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Higher order linear differential equations with constant coefficient

General form of a linear differential equation of the n' order with constant

n
coefficient is @7 + k an-ly oy =x..(1)
dxn 1 gn-1 2gxn-2"""m

Where ki, k2, ..., knare constants it will be convenient to denote the operation . by asingle
dx

letter D.
2 3
Dy = similarly D2y = 7, D3y = ¥ ec

dx dx2, dx3

The equation (1) above can be written as

(D" + kD=1 + -+ kn)y = x

e f(D)y =x
Note:
1. Lx = [ xdx
D
2. Lx = eax fxe—axdx
D—a
3_ Lx — e—ax f xeaxdx
D+a
Result:

1. ﬁ@(x):eax f e—aX(p(x)dx

2. L(p(x):e—ax f eaxp(x)dx

D+a
(i) The general form of the linear differential equation of second order is
dzy  dy
o2 +P Tx +Qy =R
Where P and Q are constants and R is a function of x or constant
(i) Differential Operators
The symbol D stands for the operation of differential

2
Dy=4d ,D2y=4d”
dx dx?

1 stands for the operation of integration
D

é stands for the operation of integration twice

d2y dy . .
_~ 4+ P+ Qy = R can be written in the form
dx? dx

(D2 4+ PD + Q)y =R
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(iii) Complete solution is y = complementary function + Particular Integral
(iv)To find the complementary function

Roots of A.E C.F

1. | Roots are real and different Aem1* + Bema*

m1,mz (M1#=my)

2. | Roots are real and equal (Ax + B)e™x or (A + Bx)emx
m1= mz= m(say)
3. | Roots are imaginary «< +if e*x[AcosPx + Bsinfx]
4. | Roots are o< +if (twice) e**[(c1 + czx)cosPx + (c3 + cax)sinPx]

(V) To find the particular integral

Pl=1x
£(D)
» P.l
1 g P.l=—Lear = e __;f(a) # 0
f(D) f(@)
= xeax_l,f(a) =0;f(a) # 0
f(a)
= x2eax —1 ;f@) =0,f@Q) =0f"@@) #0
f'(a)
2 x" P.l.="T xn
f(D)
= [f(D)]~*xn
Expand [f(D)]~! and then operate
3 sinax(or)cosax | P.l.= ‘1_)[cosax (or)sinax]
£(D
Replace D? by-a?
4 ax =Fgaxe(x)
e3¢ (x) P.l= ool
=e ——g(x)
f(D+a)
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Problem Based on R.H.S of the given differential equation is zero
Example:

Solve (D2+ 2D+ 1)y=0

Solution:

Auxiliary Equationism2 +2m+1=0

m=-1,-1
y=C.F
= (Ax + B)ex
Example:
Solve (D2 + 1)y = 0giveny(0) = 0,y’'(0 = 1
Solution:

Auxiliary Equationismz +1 =0
m?2 = -1
m = +i
y = Acosx + Bsinx
y(x) = Acosx + Bsinx"... (1)
y (x) = —Asinx + Bcosx ... (2)

Giveny(0) =0

1 = A=0
Giveny’(0) =1

2 > B=1

1) = yk) = sinx
Type | : Problems Based on P.1 = fl(_D)eax —Replace D by a

Example :
Solve (D2—-D —6)y =3e** + 5
Solution:
Auxiliary Equationism2—m —-6=0
(m-3)(m+2)=0

mi =3, mx=-2
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C.F =Ae3x + Be=%x
1

Pli = —3e¥ Replace D by 4
- 1 Jetx
16—4—6
=3¢t = lew
6 2
= 1 5
P.I2 7D e
_ 1
= 5ip¢ 0e™ Replace D by 0
_ o1 - 5
G 6

The general solutionis y = C.F + P.1
y = Ae3* + Be—2x +lew >
2 6
Example:
Solve (D% + 7D + 12)y = 14e—3x
Solution:
Auxiliary Equationis m?+7m+12=0
m= -3, m=-4

C.F=Ae 3 + Be™®

Pl=__1 1473
D2+7D+12
=14 _ ' e-3x Replace D by -3
9-21+12
=le-3x (fails)
0
— 1 —3x
= 14x 2047 ©
=14x " -3«
—6+7
= 14xe—3x

The general solution is y = C.F + P.1

y = Ae=3* + Be=% + 14xe—3%

Example:

Find the P.1of (D2 —1) y = (ex + 1)2
Solution:
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Given (D2 — 1)y = (e* + 1)2
=(e)2+ 1+ 2e*

= e2x + e0+2ex

Pl = D21—1 e2x  Replace D by 2
= iezx
4—-1
=13
1
Pl = ——e
= il elx Replace D by 0
_er
=-1
1
Pls =——2e
1
= e Replace D by 1
— 1 -
=12 e (fails)
1

= inex Replace D by 1

1
=2x _ex
2

= xe*
P.l =P.I1+P.l2+ P.l3
1

=5 e — 1+ xe*
Type II:
Problems Based on P.I = ﬁ sinax (or) f(;Dcosax —» Replace D2 by - a2
D

Example :

Solve (D2 — 4D + 4)y = e2* + sinZx

Solution:
Auxiliary Equationism2 —4m+4 =0
(m-2)(m-2)=0
m=272
C.F=(Ax + B)eX
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P.I = 1 er Sanx
D2—4D+4 [ + ]

1

2x 1—cos2x
DZ—4D+4 [e + 2 ]
1
P.li= e2x Replace D by 2
D2—4D+4
- 1 2x
4 —8+4
=le2x (fails)
0
1
— - p2x
X. oo Replace D by 2
=X ! e2x
4—4

= xle (fails)
0

1
= x2_g2x
2

1 1
P.l, = (o) e
D2—4D+4 2

Replace D by 0

@ |~

1 -
Pls = coszry Replage-D2by=4
DZ—-4D+4 2
BB

—COS2X
_—4—4D+4( 2 )

_ 1 —-CoS2x
—4D( 2 )

=1 cos2x
8D

= [ cos2x dx
8

_1_ sin2x
- 8( 2 )

=1 sin2x
16
The general solution y = C.F + P.I1 + P.I2+ P.1I3

2
y = (Ax + B)ezx 4+ e2x 4 '+ 1 sin2x
2 8 16
Example :

Find the P.1 of (D?+4) y = cos2x
Solution:

Pl =_1
DZ+4

cos 2x Replace D? by —4
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1
= =154 €0s 2x

= %cos 2x (fails)

= xl—cos 2x
2D

X
= —cos2x
2D

= Ifcos2xdx
2

5 X .
— xsinZ  — “Tginiy
2 4
X .
P.I = _sin2x
4

Example:
3
Find the P.1 of 4”7 + 4% = sin2x
dx3 dx

Solution:

pl= _"

sin 2x
D3+4D

1
= i 2 —
D7y Sin 2x Replace D2 by —4

1
D(—4+4)

sin 2x (fails)

=X

i 2 —
ARl 2x Replace D2 by —4

=X sin 2x

3(—4)+4

=X

sin 2x
—12+4

—-X .
= _“sin2x
8

P.] = *sin2x
8

Type I11: Problems Based on R.H.S= e?* + sin ax (or) e + cos ax
Example :
Solve (D2 —3D + 2)y = 2cos(2x+ 3) + 2 ex
Solution:
Auxiliary Equationis m2—-3m+2 =0
m=1,m=2

C.F= Aex 4+ Be?x
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Pli=  *

X

D2-3D+2

=2 _ ' ex Replace D by 1
1-3+2

=2 lex (fails)

=2x —ex Replace D by 1

P.I, =

3013 2 cos(2x + 3)

=2 ! cos(2x + 3) Replace D2 by —4
—4—-3D+2

=2_1 cos(2x+ 3)

—3D—2

_ 1 —3D+2

= 2—30—2 D2 cos(2x + 3)

_ . —3D+2

=2 mcos(Zx + 3) Replace D? by -4

13p+2
—40

_ 3D+2

T

6sin(2x + 3) + 2 cos(2x + 3) /—20

—icos(Zx +3)— 3_sin(2x + 3)
10 10

=2

cos(2x + 3)

cos(2x+ 3)

The general solutionis y=C.F+P.I1+P.I,

y = AeX + Be?x — 2xex — 1_cos(2x +3) — 3_sin(2x +3)
10 10

Type IV : Problems Based on R.H.S = Polynomial in x
Binomial expression
A4+x)T=1—x4+x2 —x3 + - iei et oo o
AI—0)1T=14+x+x2 +x3 + - e vs v e
14+x)2=1—-2x+3x2—4x3+ - ... ......
1—20)2=1+2x+3x2+4x3+ oo o
Example:
Solve y"'+4y' + 5y =3x — 2
Solution:
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Auxiliary Equationism2 +4m+5=0

—4+/16-20
m=——_"

x=-2, =1
C.F = e~2x[Acosx + Bsinx]

P.l= 1 -
D2+4D+5 (3% =2)

1 (Bx—2)

2
5[1+27H42 ;‘“’ 1

ap 1
] (Bx-2)

Bx—Z—o—gan

[P

_ 1 15x—10-12
- 5[ 5 ]

=1 [15x — 22]
25

The general solution is y = C.F +P.F
y = e~2*[Acosx + Bsinx] + 1_[15x — 22]
25

Example:
2
Solved” - 5% + 6y =x2 +3
dx? dx
Solution:

(D2—-5D+6)y= x2+3
Auxiliary Equationism2 —5m +6 =0
m=3,2
C.F = Ae3x + BeX
1

P.I1 = X2
D2-5D+6
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1
D2-5D xt
61+ 7]

p2_sp ~1
[1 + ] x2

6
D%2—-5D D%2-5D

[1- )+ (—

2
[1-""+% +% Dy
6 6 36
20,2 2
2_D(x)+5D(x)+2_5D2(x2)]
6 6 36
[z =242 4 2 (2]
6 6 36

2

) ] x

2

1
6
1
6
1
6

The general solution is y =C.F + P.11 +P.I>

y=Ae3x+BeZX+£[x2+5_x+E]+1
6

3 18 2

Example:
Solve (D*+8)y = x*+2x +1

Solution :
Auxiliary Equation is m* + 8 =0
m=-2m? -2m+ 4 =0

1+iv3

m=
2

=£ii‘/3—
2 2

a=_ f= \/_3
2
—2x 1x ‘/_§ V3x
CF=4 + Be2 [Bcos , x + CCOS?

Pl=_1_(y4
p (x*+2x+1)

= —1D:,~ (x*+2x+1)
81+

1 3 -1
S +%] (x* +2x + 1)
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[1—§+(%3)2...](x4+2x+1)

1= et +2x + 1)
8

1
8
1
8

3
= 1[(x4+2x+1)—D_(x4+2x+1)]
8

[x4+2x+1—ﬂ]
8

0| —» ol

[x* + 2x + 1 — 3x]

= | -

=_[x*—x+1]
8

The general solutionis y = C.F + P.1]
! V3 V3 1

x Al Ve 4
+ B2 [Bcos i x + Ccos i X]+§[X —x +1]

—2x

y = Ae

Type V: Problems based on R.H.S e®*F(x)

Pl = e F(x) Replace x by D+a

f(D+a)

1
— ax
= e w5 F(a)

Example:
Solve (D2 + 1)y = xsinhx

Solution:
Auxiliary Equationism2 +1 =10

m? = +i

C.F = Acosx + Bsinx

Pl=_"
D2+1

= L [x )]

D241

xsinhx

=1L xex— ! xe ]
2 D2+1 DZ+1
Replace by D +1; ReplaceDbyD —1

=f[ex 'ox—er !

2 (D+1)2+1 (D-1)2+1
1 1 _ 1
=_[e* x—e™* X
2 D2+2D+2 D2-2D+2
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1 1

= _1 [ex X —e* x|
2 o+ *22”)] 2[1+( ;2“)1
Sl p420 1 p2—2p !
=151+ (] x-S+ (] A
X 2 —X 2
Sl i ¢ ) P ¢ A s BY
2 2 2 2 2 2 2

= -1 - (x + D]
2 2 2

3

2° 2 2 2 2

[x (e"—e_x) _ (ex+e_")]
2 2

1 [exx e*  xe

1
2
1_[xsinhx — coshx]
2

The general solutionis y = C.F + P.1

y = Acosx + Bsinx + i(xsinhx — coshx)
2

TYPE VI:
Problems based on f(x) = x® sin ax orx”cesax P.I = %xn Sin ax or x™ cos ax
x
Example
Solve (D2 + 1)y = xsinx
Solution:
Auxiliary Equationism2+1 =10
m2+1=-1
m = +i
C.F =Acos x + Bsinx
Pl1 = 0211 xsin x
=ﬁ x I.P of e Replace D byD + i
= [.P ofex ' x
(D+i)2+1
= [.P ofeix ! x
D2+42Di+i2+1
= [.P ofeix v«
D2+2Di+i%+1
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. 1
=[.Pofex ____  x
D2+2Di

1 p,!
=LPofex _ (1+2) x
2Di 2i

1
=L Pofeix __ (4 —DPX
f zm(x Zi)
2
=1.Pof(cosx + isinx) (_+0)
4 4

2
=I.Pof(cosx +isinx) (C_+0)
4 4

 Xcosx x2sinx ix sinx)

iyl
=I.P0f(%cosx. 7 . T

xsin x

2
—X
= Tcosx +

The general solution is y = C.F + P.I

xsin x

2

. X
y = Acosx + Bsinx —__cosx +
4 4

Example:
Solve (D2 — 4D + 4)y = 3x2e%xsin 2x
Solution:
Auxiliary Equationism2 —4m+4 =0
m=272
C.F=(A+ Bx)e2x

Pl =_1 2 2xd
D2_ap14 3x2e?xsin 2x Replace Dby D + 2
1
= 3ex x2sin2x

(D+2)2-4(D+2)+4
1
= 3ex o7 X%sin2x
=3ex L , i2x i
5z X2I. P ofe Replace D by D + 2i
= 3e2x]. P of ei?x _t x2
(D+2i)2

= 3e2x]. P of ei2x 2

— 2o X

—4[1- ]
4
1 p244pi 1
=3eX.Pge **—[1— x
—4 4
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2

D244Di D2+44Di
+ ! ) + cee ] xz

2+

=3eZL.P e ¥ [1+( -

. 1 2
= 3¢¥1.P ofe™ —[1+ 2+ Di + D] (x?)
2x
=>*"1p of (cos 2x + isin 2x) (x2 + biox— 2)
—4 2
= e P of (cos 2x + isin 2x) (x2 + 2xi — E)
4 2

-3 . 3 o : .3 .
= _"e%]. P of(x%cos2x + i2x cos 2x — _cos 2x + i x2sin 2x — 2x sin 2x — i _sin 2x )
4 2 2
—3e2* , 3 .
= [2 xcos 2x + x%sin 2x — "_sin 2x]
4 2

The general solution y = C.F + P.1

y = (A + Bx)e?* — 3 eax [2x cos 2x + xZsin 2x — 3 sin 2x]
4 2
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Method of variation of parameters

This method is very useful in finding the general solution of the second order equation

Solutionis y = Au + Bv
Where A, B are constants

A= J dX+C1

B=] dx + C2

uv' —vu
Example:
Solve (D2 + 4)y = tan 2x
Solution:
Auxiliary Equationis mz+4 =0
m?2 = —4
m = 12i
Cik.= A cosax.+ B sin ax
Let the solutionbe y = Au + Bv
u = cos 2x v = sin 2x
u =—2sin2x| v = 2cos2x
uv' —vu' = 2 cos? 2x + 2 sin? 2x
=2

dx + C1 R=tan 2x

A=]5

_ f —tan 2x sin 2x

1 sin2
- sin 2x
i

dx+C1
sn2xdx+C

2 cos 2x

:—_1 sin? Zxdx_l_c1

2 cos 2x

_1f(1 cos Zx) dx + Cl

cos 2x

f( cos? Zx: dx+C

cos 2x cos 2x

= f(sec 2x —cos2x) dx + C
7 1

—1 rlog(sec 2x+tan2x) _ sin 2x
— L 1
== > +C;

binils — Android App MA8151 ENGINEERING MATHEMATICS |

binils - Anna University App on Play Store



binils.com - Anna University, Polytechnic & Schools

Free PDF Study Materials
Binils.com — Free Anna University, Polytechnic, School Study Materials

L P
vu

uv —

B=]

_ f tan 2x cos 2x

> dx + C>

= ['sin2xdx +C
3 2

3, TG
2
— _COS4X+ CZ
~y=Au+ Bv
y = {[__1 (logsec 2x + tan 2x) — szx| + C }cos2x + (— R ) sin 2x
4 4 1 4 2

Example:

2
Solve the equation 4” + y = cosec x
dx2

Solution:
(D% 4+ 1)y = cosec x
Auxiliary Equationism2+1=10
m?=—1
m = +i
a=0,6=1
C.F=Acos x + Bsinx
Let the solutionbe y = Au + Bv
Here u = cosx vV=sinx
u = —sinx v = cosx
uv' — vu' = cos?x + sin?x
=1 ; R = cosec x
Rv

A= —— dx+ C1

uv —ovu

— sin x cosec x

=[—dx+C1

=—x+C1
BZJ‘ ,Ru

7
uv —vu

cosec x cos x
= foseress gy g c,

dx + C2
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=fﬂdx+€

sin x

= [ cotx dx + Cz

2

= logsinx + C2
y =Au+ Bv
y = (—=x+ C1) cosx + (log sinx + C2) sinx
Example:
Solve (D2 + 4)y = cot 2x
Solution:
Auxiliary Equationis m2 + 4 =0
m? = —4
m=12i
C.F = Acos 2x + B sin 2x
Let the solutionbe y = Au + Bv
Here u = cos2x v = Sin 2x
u ==2sin2 x v |= 2c08,2x
w' — v = 2c0s22x + 2sin?2x
=2 ; R = cot 2x
—Rv

A= dx+C

uv —ovu

— cot 2x sin 2x
= [ dx+ G

=—"fcos2xdx +C
3 1

_ _ 1 .sin2x
=— (=21t

—sin 2x

=74 tha
_ Ru
B - J uv'—vu'

cot 2x cos 2x
= [ gy 4

dx + C>

2
:lfcos 2xdx_i_c2

2 sin 2x

_ % f (1—sin2 Zx) dx + C,

sin 2x

="' [(cosec 2x — sin 2x) dx + C
3 2
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[— ilog(cosec 2x + cot 2x) + icos 2x] + C2
2 2

=— Elog(cosec 2x + cot2x) + icos 2x+C
4 4

1
2
2

y =Au + Bv

y=[— 2 ¢ J cos2x + [— 1_log(cosec 2x + cot 2x) + 1_cos 2x+C ; sin 2x
4 4 4

Example:

2
Solve 4 + a2y = secax
dx?

Solution:
(D2 + a?)y = sec ax
Auxiliary Equation is m2 + a2 = 0
m = tia
C.F=(Acos ax + Bsinax)
Let the solutionbe y = Au + Bv

Here
u = c0sax V= Sinax
u = — asin & v = acosax
wv' —vu' = acos?ax +asinfax = a
- —Rv
A=|— - dx + C1
uv —ovu
— f—secaxsinax dx+C1
=_—1f 1 sinaxdx+C
a cosax 1
-1
= [tanax dx+C
a 1
_, logcosax
=+22% 4+ Cy
. Ru
B=[— > dx + C2
uv —ovu
:fsecaxcosax dx+CZ
a
=lf 1 cosaxdx+C
a cosax 2
1
= x+C
o 2
~y=Au+ Bv
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log(cos ax) +C | +sinax [&+C]
1 2

log(cos ax)

y =cosax |
a2

y = C cosax + cosax
1

a

. X .
+ C sinax + " sinax
; =

a? a
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Homogeneous equation of Euler’s and Legendre’s type

2
The general form of linear equation of second order is given by 4 + p di+ Qy =R
dx? dx

Where P,Q and R are functions of x only

Homogeneous equation of Euler type (Cauchy type)

An equation of the form

xndn —1 )
y + alxn—l dn y + azxn—z dn y + -l +any — f(X)

Where ai, az, ..., an are constants and f(x) is a function of x

Equation (1) can be reduced to linear differential equation with constant coefficients by putting
substitution

x = et (or) t=log x

< _9 (or) x¥ =Dy whereD ="

dx dt dx dt
= p -1y
dx?
3
Similarlylx3 22 = D(D —1)(D = 2)y and so on
dx3
Example:

Solve (x2D2 — xD + 4)y = sin(log x)
Solution:
Putt =logx = x=et
xD =D
x2D2 = D(D — 1)
[D(D—1)—D + 4]y =sint
(D? — 2D + 4D)y = sint

Auxiliary Equationis mZ—-2m+4=0

1 = 24VETE
2
2412
T2
24203 =
== =1+iV3
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a=18=+3
CF=etA cos V3 t+ Bsinv3 t]
PI=___

i 2 —
57 oprs St Replace Dz by — 1

sint

T —1-2D+4

1 .

Ty sint

_ 3+2D

"~ (3+2D)(3-2D)

__ (3+2D)
9—4p2
3sin t+2D(sint) .

= ———— —~sint
9-16(—1)

sint

sint Replace D% by — 1

_ 3sint+2cost
25

The general solution is y = C.F +P.I
y = et[AcosV/3t + Bsin V3t] +

3sint+2cost

25

= x[Acos(\/3l6g %) + Bsin (v3logx)] + 3 sin(log +2 cosllog 1

25
Example:
Solve (x2D? = 3xD + 4)y = x2 cos(logx)
Solution:
Putlogx = t=>x=c¢t
xD =D
x2D? = D(D — 1)
[D(D—-1)—-3D+4]y =eZsint
(D? —4D + 4)y = e?tsint
Auxiliary Equationis m2 —4m+4 =0
m=22
C.F= (At + B)e2t
P.I'= Dz—zlw+4 e?tsint
=2 e’tsint Replace D by D + 2
= e?t (D+21_2)2 sint
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= e S5 sint Replace D by — 1

1. .
= eZt_—lsmt = —e2sint

The general solutionis y = C.F + P.I
y = (At + B)e?t — e?t cost
= (Alog x + B)x? — x% cos log x
Legendre’s Linear Differential Equation

An equation of the form

Y ok pyr &Y
(ax + b) W‘l‘ j(ax + b) ot Tty =0..(1)

Where k's are constant and Q is a function of x is called such equations are reduced by using

substitution

ax+ b =et

t = log(ax + b)
(ax+b)D =aD
Gax g b)?P2 =pa2D (Dr=+1) and so"on.
After making these substitution in (1) it reduces to a linear differential equation with constant
coefficients
Example:
Solve (3x + 2)2y" +3(3x +2)y' —36y =3x2+4x+ 3
Solution:
Putt =log (3x+2)

t_
3x+2=cét; x="° ’

3
(3x +2) D=3D

(3x +2)2D2 =9D(D — 1)

et—2. 2 t_
[9D(D ~1) +9D - 36ly =3 () +4(632)+1

2t_ g0t t_
=3 (e“"—4e +4)+ 4 (e 2) +1
9 3

[9D2 — 9D + 9D — 36]y

2 (e —4et+4et+4—8+3)
[9D 36ly = 3
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e*t—1

(D2 -4y =
27

(D2 —4)y=_"Lex -1
27 27
Auxiliary Equation is m2—4=0
m? =4
m= %2
C.F = Ae? + Be2t

pr=_" ieZt Replace D by 2

L (D Replace D by 0

The general solutiends y =C.F + P/l

y=Ae2t + Be-2t 4+ o 1
108 108

y=ABx+2)?+BBx+2)2+ (Bx+2)2% 4+ 1
108 108
Example:
d%y dy
Solve (1+x)2_"+(1+x) " +y=4cos[log(1+x)]
dx2 dx
Solution:
Putt =log (1+x)
(1+x)=c¢t

(1+x)2D2 =D(D — 1)
[D(D—1)+ D + 1]y = 4cost
[D2+ 1]y = 4cost

Auxiliary Equationis m24+1=0

m?=-1
m = *i
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a=0,=1
C.F=Acost+ Bsint

P.I=__ |
. 57T 4 cost Replace D by —1

1
=——4cost
—1+1

_t
=55 4 cost
= 2tsint

The general solutionis y = C.F+P.1
y = Acost + Bsint + 2tsint
y = Acoslog(1 + x) + Bsinlog(1 + x) + 2log(1 + x) sinlog(1 + x)

Example:
2 d%y dy _ .
Solve(1+x)2_ "+ (1 +x) " +y=2sin[log(1+ x)]
dx2 dx
Solution:
Put 14+ xe= et
t = log(1 + x)

1+ x)d_yz Dy
dx

A+02% =D -1y

dx?
[D(D—-1)+ D+ 1]y =2sint
[D2+ 1]y = 2sint
Auxiliary Equationism2+1 =10
m = +i
C.F=Acost+ Bsint
= Acos [log(1 + x)] + Bsin [log(1 + x)]

P.I= 2sint Replace D2by — 1

DZ+1

1 .
=2 _sint
0

2t .
=_SsInt

2D

t .
=_sint
D
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= —tcost
= —log(1 + x) cos[log(1 + x)]
The general solutionisy = C.F + P.1
y = Acos[log(1 + x)] + Bsin[log(1 + x)] — log(1 + x)cos[log(1 + x)]
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System of Simultaneous Linear Differential equations with constant
coefficients

Simultaneous Linear equations
Linear differential equations in which there are two or more dependent variables
and a single independent variable such equations are known as simultaneous linear equations.
Consider the simultaneous equation in two dependent variables x and y and one
independent variable t.
f1(D)x + g1(D)y = hi(t) ... (1)
f2(D)x + g2(D)y = h2(t) ... (2)
Where f1, f2, g1 and g2 are polynomials in the operator D
Example:

Solvedy + x =12, dx—y=1¢
dx dt

Solution:
x+¥Dy=¢8 ..(1)
Dx—y=t ..(2)
Eliminate 'x"
(1)xD = Dx+ D2y = D (t2)
Dx + D%y = 2t...(3)
2 = Dx—y=t ..(4)

3)-(2) Diy+y=t
D%+ 1)y =t
Auxiliary Equationism2 +1 =10
m?=-1
m=*i
x=0,=1

C.F = ex[AcosPt + Bsinft]
= Acost + Bsint
1
P.lI=
D2+1 (t)

=L

T 1+ D2
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=1+ D)t
= (1- Dt
=t — D2(t)
=t
y = Acost + Bsint +t
Dy = —Asint + Bcost + 1
1) = x=t>—Dy
= t2 — [—Asint + Bcost + 1]
= t? + Asint — Bcost — 1
x = t?2 + Asint — Bcost — 1
y = Acost + Bsint +t
Example:
Solve the simultaneous differential equations

dx + 2y = sin2t ; 94— 2x = cos2t
dt dt
Solution:

dx 2y = sin2t
de

Dx + 2y = sin2t ...(1)

&y — 2x = cos2t
dt

—2x + Dy = cos2t ...(2) Eliminate 'x’
1 x2 = 2Dx + 4y = 2sin2t ... (3)
(2)xD =  —2Dx + D%y = —2sin2t...(4)
3+@) = D2y +4y =0
D2+4)y=20

Auxiliary Equationism2z +4 =0
m2 = —4
m=+2i
x=0,8=2
C.F = e*t[AcosPt + Bsinft]
y = Acos2t + Bsin2t
To findx , (5) = Dy = —2Asin2t+ 2Bcos2t
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2 = 2x = Dy — cos2t
= —2Asin2t + 2Bcos2t — cos2t

cos2t

x = —Asin2t + Bcos2t —

2
Example:

Solve 4x 4+ 2x + 3y = 2e2t ;4 3x+2y =0
dt dt

Solution:-
Given Dx+3x+2y=0
(D +2)x + 3y = 2e2 ...(1)
Dy+3x+2y=0
3x+(D+2)y=0..(2)

Eliminate x
(2)x(D+2) = 3D+2))x+(D+2)2y=0..03)
DBx@) = 3(D + 2)x + 9y =6e%t ... (4)
@-4 = [(B:+2)? — 9y = —6e

(D2 + 4D — 5)y = <6e?
Auxiliary Equation is),_m? +4m—5 =0
m=-5,1
C.F = Ae=5t + Bet

PI=__"

I (—6e2t) Replace D by 2

_ 6 g7
y = Ae~5t + Bet — ger .. (5)
To findx  (5) = Dy=—5A4e-5 + Bet —;er
2 = 3x=—-D+2)y
=—Dy—2y

= 5Ae~5t — Bet 4+ 12 e2t — 2Ae~5t — 2Bet + 1 e2t

7 7
3x = 34e~5t — 3Bet + ** e2t
7

8
x = Ae~5t — Bet + _e2t
7
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Example:

Solvedx +2x —3y =t ; & —3x 4+ 2y = e
dt dt

Solution:

Given Z_X+ 2x =3y =t ..(1)
t

Dx+2x—3y=t
D+2)x—-3y=t..(2)

Given %L_ 3x + 2y = €%t ...(3)
t

Dx — 3x + 2y = e?t
—3x+ (D +2)y=¢e2..(4)
@2)x@3) = 3(D+2)x—9y =3t
4)x(D+2) = —=3(D+2)x+ (D+2)2y = (D + 2)e?t
=9y + (D + 2)2y =3t + (D + 2)e?t
(=94 D2+ 4D + 4)y = 3t + 4e?t
(D2 + 4D —'5)y = 3t + 4e?t

Auxiliary Equation is “m2+4m—5 =0

m=-5,1
C.F = Aet + Be™>t
1
P.lh=
D2+4D-5 (30)
3 t
o
o DD,
=5[1 — s 1
3 p24+4p !
=5 [1-(— ) @®
-3 D?+4D 244p 2 ®)
= ?[ ( )+ ( ) +———]\
= e+3
5 5
= 3,1
5 25
1
Pl = 2t
D2+4D—-5 de
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_ 4
4-8-5

=t
y=C.F+P.I1+P.I
y=Aef+Be—5f—it—E+ert

ezt Replace D by 2

5 25 7
Dy = Aet — 5Be5t — 4862
5 7

3)= 3x ="+ 2y — e?
dt

= [Aet — 5Be~5t — S48 e?t] + 2 [Aet + Be=>t — t-" 4 4_eZt] — et
5 7 5 25 7

= Aet —5Be—5t —> 4+ %2t 4 24et + 2Be~5t — Ot + 2 4 oot — o2

5 7 5 25 7
6, 39 9
3x =3Aet —3Be 5t —_t—__+_e%t
5 25 7
2, 13,3
x=Aet—Be 5t —_t—__ 4+ _e2t
5 25 7
2, 1
- x = Aet —Be-5t — 2t — B 4 32
5 25 7
4 12
y = Aet # Be >t St ter =12
5 7 25
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Method of Undetermined Coefficient
The given differential equation is F(D)y = f(x)
To find the particular integral (P.I) of the given equation, we have to assume a trial solution that
contains unknown constants. This unknown constants are to be determined by substitution in the

given equation and the trial solution depends on the given function f(x).

SI.No Function f(x) Choice of P.1
1 keP* Cebx
) ksin(ax + b) Cisin(ax + b) + Czcos(ax + b)

(or) kcos(ax + b)
kerxsin(ax + b)

3 Cierrsin(ax + b) + Czep*cos(ax + b)
(or) kerxcos(ax + b)
4 kxmwherem = 0,1,2, ... ... Co+ Cix 4+ Cox?2 + - ... ... Cmxm
Straight Case:

If the R.H.S function f(x) is not a member of the solution set, then choose, P.I,(yp) from
the above table depending on the nature of f(x)

Sum Case:

When the R.H.S f(x) is a Combination (sum) of the functions in column "2" of the table,
then P.I is chosen as a Combination of the corresponding function in third column and proceed as
in straight case.

Modified Case:

When any term of f(x) is a member of the solution set S, then the method fails. If we
choose yp from the table. In such cases the choice from the table should be modified as follows.

a) Ifatermu of f(x) isalso aterm of the C.F then the choice from the table corresponding
to u should be multiplied by

* x if u corresponds to a simple root of C.F
* x2 if u corresponds to a double root of C.F

* xs if u corresponds to a s-fold root of C.F
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b) Suppose xTu isaterm f(x) and u is a term of C.F corresponding to an S-fold root then
the choice from the table corresponding to x"u should be multiplied by xs.
Type | : Straight Case:

Example :

Solve (D2 — 3D + 2)y = 6e3*
Solution:

Given y" — 3y"' + 2y = 6e3* ... (1)

Auxiliary Equationism2 —=3m+2 =0
m=1,2
C.F = Ae* + Be?* ... (2)
Here the Solution Set S = {ex, e2x}
R.H.S of (1) is not a member of S
P.I yp=~Ce3¥..(3)
yp' = 3Ce3*
Vo= 9Ce3*
@ = 9Ce3*x — 9Ce3* + 2Ce* = 6e*
2Ce3x = 6e3x
20=6
c =3
(3) = yp = 3e3*
The general solution is y = yc+yp

y = Ae* + Be?x + 3e3~

Type Il : Sum Case:
Example :
Solve (D2 + 2D + 5)y = 2x2 + 3e~*
Solution:
Given y" + 2y' + 4y = 2x2 4+ 3e~* ... (1)
Auxiliary Equationism2 +2m+4 =0

= —2+32:4—16
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—2+v-—12
2

=-1++3i
C.F = e_x[ACOS\/gx + Bsin\/§x] - (2)

Here the Solution Set S = {e—XCOS\/_Sx, e—xsinxfgx}
R.H.S of (1) is not a member of S

Choose P.1 Yp= Co+Cix + C2X2 + Cze—* ... (3)
y =C+2Cx—Ce>
P 1 2 3
yp" =2C2+ C3e*
(1) = 2C2+ C3e™ + 2C1 + 4C2x — 2C3e~™ + 4Co + 4C1x + 4C2x% + 4Cze~>

= 2x2 + 3e~*
Equating the coefficients of
x2 4C2 =2
2 1
CZ—Z =3
e 4Caut C3— 2C3.=.3
3C3 =3
Cs3=1
x 4C24+4C1=0
4t +4c =0
2 1
4C1 =_74
- _1
C1= p =

Constant: 2024+ 2C1+4Co=0
2(l)+2(‘_1)+4co=0

2 2
Co=0
) = y = __1x+_1x2+e—x
P 2 2
—X Xz
=_"+_+e*
2 2

The general solutionisy = C.F + P.1

2
y = e~*[AcosV3x + BsinV/3x] =+ + e~x
2 2
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Example :
Solve (D2 + D — 2)y = x + sinx
Solution:
Giveny"+y' — 2y = x + sinx ... (1)
Auxiliary Equationis m2+m—-2 =0
m=1,-2
C.F = Ae* + Be=2x ... (2)
Here the Solution Set S = {ex, e~2x}
R.H.S of (1) is not a member of S
choose P.I  yp = Co + Cix + Cz2sinx + Cscosx ... (3)
yp' = C1 + Czcosx — C3sinx
yp' = —Ca2sinx — C3cosx
(1)=> —Cazsinx — C3cosx + C1 + Cz2cosx — C3Sinx
—2Co — 2C1x — 2C3Sinx — 2C3cosx = x + sinx

Equating the coefficients.of

X: —2C1 =1
C1 =_71
Constant: Ci1—2Co=0
Co =_Tl
sinx: —C2—C3—2C2=1
-3C2—-C3=1..(4)
COSX: —C3+C2—2C3=0

C2—3C3=0..(5)

Solving (4) & (5) we get Cz2 = ‘1_3 Cs = I_;
-1

1 3 . 1
B » y=_— x—_sinx— _cosx
P4 2 10 10

The general solutionisy = C.F + P.1

1 1 3 . -1
y = Ae* + Be=2* — _— _x — _Sinx _cosx
4 2 10 10
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Type: 111 Modified Case:-
Example:

Solve (D% + 9)y = cos3x
Solution:

Given y" 4+ 9y = cos3x ... (1)
Auxiliary Equation ism2 +9 =0
m = 13i
C.F = Acos3x + Bsin3x ...(2)
Here the solution set S = {cos3x, sin3x}
R.H.S of (1) is a member of S
Choose P.I  yp = C1sin3x + C2cos3x
Corresponding terms should multiplied by x

yp = x[C1sin3x + C2c0s3x] ... (3)

y = x[3C16053x — SCZSin3x] + [C1c053x + CzsinSx] +
p

yp" = x|=9C1sin3x =9C2c0s3x] +
[3C1c0s3x — 3C25in3x|% 3C1c0s3x.—~ 3C28in3x
(1)  —9Cixsin3x — 9C2xcos3x +
6C1cos3x — 6C2sin3x + 9Cixsinx + 9C2xcos3x = cos3x

Equating the coefficients of

cos3x: 6C1=1
C1= %
sin3x: —6C2=0
C2=0
()= =X [l sin3x]
6
»

The general solutionis y = C.F + P.I

y = Acos3x + Bsin3x + ¥ sin3x
6

Example:
Solve y" + y' — 6y = 10e2* — 18e3* — 6x — 11
Solution:
y"+y' — 6y = 10e2r — 18e3* — 6x — 11 ... (1)
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Auxiliary Equationis m2+m—-6=0
m=2,—-3
C.F = Ae? + Be=3x .. (2)
Here the Solution Set S = {e2x, e—3x}
R.H.S of (1) is not a member of S
Choose P.I  yp=Cie?*+ C2e3*+ C3x + Ca
Corresponding terms should multiplied by x
yp = x(C1e2¥) + C2e3* + C3x + C4 ... (3)
yp' = C1x2e2x + C1e2* + 3C2e3* + (3
= (2C1x + C1)e?* + 3Cze%x + C3
yp" = (2C1x + C1)2e%* + e2*(2C1) + 9C2e3*
= 2e2¥[2C1x + 2C1] + 9Cze3*
= 4e2x(x + 1)C1 + 9C2e3x
(1) = 4(x+ 1)C1e3* + 9C2e3* + (2x + 1)C1e3* + 3C2e3*
—6xC183%— 6xC2e39=6C3x —6Cy=10e2x 118e2¥=6x — 11
(dx +4+2x+ 1 — 6x)C1e2* +6C2e3 + G3'— 6C3x — 6C4
= 10e2x — 18e3* — 6x — 11

Equating the coefficients of

ex 5C1 =10
Ci=2
e3x : 6C2 =18
C2=-3
x ¢ —6(C3 = —6
Cs=1
Constant C3—6Cs=-—11
Cs=2

B) = yp=2xe?*—3e3*+x+2
The general solutionisy = C.F + P.I
y = Ae?* + Be=3% + 2xe?* — 3e3* + x + 2
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