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LINEAR TIME INVARIALIiINFIgI\S/CRETE TIME SYSTEMS
5.1 INTRODUCTION
A discrete-time system is anything that takes a discrete-time signal as input
and generates a discrete-time signal as output.1 The concept of a system is very
general. It may be used to model the response of an audio equalizer . In electrical
engineering, continuous-time signals are usually processed by electrical circuits

described by differential equations.

For example, any circuit of resistors, capacitors and inductors can be
analyzed using mesh analysis to yield a system of differential equations. The
voltages and currents in the circuit may then be computed by solving the
equations. The processing of discrete-time signals is performed by discrete-time
systems. Similar to the continuous-time case, we may represent a discrete-time
system either bywa setpofudifferencevequations, or-by. avblockydiagram of its

implementation.

For example, consider the following difference equation. y(n) = y(n-
1)+x(n)+x(n-1)+x(n-2) This equation represents a discrete-time system. It

operates on the input signal x(n) to produce the output signal y(n).
5.2 BLOCK DIAGRAM REPRESENTATION

A structural representation using interconnected basic building blocks is the

first step in hardware or software implementation of an LTI system.

Basic Building Blocks:
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A

X|[n] % ylnl x[n]%D—wlnl
wn] Multiplier
Adder
x[n] — I > X[n]
x[n] — =~ yin] il
Unit delay Pick-off node

There are four types of system realization in continuous time linear time

invariant systems. They are

e Direct form | realization
e Direct form Il realization
e Cascade form realization

e Parallel form realization
DIRECT FORM | REALIZATION

It is the direct implementation of differential equation or transfer function
describing the system. It uses separate integrators for input and output variables. It
provides direct relation between time domain and s-domain equations. In general,
this form requires 2N delay elements (for both input and output signals) for a

filter of order N. This form is practical for small filters.
Advantages:

e Simplicity

e Most straight forward realization

Disadvantages:
e More number of integrators are used
e |nefficient and impractical (numerically unstable) for complex design
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The transfer function H(z) of the 1IR system is divided into two parts
connected in cascade, with the first part H1(z) containing only the zeroes,

and the second part H2(z) containing only the poles.
H(z) = Hy(z)H,(z)

Where

M-1
H (z) = Z bz
k=0

And
1

H,(z) =
2(2) 1+ XN 1apz*

These equations can be rewritten as

or in time domain

wln] = byx[n] + byx[n — 1] + ==+ + by x[n — M]

And

W@ 1+ 2V, agzk

or in time domain
y[n] =w[n] —ay[n — 1] —ayy[n — 2] — -+ — ayy[n — N]
Realizing the above two equations for H1(z) and H2(z) using basic building

blocks and connecting them in cascade, we obtain the Direct Form — | structure as
follows

binils — Android App EC8352 SIGNALS AND SYSTEMS

binils - Anna University App on Play Store



Binils.com — Free Anna University, Polytechnic, School Study Materials

©

r ~a
- 1 |
\ > o
o -
i Y
+ < + }——b-
%
| |
A Ly
~ r
1 |

re
|
15
|
+
*Q—’
|
B
r
I

r——*@— e’
|
| 5]
L~} ]Z
L4 |
4
b —— ‘ -

............................................................

All-zero system All-pole system

DIRECT FORM Il REALIZATION
It is the direct implementation of transfer function describing the

system. Instead of using separate unit delay elements for input and output

variables separately, an intermediate variable is unit delay element. It

provides direct relation between time domain and z-domain equations.

Advantages:

e It uses minimum number of unit delay element Straight forward realization
Since, in a cascade arrangement, the order of the systems is not important, the all
— pole system H2(z) and the all - zero system H1(z) can be interchanged.i.e.,
V(z) 1
Hi(z) = X(2) = 1+ Zleﬂkz_k
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Or, in time domain,

v[n] = x[n] — ayv[n — 1] — ayv[n — 2] — =+ =+ — ayv[n — N]

And

M
_Y(2) _ _
H,(z) = V) ;’bkz K

Or, in time domain,
y[n] = byv[n] + byv[n — 1] + «+- -+ + byv[n — M]

Both the time domain equations involve the delayed versions of v[n], and hence

require a single set of delay elements. This results in the Direct — Form Il structure as

follows
bo
x(n) " A —=f:\ vin) n
:—I
-ﬂ| b]
+ “ -
!
:—i
=a; b,
+ et -
=y by 1
+ | - - -{ +
¥
=1
—ﬂN b‘H

CASCADE FORM (SERIES FORM)
In cascade form realization the given transfer function is expressed as

a product of several transfer function and each of these transfer function is
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realized in direct form 1l andthen all those realized structures are cascaded
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I.e., connected in series.
Consider a system with the following system function
(bro + braZ ™t + b Z %) (bymo + b1 Z7* + bmpZ7?)

H(Z) = = H,(Z2)H,(Z
(2) A4+ apZ 4+ a2+ apiZ7 1 + appZ72) 1(D)H(2)
Where,
H,(Z) = (bgo + bp1Z 1 + by Z72)
1t (14 apZ7 1+ ag,Z72)
H(Z) = (bo + bm1Z 1 + by Z72)
2% (1+ amiZ 1+ appZ2)
®(Z) > bro 5 T > b.—nu}

Y Ll ) qf il

Zind g
A | bkl L s | Orm2 ~
e - L

Fig Cascade form realization

PARALLEL FORM REALIZATION

The given transfer function is expressed into its partial fractions and each factor is
realized in direct form Il and all those realized structures are connected in parallel as
shown in Fig

Consider a system with the following system function
N

C
H(Z)=C+ k
(2) Zj——pkrf
k=1
Where {Pk} are poles of the system function
C C
HZ) =C+ S Ot S S
1—-PZ71 1—-pyz71 1—Pyz1
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Fig: Parallel form realization
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5.3 IMPULSE RESPONSE
When the input to a discrete time system is a unit impulse §(n) then the
output is called an impulse response of the system and is denoted by h(n)

~Impulse response h(n) = H{5(n)}
o(n) — — h(n)

Impulse response of interconnected systems

Parallel connections of discrete time systems (Distributive property)
Consider two LTI systems with impulse response h1(n) and h2(n)

connected in parallel asshown in Fig

S |hi(n) yl(l.])
stem /\k vin) — x(n) b
x(n)—>  System1 * > —  —>lh(n)=hy(n)+hs(n) —>
>h,(n)
ya(n)
System| 2

Fig Parallel connections of discrete time systems
Cascade connection of discrete time systems (Associative property)

x(n) yy (1) y(n) x(n)

—p (M) |h(n) | p — | h(n) = hy(n) * hy(n) _'y('n)
Systeml Svstem?2

Let us consider two systems with impulse hi(n) and h2(n) connected in cascade
as shown in Fig

Example 1 : Determine the frequency response and impulse response

1 1
y(m) —=y(n—1) —=y(n—2) = x(n)

Solution:
1 1
y(n) ——y(n—1) ——y(n—2) = x(n)
6 6
Applying DTFT
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v (@) _%e—fwy(eiw) - %e—zwy(efw) _ X(ef®)

Frequency Response
jw 2jw
) A S S T
Jw —i — Jw _ 2o -
X(el®) 1 —Ze o _Zp—2jw e —e -
H(el®) el® A B
gjw glivw _ lgjw z oeJe—-2 eJ® 42
e/ = A(e/” +3) + B (e -2)
3 2
Atel® = 1
1
_1=p(—2-1 B—: Atel® =3
3 3 zs ! 5 1 1 1 3
s=AG+3)  ~A=3
3 pjw 2 jw
; 5 5
Hel® | === .
() el® — " el¥ +3

Applying Inverse DTFT,
) =31 ul) +2(=D u(n)
5 2 5 3

Example 2:Find response of system using DTFT.
hm) = (5" um), x(m) = (3" um).
2 4

Solution:

h(n) = %)”u(n),x(n) ~ (g)"um).

He) =115 + X()=155

v(ef®) = H(eJ®)x(e7?)

Mﬂ]il- et
*nl:m =
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. 1 1 el el®
Y(EJ‘“) = — . = —
1 —Ze-jw 1 —Ze-jw  pgjo L gjw 2
] 2 ] ] 2 +
v(e/) el® __ 4 B
R O R WL
o . - 3 o 1
oo = a(ef® =3) +B(e/* —3)
Atel® =1 Atel® =2
SLCHIEYES =BG, wB=3
v(e/®) -2 3 . —2e/®  3eI®
plw  piw _%—I_Ejm 3 => ¥(e/®) = o _%-l_ejm I
Applying DTFT,
yln) = -2 (—) u(ars 3 (—) u(n)
2 4
binils — Android App EC8352 SIGNALS AND SYSTEMS

binils - Anna University App on Play Store



Binils.com — Free Anna University, Polytechnic, School Study Materials

5.4 CONVOLUTION SUM

The convolution sum provides a concise, mathematical way to express the
output of an LTI system based on an arbitrary discrete-time input signal and the

system's response. The convolution sum is expressed as

x

v[n]= Z x[k] h[n—k]

1. Convolution is commutative
x[n] * h[n] = h[n] * x[n]
2. Convolution is Distributive
x[n] * (hi[n] + hy[n]) = x[n] * hy[n] + x[n] = hy[n]
3. System connected in cascade

yln] = hi[a] £ [Ro[n] # xfnll = [ hi{n]™ (] = ¥n]

4. System connected in parallel\
y[n] = hi[n] * x[n] + hy[n] * x[n] ] = [ hi[n] + hy[n] ] * x[n]
LTI Systems are said to be stable if ,

i |lz[k]| <o

k=—

LTI system are causal if,
h(n) =0,n < 0.
EXAMPLE 1: Convolve the following discrete time signals using graphical
convolution x(n) = h(n) = u(n).

Solution:

x(n) =un)=1;n=0
h(n) =un)=1n=0

binils — Android App EC8352 SIGNALS AND SYSTEMS

binils - Anna University App on Play Store



Binils.com — Free Anna University, Polytechnic, School Study Materials

y(n) =x(n) *hin) = ¥ x(k)hin—k)

k=—uo

whenn=10
y(0)=(11) =1
whenn=1

y (1) = (D) + (W) =2

1,

whenn =2
y(2) = (D) + (1)(1)+(1)(1) =3

k£2)

LT,

3 2 -1 01 2n"
~y(n) ={1,2345,..]}

Example 2: Compute linear convolution x(n) = {2,2,0,1,1} h(n) = {1,2,3,4}.

Solution:
2 2 0 1 1
NzEzes
N S
b(n) = x(n) * h(n) = {2,6,10,15,11,5,7,4}
binils — Android App EC8352 SIGNALS AND SYSTEMS

binils - Anna University App on Play Store



Binils.com — Free Anna University, Polytechnic, School Study Materials

55 LTISYSTEM ANALYSIS USINGDTFT

Output of LTI system is given by linear convolution
y(n) = X, h(k)x(n — k)
Let the system be excited by the sinusoidal or phaser ej«n,
~x(n) = ejon for —oo <n < o

Hence the signal is complex in nature .It has unit amplitude and frequency is

'w'.The output is given by

y(n) = X _o, h(k)e/*" =

== Z h(k)ejwn_ejwk

k=—c

co

=1 2 h(kye/vkfein

k:—OO

= H(w)ejon

(00)

H(w) =Y h(k)eiwk

k:—OO

H(w) isthe Fourier transform of h(k) and h(k) isthe unit sample response. H(w)
is called the transfer function of the system. H(w) is complex valued function of

o inthe range —m < w < m.The transfer function of H(w) can be expressed in

polar form as
H(w) = |H(®)|e/ Lt
|H(®)|is the magnitude of H(®)
| H(®)is the angle of H(®)
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LTISYSTEM ANALYSIS USING Z-TRANSFORM

The Z-Transform of impulse response is called transfer or system function
H(Z).

Y(2) = X(2)H(Z)

General form of LCCDE
N M
Y ayfn—k]=Y bxln-k]
k=) k=0
N M
Y az"Y(z)=Y 2" X(z)
=i =

Computing the Z-Transform

M
Y b,z >
Y(z A,-:o
[ K
B,
k=0

Example 1: Consider the system described by the difference equation.
s =xln]+ 3 n =11+ 33l =11 -3 3 =21+ 23 =3]
Solution:

sl =]+ 3 afn =11+ 23t =11 -3 3 =21+ 23 =3)
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Here N =3, M =1. Order 3 homogeneous equation:

W= 251+ 2ytn-2-sn-31=0  n22
The characteristic equation:
T ) L

pedpiplad. Lodag
& 3% 18°

The roots of this third order polynomial is: @, =a, =1/2 a;=1/4 and

Yl =HlAl= 4 5)" + AnG) + 4G, 22

Let us assume y[-1]= 0 then (3.52) for this case becomes:

a OIPON_[%] - [ OIPON_[1] - yor=t =10/
[an a, '[JU]]]_ bI] [—5.-'4 1]'[}.-[1]] [m] M0]=1; ){1]=19/12

with these we have the impulse response of this system:

HA==3GY + )"+ n20
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