -5 4)(1)=1-5+4=0
1
-3
X2™X3=(1 1 1D(1)=-3+1+2=0
2
1
Xs™X1=(=3 1 2)(-5)=-3-5+8=0
4
Normalized Eigen vectors are
1 1 -3
V42 V3 V14
-5 1 1
f\/42| 1\/3| ﬂ\/14|
4 1 2
hv42) hv3) hv14)
Normalized modal matrix
1 1 -3
Va2 3 V14
N — 1 25 01 1
RN \/14|
4 1 2
hvaz = V3, . /14)
1 -5 4
1\/42 Va2 42
r_t1 1 L
N"=| V3 V3 V3 |
-3 1 2
hvia V14 v14)
Thus the diagonal matrix D = NTAN
1 -5 4 1 1 -3
Va2 a4y V42 a V42 3 14
IR U 10 -2 =5 3o V1 |
=lw » wl2 2 3w o
-3 1 2 -5 -3 5 4 1 2
hvisa Vi4 vi4) hvaz v3 V14)
0 0 O
=0 3 0)
0 0 14
6 -2 2
Example: Diagonalize the matrix (-2 3 —1)
2 -1 3

Solution:

The characteristic equation is A3 — s1A2 + s2A — s3=0
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s1 = sum of the main diagonal element
=6+3+3=12
s2 = sum of the minors of the main diagonalelement

=13 "H4® 4% T =8+14+14=36
13 23 -2 3

6 -2 2
ss=|Al=]-2 3 -1|=32
2 -1 3

Characteristic equation is A3 — 12A2 4+ 36AL — 32 =0
=>A=202—101+16) =0

=>A=228
To find the Eigen vectors:
X1
Case (i) When A = 8 the eigen vector is given by(A — A)X = 0 where X = (X2)
X3
6—8 =2 2 X1 0
=>(-2, 3-8 —-1)(*2)=(0)
2 —1.. 3-8 %3 0
—2x1 — 2%k 2x3 = 0 ... (1)
—2x1—5x2 —x3=0..(2)
2x1 —x2 — 5x3 =0...(3)
From (1) and (2)
X1 X2 __ _X3
2410  —4-2  10-4
X1 __ X2 __ X3
12 -6 6
X1 __ X2 __ X3
2 -1 1
2
X1 =(-1)
1
X1
Case (ii) When A = 2 the eigen vector is given by(A — AD)X = 0 where X = (X2)
X3

6-2 -2 2 X 0
=(-2 3-2 -1)2)=(0)
2 -1 3-2 X3 0

4x1 — 2x2 + 2x3 = 0...(4)
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—2x1+x2—x3=0..(5)
2x1—x2+x3=0..(6)

Putx1 =0 = —2x2 = —2x3

S

X3
1

0
X2 = (1)
1
a
Case (iii) Let X3 = (b) be a new vector orthogonal to both Xiand Xz
C

(i.e) X[Xs = 0 & XXz = 0

a a
2 -1 Db =0& @O 1 1)(Mb) =0
C C

2a—b+c=0..(7)
at+b+c=0..(8)
From (7) and (8)

a B b gve
—1-1 0-2"%
a b
-2 2 2
a _ b c
-1 -1 1
-1
X3 = (—1)
1
2 0 -1
Hence the corresponding Eigen vectors are X1 = (—1) ;X2 = (1); X3 =(-1)
1 1 1
Normalized Eigen vectors are
2 -1
V6 (1) 1\/3
-1 —
(FARCON A
1 i 1

he) Y2 hv3)
Normalized modal matrix

MAS8251 ENGINEERING MATHEMATICS Il

binils - Anna University App on Play Store



binils.com - Anna University, Polytechnic & Schools
Free PDF Study Materials
Binils.com — Free Anna University, Polytechnic, School Study Materials

=L sl-sl- o

V22

Thus the diagonal matrix D = NTAN

2
6 /6
0

V3 /3)

-2
3
-1

2 ][Vﬁ
-1

—1) lye
3 1
hve

-1
V3
-1
V3

V3)

Example: Diagonalize the matrix (1. 3 —1)
1 -1 3

Solution:
The characteristic equation is A3 — s1A2 + s2A — s3=0
s1 = sum of the main diagonal element
=3+3+3=9
s2 = sum of the minors of the main diagonalelement
=13 H4P Y+ Y=8+8+8=24

-1 3 13 1 3
3 1 1
ss=|Al=|1 3 -1 =16
1 -1 3

Characteristic equation is A3 —9A2 + 241 — 16 =0
>A=1A—-8L+16)=0
=>i=144

To find the Eigen vectors:
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X1

Case (i) When A = 1 the eigen vector is given by(A — AD)X = 0 where X = (X2)
X3

3—-1 1 1 X1 0
(1 3-1 -=1)2)=(0)
1 -1 3-1 X3 0

2x1+x2+x3=0..(1)
x1+2x2—x3=0..(2)

x1—X2+2x3 =0..(3)

From (1) and (2)

X1 X2 X3
-1-2 142 4-1
X1 _ X2 _ X3
-3 3 3
X1 _ X2 _ X3
-1~ 1 1
-1
Xi=(1)
1
X1

Case (ii) When & = 4the eigen vector is given'by(A <ADX = 0 where X = (%2)
X3

3—4 1 1 X1 0
(1 3—-4 —-1)(2)=(0)
1 -1 X3 0
—x1+x2+x3=0..(4)

3—4

x1—x2—x3 =0..(5)

x1—x2—x3 =0..(6)

put x1 =0 = x2 = —x3

X2 =(—1)
1

a
Case (iii) Let X3 = (b) be a new vector orthogonal to both Xiand Xz

C

(i.€) XTXs = 0& XTXs = 0
a a

(-1 1 DB =0& (0O -1 1D®d) =0
C

C
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—a+b+c=0..(7)
0Da—b+c=0..(8)
From (7) and (8)

a b _c
141 0+1 140
a_b_c
2 1 1
2
X3 = (1)
1
-1 0 2
Hence the corresponding Eigen vectorsare X1 = (1) ;X2 =(-1); X3 = (1)
1 -1 1
Normalized Eigen vectors are
-1 2
V3 0 V6

-1
1 1
]I\/3 | (\/2) r\/e |
1 - 1
hyv3): V2 hve)
Normalized modal'matrix
-1 2
V3 O V6
V3 V2 6

hvs v2 Ve)
Vi V3
NT=,0 — _1
| V2 W2 |
hve 6 +6)
Thus the diagonal matrix D = NTAN

-1 1 1 -1

1Y3 V3 3 3 1 1 V3 V6
— .0 1 —1| }1 -1 1
= v2 v2l (3 =Dl v2 ve
2 1 1 1 -1 3 1 -1 1

hvé V6 o) hvi vz V6)
10 0
=0 4 0)
00 4
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REDUCTION OF QUADRATIC FORM TO CANON ICAL FORM BY
ORTHOGONAL TRANSFORMATION
Quadratic Form

A homogeneous polynomial of second degree in any number of variables is called a
quadratic form.

The general Quadratic form in three variables {x1, x2, x3} is given by
f(x1, x2, x3) = anxt + azxixz + aisxixs+
az1x1x, + azzxzz + az3x2%3 + Az1X3%1 + Az2X2X7 + a33x23

This Quadratic form can writtenas ~ f(x1, x2,x3) = X3 ]3:1 a;x;y;

ayp a2 a3 x1
f(x1,x2,x3) = (¥1 x2 X3) (A21 Q22 @23) (X2)
asz; dzy d0dz3z3 X3

= X'AX
X1
Where X = (X2) and A is called the matrix of the Quadratic form.
X3

Note: To write the matrix of a quadratic form.as

coeff. ofx? 1/2coeff. ofxy  1/2coeff. ofxz
A = (1/2coeff. ofxy coeff. ofy? 1/2coeff. ofyz )
1/2coeff.of xz 1/2coeff. ofyz coeff. of z2

Example: Write down the Quadratic form in to matrix form

(1)2x2 + 3y2 + 6xy

Solution:
A=( coeff. of x? 1/2coeff. of xy
1/2coeff. of xy coeff. ofy2
2 3
=C D
3 3

(if) 2x2 + 5y% — 622 — 2xy — yz + 8zx
Solution:

coeff. ofx?2 1/2coeff. ofxy 1/2coeff. ofxz

A = (1/2coeff. ofxy coeff. ofy? 1/2coeff. ofyz)
1/2coeff.of xz 1/2coeff. ofyz coeff. of z2
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2 -1 4
=(-1 5 —1/2)
4 -1/2 -6

Example: Write down the matrix form in to Quadratic form

2 1 -3
M1 -2 3)

-3 -2 5
Solution:

Quadratic form is 2 x2 — 2x% 4 6x2 + 2x1X2 — 6X1X3 + 6X2X3
1 2 3

1 1 2

i@ 3 1
2 1 6

Solution:
Quadratic form is x2 + 3x2 + 6x2 + 2x1x2 + 4X1X3 + 2X2X3.
1 2 3

Example: Reduce the Quadratic formxz1 + 2x22 + x23 — 2X1X2 + 2X2X3 + 6Xx2x3 10

canonical form throughsan orthogenal transformation .Find the nature rank, index,

signature and also find the nion zero set of values which makes this Quadratic form as zero.

Solution:
1 -1 0
GivenA=(-1 2 1)
0 1 1

The characteristic equation is A3 — s1A2 + s2A — s3=0

s1 = sum of the main diagonal element

=1+24+1=4
s2 = sum of the minors of the main diagonalelement
= H+ﬁ O+ “ll=1+1+1=3
1 1 0 1 -1 2
1 -1 0
ss=]Al=]-1 2 1|=0
0 1 1

Characteristic equation is A3 — 4A2 + 31 =0
>A=0;A2—41L+3)=0
=>A1=0,13

To find the Eigen vectors:
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X1

Case (i) When A = 0 the eigen vector is given by(A — AD)X = 0 where X = (X2)
X3

1 -1 0 X 0
=(=1 2 1)(*2) = (0)
0 1 1 X3 0

x1—x2+0x3=0..(1)
—x1+2x2+x3=0..(2)

Ox1 +x2+x3=0..(3)

From (1) and (2)

X1 _ X2 __X3
-1 -1  2-1
X1 __X2 _ X3
-1 -1 1
-1
X1 =(-1)
1

X1

Case (ii) When A = 3 the eigen vector is given by(A — AI)X = 0 where X = (X2)
X3

143 |-1 0 X1 0
=2(-1 2-3 w)()=(0)
0 1 1-3 X3 0
—2x1 —x2+0x3 =0..(4)
—x1—X2+x3=0..(5)

0x1 + x2 —2x3 = 0...(6)

From (4) and (5)

X1 _ X2 _ _X3
-1 2 2-1
X1 _ X2 __ X3
-1 2 1
-1
X2=(2)
1
X1
Case (iii) When A = 1 the eigen vector is given by(A — AD)X = 0 where X = (X2)
X3
1-1 -1 0 X1 0
=>(-1 2-1 1 ) (*2) =(0)
0 1 1-1 X3 0

Ox1 —x2 4+ 0x3=0..(7)
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—x1+x2+x3=0..(8)
Ox1 +x2 +0x3=0..(9)
From (7) and (8)

1 -1 1
Hence the corresponding Eigen vectorsare X1 =(1) ;X2 =(2); X3=(0)
-1 1 1

To check X1, X2& X3 are orthogonal
-1
XiT™Xz2=(1 1 -1)(2)=-1+2-1=0
1
1
X2Xz=(-1'2 1)0)=-1+0+1=0
1
1
XsTX1=(1 0 1D(1)=14+0—-1=0
-1
Normalized Eigen vectors are
1 -1 1
V3 1 V6 =
1 2
][v-t;| %% | (0D
-1 1 i
hv3) hve) V2
Normalized modal matrix

-1

hv3

S-S L
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1 1 -1
V3 V3 3
1., , L
T - =L =
N'=1% @ Vel
1 9 L
hvz V2)
Thus the diagonal matrix D = NTAN
1 -1 1 1 1 -1
V3 Ve V2 V3 3 V3
_120|1—10][_121
ww 0l 2 »iE F
-t 1 1+ 0 1T 1T 1 4 1
hvi V6 +2) hvz V2)
0 0 O
D=0 1 0)
0 0 3
y1
Canonical form = YTDY where Y = (¥2)
y3
0 00 Y1
YTDY = (y1,y2y3) (0 1 0) (Y2)
0 3 VY3
= 0y1? + y22 + 3y3?
Rank =2
Index =2
Signature=2-0=2
Nature is positive semi definite.
To find non zero set of values:
Consider the transformation X = NY
1 1 1
X)) =1~ 2
7 7w 0|0
- S S 6
hvi V6 +2)
yr yz Y3
X1 =—=—"—=1tT—=
3 V6 V2
y1+2yz 0
- = — +
-y1 , Y2 ¥3
X3 = —— —+—
V3 V6 V2

Puty2 =0&y3 =0
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_ ¥, A =y1i

X =", X =";X, ="

1 V3 2 V3 3 V3
Puty1=\/§

x1 = 1;x2 = 1; x3 = —1 which makes the Quadratic equation zero.
Example: Reduce the Quadratic form x21+ x22+ x23— 2x1xz to canonical form through an

orthogonal transformation .Find the nature rank,index,signature and also find the non

zero set of values which makes this Quadratic form as zero

Solution:
1 -1 0
A=(-1 1 0)
0 0 1

The characteristic equation is A3 — s1A2 + s2A — s3=0

s1 = sum of the main diagonal element

=1+1+1=3
s2 = sum of the minors of the main diagonalelement
=11 %t Ol Y=14140=2
1 0 .1 -1 il
1 =10
ss=|Al=|-1 % _.0]=0
0 0 1

Characteristic equation is A3 —3A2 4+ 20 =0
>A=0;A2—-31+2)=0

=>A1=01,2
To find the Eigen vectors:
X1
Case (i) When A = 0 the eigen vector is given by(A — AD)X = 0 where X = (X2)
X3

1 -1 0 X1 0
=(—1 1 0)(*2) = (0)
0 0 1 X3 0

x1—x2+0x3=0..(1)
—x1 +x2+ 0x3 =0..(2)
Ox1 +0x2+x3=0..(3)
From (1) and (2)
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X1 _ X2 _ X3
1 1 0
1
X1 = (1)
0
x1
Case (ii) When A = 1 the eigen vector is given by(A — A)X = 0 where X = (X2)
X3
1-1 -1 0o *i 0
(-1 1-1 0 )*2)=(0)
0 0 1-0 X3 0
Ox1 —x2+0x3=0..(4)
—x1 + 0x2 + 0x3 = 0 ...(5)
0x1 + 0x2 + 0x3 = 0...(6)
From (4) and (5)
X1 _ X2 _ _X3
o o -
0
X2=(0)
—1
X1
Case (iii) When A = 2 the eigen vector is given by(A = ADX'= 0 where X = (X2)
X3
1-2 -1 0 X1 0
=>(-1 1-2 0 )2 =(0)
0 0 1-2 X3 0
—x1—%x2+ 0x3 =0..(7)
—x1 — X2+ 0x3 =0..(8)
Ox1 +0x2 —x3 =0..(9)
From (7) and (8)
X1 __ X2 _ X3
1-0  0-1 0-0
X1 __ X2 __ X3
1 -1 0
1
X3 =(-1)
0
1 0 1
Hence the corresponding Eigen vectorsare X1 = (1) ;X2 =(0); X3 =(-1)
0 -1 0
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To check X1, X2& X3 are orthogonal

0
XiTXz2=(1 1 0(0)=0+0+0=0
-1
1
X2™Xz3=(0 0 -1)(-1)=0+0+0=0
0
1
X3™X1=(1 -1 00(1)=1-1+0=0
0
Normalized Eigen vectors are
1 1
N 0 V2
(DCoH(D
N )
0 0
Normalized modal matrix
1 1
w 0 %
N=(CL 0 =1
V2 V2
0 4%
1 1
A .
NT=(0 0 —1)
L 1 9
VZ V2
Thus the diagonal matrix D = NTAN
1 9 L o0 L
V2 V2 1 -1 0 2 V2
=(0 0 —1(-1 1 0L ¢ =D
1 1 o o0 1 W2 V2
V2 2 0 -1 O
0 0 O
D=0 1 0)
0 0 2
yi
Canonical form = YTDY where Y = (¥2)
y3
0 0 0 W
Y™DY = (y1,y2,y3) (0 1 0) (Y2)
0 0 2 VY3

= 0y12 + y22 + 2y3?
Rank =2
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Index =2

Signature=2-0=2

Nature is positive semi definite.

To find non zero set of values:
Consider the transformation X = NY

Loy 1
X1 N vz oy
CD=(L o =) @2
X3 V2 V2 y3
0 -1 0
y1 y3
1 3
Xzzy—"l‘o_y—
V2 V2
x3=0—y2—-0
Puty2 =0&y3 =0
y1 y1
X =";x =";x_=0
1 V2 2 V2 3
Puty1=\/5

x1 = 1;x2 = 1; x3 = 0 which makes the:Quadratic equation zero.
Example: Reduce.the Quadratic form 2x21 + x22 + x23 +2X1X2 2X1X3 — 4X2X3 t0

canonical form through an orthogonal transformation .Find the nature rank, index,

signature
Solution:
2 1 -1
A=(1 1 =2)
-1 -2 1

The characteristic equation is A3 — s1A% + s2A — s3=0
s1 = sum of the main diagonal element
=2+1+1=4
s2 = sum of the minors of the main diagonalelement

1P 4% a2 Yosi141=21
2 1 -1 1 11
2 1 -1
ss=|Al=]1 1 -2|=-4
1 -2 1

Characteristic equation is A3 —4A2 — A +4 =0
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A=-114
To find the Eigen vectors:
X1
Case (i) When A = —1 the Eigen vector is given by(A — AI)X = 0 where X = (X2)
X3
2+1 1 -1 X1 0
(1 1+1 =2)*2)=(0)
-1 -2 141 X3 0
3x1+x2—x3=0..(1)
X1+ 2x2 — 2x3 = 0...(2)
—x1—2x2+2x3 =0..(3)
From (1) and (2)
X1 _ X2 _ X3
—242  -1+6 6-1
X1 _ X2 _ X3
0o 5 5
0
Xo=1(1)
1
X1
Case (ii) When A = 1 the Eigen vector is given by(A — AI)X = 0 where X = (X2)
X3
2—-1 1 -1 X1 0
(1 1-1 =-2)2)=(0)
-1 -2 1-1 X3 0
x1+x2—x3=0..(4)
x1 +0x2 —2x3 = 0...(5)
—x1 — 2x2+0x3 = 0...(6)
From (4) and (5)
_X1 X2 __ X3
—240  -142  0-1
X1 _ X2 _.x3
— - 1 - —
2
X2 = (—1)
1
X1
Case (iii) When A = 4 the eigen vector is given by(A — AD)X = 0 where X = (X2)
X3
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2-4 1 -1 X 0
=(1 1-4 -2)2)=(0)
-1 -2 1-4 X3 0

—2x1+x2—x3=0..(7)
x1 —3x2 —2x3 =0...(8)
—x1 —2x2 — 3x3 = 0...(9)
From (7) and (8)

X1 X2 ___X3
—2-3  -1-4 6-1
X1 __ X2 __ X3
-5 -5 5
X1 _ X2 _ _X3
101 -1
1
X3=(1)
-1
0 2 1
Hence the corresponding Eigen vectors are X1 = (1) ;X2 =(-1); Xs=(1)
1 1 -1
To check X1, X2& X3 are orthogonal
2
Xi'™X2 =(00.1 D(=LD=0-14+1=0
1
1
XTXs=(2 -1 1)(1)=2-1-1=0
-1
0
Xs™X1=(1 1 -1)(@1)=0+1-1=0
1
Normalized Eigen vectors are
2 1
X 75 3
-1 1
(\7'1?) |1\7=6:| rﬁtl
— 1 -1
V2 hiE) hvz)
Normalized modal matrix
2 1
0 % v
1 1 -1 1
N=|5 % &
T
hvz V6 V3)
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1 1
0 =& &=
1, 1 1
T _ -4 =1
N ~lvs vs \/6|
1 1 1
hvs v3 V3)
Thus the diagonal matrix D = NTAN
2 1 1 1
0 0 — —
V6 V3
_|11—1|121_r2 ngzI
“leow ml(1 1 -DlF 7 7
0t 1 -1 =2 1 1 1
hvz V6 V3) hvi V3 V3)
-1 0 0
D=(C0 1 0)
0 0 4
y1
Canonical form = YTDY where Y = (¥2)
y3
0 0 0 "1
YTDY = (y1,y2y3) (0 1 0) (V2)
00 3 V3
= —y12 + y22 + 4ys°
Rank =3
Index = 2

Signature=2-1=1
Nature is indefinite.
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NATURE OF QUADRATIC FORM DETERMINED BY PRINCIPAL
MINORS

11412413 -+ QAqp
Let A be asquare matrix ofordernsay A = [(@21422 Q23 ™ A2p)]

The principal sub determinants of A are defined as below.

S1 = ai
ap 11% _ |
2 az1 Ay

a1 a2 4gs
S3 = |Gz1 QAz2 Q3|
az; dzy da4ss

sn = |A|
The quadratic form Q = XTAX s sald to be
1. Positive definite: If s1,52,53....5n > 0
2. Positive semidefinite: If s1,52,53......sn = 0 and atleast one si = 0
3. Negative definite: If s1,s3ss......... < 0 andsz2,s4.56 ... >0

4. Negative semidefinite: If s1,s3,ss......... < 0 andsz,s4.s6......... > 0 and atleast one s; = 0

5. Indefinite: In all other cases
Example: Determine the nature of the Quadratic form 12x% + 3x2 + 12x2 + 2x1X2
1 2 3

Solution:
12 1 O
A=(1 3 0)
0O 0 12
s1 =a1=12>0
a1 ar 12 1
SZ:|a21 a22|:|1 3|:35>O
a;p aqp ag3 12 1 O
s3=[A21 Q2 A3 =|1 3 0]=430>0,Postive definite
aszy dzp dzz 0O 0 12

Example: Determine the nature of the Quadratic form x21+ 2x22

Solution:
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1 0 O
LetA=(0 2 0)
0 0 O
st=a1i1=1>0
a;; 4
ap;; Aagp Qg3 1 0 O
s3 =121 G2 Qa3 =1|0 2 O0|=0,Positive semidefinite
az; 04z dass 0 0 O

Example: Determine the nature of the Quadratic form x2 — y2 4+ 4z2 4 4xy + 2yz + 6zx

Solution:
1 2 3
LetA=(2 -1 1)
3 1 4
st=an1=1>0
A A1y
S2 = |a21 a22| ——5<0
a;p QA2 Aag3 1 2 3
§3 = |@21 Q22 Q23| =92 —1 1| = 0, Indefinite
az; 0azp  as3 307, 4

Example: Determine the nature of the Quadratic form xy + yz + zx

Solution:

0 1/2 1/2

LetA=(1/2 O 1/2)

1/2 1/2 0
s1=a11=0
aqq aqp

s = |=-1/4<0

2 Ay Ay

T
3
a3; dasz; asz 1/2 1/2
RANK, INDEX AND SIGNATURE OF A REAL QUADRATIC FORMS
Let Q = XTAX be quadratic form and the corresponding canonical form is d1y12 + dz2y2% +

oo +duyn?.

1/2 1 -
1/2] = > 0, Indefinite
4
0

The rank of the matrix A is number of non —zero Eigen values of A. If the rank of A is
‘r’, the canonical form of Q will contain only “r” terms .Some terms in the canonical form may

be positive or zero or negative.
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The number of positive terms in the canonical form is called the index(p) of the quadratic
form.
The excess of the number of positive terms over the number of negative terms in the
canonical form .i.e,p — (r — p) = 2p — r is called the signature of the quadratic form and

usually denoted by s. Thus s = 2p — .
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