binils.com - Anna University, Polytechnic & Schools
Free PDF Study Materials

Catalog
SAMPL'NG THEOREM ........................................................................................................................................................
D|SCRETE T|ME FOUR'ER TRANSFORM AND |TS PROPERT|ES .................................................................................
binils — Android App

binils - Anna University App on Play Store



binils.com - Anna University, Polytechnic & Schools

Free PDF Study Materials
Binils.com — Free Anna University, Polytechnic, School Study Materials

4.1 SAMPLING THEOREM
It is one of useful theorem that applies to digital communication systems.

Sampling theorem states that “A band limited signal x(t) with X(®) = 0 for
|m| > ®m can be represented into and uniquely determined from its samples x(nT)
if the sampling frequency fs > 2fm, where fm is the frequency component present

init”.

(i.e) for signal recovery, the sampling frequency must be at least twice the
highest frequency present in the signal.

&r7(t) is impulse train
rlt)

T;m Alth=x(nT]
A |

Ht) —» ®% sitl=xinT)

Fizg 4.1 T Fig 4.4
'8 Biit) '8

Fig 4.3

R

Analog signal x(t) is input signal as shown in Fig 4.1, &r(t) is the train of
impulse shown in Fig 4.2. Sampled signal xs(t) is the product of signal x(t) and

impulse train 87(t) as shown in Fig 4.2

x.(t) = x(t).6¢(t)

| - 1 —
we know 87(t) = Z 5(;;—?1]'*):? Z pinwst

n=—oo
oD

. 1 )
s (t) = x(t).? Z glnawst

n=—=od
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Applying Fourier transform on both sides

K@) =7 Y FIx(ee]

n=—0c0
1
Xs(w) = T Z X(w — nes)
n=—an
21
where w; = 2nf, = T

S X (w) == Z X{m——)

?530
(N =f ) X(F-nf) where f, = -

n=——&o

WhereX(w) ot X{f) is Spectrunt of iftprc signal.
Where X (@) or X.(f) is Specturmof sampled signal.

Spectrum of continuous time signal x(t) with maximum frequency wm is shown in
Fig4.5

(C)

Wy, 0 Dy c;"

Fig 4.5 Spectrum of x(t)
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Fig 4.7 Spectrum of xs t when ws — wm = wm
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Fig 4.8 Spectrum of x.(t) when w; — w,, < w,,

For ws >2wm

The spectral replicates have a larger separation between them known as guard
band which makes process of filtering much easier and effective. Even a non-ideal
filter which does not have a sharp cut off can also be used.
For ws = 2wm
There is no separation between the spectral replicates so no guard band exists and
X(w) can be obtained from Xs(w) by using only an ideal low pass filter (LPF) with

sharp cutoff.
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For ws <2wm

The low frequency component in Xs w overlap on high frequency components of X
w SO that there is presence of distortion and X w cannot be recovered from Xs w by
using any filter. This distortion is called aliasing.

So we can conclude that the frequency spectrum of Xs(w) is not overlapped
for ws — wm > wm, therefore the Original signal can be recovered from the sampled
signal.

For ws — wm < wm, the frequency spectrum will overlap and hence the original
signal cannot be recovered from the sampled signal.

=~ For signal recovery,

W — Wy = wWy(i.e) wg = 2w,
(or)
f622fm
I.e., Aliasing can be avoided if fs >2fm

Aliasing effect (or) fold over effect

It is defined as the phenomenon in which a high frequency component in the
frequency spectrum of signal takes identity of a lower frequency component in the
spectrum of the sampled signal.

When fs <2fm , (i.e) when signal is under sampled, the individual terms in
equation

1 5o
Xs(w) = T ~n=—co x(w — nws)

get overlap. This process of spectral overlap is called frequency folding effect.
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Occurrence of aliasing
Aliasing Occurs if
i) The signal is not band-Limited to a finite range.
ii) The sampling rate is too low.
To Avoid Aliasing
i) x(t) should be strictly band limited.
It can be ensured by using anti-aliasing filter before the sampler.
iy  fsshouldbe greater than 2fm .
Nyquist Rate
It is the theoretical minimum sampling rate at which a signal can be sampled
and still be reconstructed from its samples without any distortion
Nyquist rate fN =2fm . Hz

Data Reconstruction or dnterpolation
The process of obtaining analog signal x(t) from the sampled signal xs(t) is

called data reconstruction or interpolation.

we know x.(t) = x(t).0¢(t) = x(t) Z o(t —nT)

n=—uoo

§(t — nT) exist only att = nT
5 x(8) = x(nt) Z 5(t —nT)
n=—0o

The reconstruction filter, which is assumed to be linear and time invariant, has unit
impulse response h(t).
The reconstruction filter, output y(t) is given by convolution of xs(t) and h(t).
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S y(t) = x5(t) = h(t) = J- x(nT) Z S(t —nT). h(t — )dr
— Z x(nT) f 8(z = nT) h(t - 1)dr

6(t —nT) exist only at T = nT

6(t—nT)=1latt=nT

(o]

y(@) =3 x(nT)h(t —nT)

n=—oo

Ideal Reconstruction filter
The sampled signal xs(t) is passed through an ideal LPF (Fig 4.9) with

bandwidth greater than fm and a pass band amplitude response of T, then the filter

output is x(t).
Transfer function of ideal reconstructionfilter is

H(f)=T; Ifl <0.5f

Ideal Reconstruction filter
,\H{ﬂ

Xs(t)

s T %x[t}

e
-

-f.f2 ff2 f
Fig 4.9

The impulse response of ideal reconstruction filter is

h@®) = | Tejot df
zzfg
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j2mt | 5o j2mt
2

fs
H jonfels
I f’fej:hrft df:Tle ] _ T [jznr%t_e—jzm%t]
_fs
2

1 ejZTIj;—St . e—jZﬂ};—St . .
= sinmf.t =sinc wf.t

- femrt 2] mft
S h(t —nT) =sincnfe(t —nT) .........(1)
y(t) = Z x(nT)Yh(t —nT)

Substitute equation 1 in above equation

o0 o0

t

~y(t) = Z x(nT) sinc nf,(t —nT) = Z x(nT) sinc n’(? — n)

T——@0 Ty=z00

oG
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4.2 DISCRETE TIME FOURIER TRANSFORM AND ITS PROPERTIES
The DTFT is a transformation that maps Discrete-time (DT) signal x[n] into a

complex valued function of the real variable namely:

(0]

F[X(Tl)] = X(eja)) = Z x(n)e—jwn

n=—oo

INVERSE DISCRETE FOURIER TRANSFORM
IDTFT is given by

x(n) = F_l[X(e )] ——f X(e jw)ejamdw ,for n = —oo to oo

Example 1: Find the DTFT of x(n) = a™u(n).

Solution:
X(e) = Poalrlern= Dlaulple™™ =3 lae™2 ) = 1;
H=—a0 n=—m= =0 — e

Example 2: Find the DTFT of x(n) =am™!', la | < 1.

Solution:

X(e’)= folnlu[u]e'm Zﬁ ~Jon -I-Zﬁ e i

H=—00 H=—00

Let m = —n 1n the first summation. we obtain

Ejjcu)_ Zﬂl |”[F?]P Jem Zampjam +Zﬂ”€ Jeon

f=—00 n=0

ae’® 1 l1—a-

1—ae’™ 1-—ae® 1-2acos®+a’
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il X(")
ﬂ {1+ayi1-a) W

y -

PROPERTIES OF DTFT:

Linearity:

Fodx(n) + xn)} = Fpde(n)} + Fprdnln) = X,(e70) + X,(e/®)
Time Shifting:
If Fprix(n)} ~ X(e#mthem
i;[)T{X(ﬂ - ﬂ,:).)} — el X(G _,'Q)
Proof:

oo

— ¥ —,i:nlnhw,) — jon — W02
E x(n—nD)e Fon — E .\’(m)e V=g o E x(m)e s
fN=—oc

n=—oc Mi=—oco

Time Reversal:

If Fprix(n)} = X(e®), then:
Forix(—n)} = X(e7®)
Convolution:
If Fprix(n)} = X(e’®) and Fp{y(n)} = Y(e’®), then:

G(e®) = Fpdx(n) * y(n)} = X(eio) Y(ei®)
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Proof:

)= 3. 3. nsla-m)e == T olm) 3 o= m)e =

fl=—== Rl=—t= H=—u= Ri=—=

o o

- SA S AN = e T

Frequency Shifting:

If Fprix(n)} = X(e®), then:

F v {e””"x(n)} = X(e Aoy} ) :

Time Multiplication:

If Fprix(n)} = X(e’®), then:
B wiif z
‘:Fm{nx(n)}=—z d(z )
Parseval’s Theorem:

If Fpp{x(n)] = X(e®) and Fp{ip(n)} = Y(e/®), then:

oo

Z x(n)y" (n) = ﬁJ:X(e”)Y 3 (e”)da)

N=—co
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Proof:

% .k[zx(n)e"ﬁm:ly» (t’»jm)d(o _ "i x(ﬂ)-ﬁ-[:}" (ef“’)e-,'mdm

For the case x(n) = y(n), then:

Multiplication of Sequences:
If Fprix(n)} = X(e=) and Fpdy(n)} = Y(e/e), then:

F o {x(n))’( n)} = Z x(n)y(n)e”’"" = Zﬁx(n)[ﬁ J: )’(ep‘ )eﬁ'"dk]e‘” N

Nn=—cc

=z—lnl[iy(g-“)tﬂ.gx(u)e'im—a}n =21_7r :Y(e-ﬂ')x( eiu-?.))‘a
=2—Lf[e’h})$x(€_iﬂ}

Differentiation in the Frequency Domain:

If Fpdx(n)} = X(e=), then:

ﬂ”‘(;):i{ix(n).g—-w]=—jinx(n)e‘””=—ﬁm{ﬂx(ﬂ)}

MH=—a
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