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UNIT-III
LINEAR TIME INVARIANT CONTINUOUS TIME SYSTEMS
INTRODUCTION

In this chaplar mealhods of analysis of LT continuous-lims syslems are discussed. First,
time domam method is discussed and frequency domain analysis method s nfroduced
later. In this chapler some of the impertant mathematical technsgues, e.g., Convolution
int=gral, Fourier serdss, Fourier-fransform, Laplace-fransform, their properties and their
application in time and freguency domain analysis of linear lime-invariant (LTI systerns
including ideal filters are also discussed.

3.1 DIFFERENTIAL EQUATION
Example

Determine the natural response of the system described by the equation,

iyl | ayit) _ dxit) ; _go oyt
+ 615 4 5ylt) = —= 44t y(0)=1; TL]__Q

dt*
Solution
The natural response is response of the system due o initial conditions and g0 it is given by zero-input response.
Zara-input response , y,(t) = yy(1) }wim constants evakeated using initial condilions
where, y, () = Homogeneous solution
The given system equation is,
dy(t)

2
dd—!:’“! +B? 'i's}'{t} =

dx(t) + 4x(t) el 1)

Homogeneous Solution

The homogeneous salution is the solution of the system equation when x({1) =0,
On substituting x(t) = 0in system equation (equation (1)) we get,

diy(t) . dy(y
di® bl dt

2
Let, y(t) = Ce™; . %y(l} = Cre™; %y{!] = Cife"

+&MWH=0 (2)

On substitufing the abowe terms in equation (2) we get,

Cite"+6Cre" +5Ce" =0

LA +Br+5)Ce” =0
The characteristic polynomial of the abowe equation is,

A Bl S5 =0 — (A4 1) (A +5)=0 = A=—1,-5
Mow the homogensous soluticn is given by,
Homopgeneous solution, y, (1} = G, e*" =+ C,e"* = C,e' + C, e ™

Natural Response (or Zero-input Response)

Zero - input response , Yﬂ“} = )""(I} |with consiants evaluated using inital conditions

U,Q (e GE G-Ell

with G‘ and Gz evaluatad using initial conditions

ayalt) _ -C,e' - 5C, ™
T 1 2

At =0, y0) =Ce” +C,8° =C, + C,

Given that, y,(0) =1, .~ C, +GC, =1
AL =0, ﬂ’ﬂ = —C,e° — 502 g = —G, - BC,
s s
Given that, SYall = =8, & -G —5C;= -
s LI S
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On adding equations (3) and (4) we get,

0,5 = cz=%

Frem equation (3), G, = 1-C, = 1-

= Natural response, y,(t) = g el 4

Example

Determine the forced response of the system described by the equation,

5 d—r_% + 10y(t) = 2x(1), for the input, x(t) = 2 u(l).
Solution

The forced response is the response of the system due to input signal with zero initial conditions and so it is given
by zero-state response.

Zero state response , y,.(1) = y,(t) + y,(1) lwim constants evaluated with zero initial conditions

where, y, (t) = Homogeneous solution and y,(t) =Particularsolution

The given system equation is,
5 "3?’ +10V() = 2x(0)

Homogeneous Solution

The homogeneous solution is the solution of the system equation when x(1)= 0.
On substituting x(t) = 0in system equation {agquation (1)) we get,

il .
5L 41040 = 0 2)

Let, yit) = Ce*; %y{t} = Cre®

On substituting the above farms in equation (2} we get,
5Cie" +10Ce" =0
(5 2+10)Ce" =0

The characteristic polynomial of the above equafion is,
5i410=0 = +2=0 = h==2

Maow the hemogeneous solution is given by,

Homogeneous solution, y,(t) = Ce''= Ce™

Particular Solution

The particular solution is the solution of the System equation (equation (1)} for specific input.
Here input, x(ty=2ult}
Let the particular solution, y (t) is of the torm,

l_.ln[t] =K xit)
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d
U0 = 80

dy (t
yh=2Kult); Z“!” = 2K 5it)

On substituting the above terms and the inputin system equation {equation (1)) we get,

5 % +10y(t) = 2x()

U

10K 1) + 20K ull) =4 uf)
= 20K=4 = K=1/5 [B(1)=0, u{1)=1

Att=1, 10K8(1) + 20 Ku(1) =4 uf1)
- Particular sclution, y_ [t} = %u{t}

Forced Response (or Zero-State Response)

Zero state response | y,.(f) = y,{1) + y“m |w1|h congstante evaluated with zem initial condiions

2
=Ce® L Sy
2] 5u{jl

Att=0, y,f) = e’ +§u{UJ=E+§

; 2 2
Sinca,  y,(0) =0, C+§=D = E:-g

.. Forced Response, v, (t) = g e 4 g

Example
Detarmine the complete response of the system described by the equation,
dyit) |, o dvlt) dxft) . dylt)
iR 5 . F 4y(l) = s yi0) =0 ; dt |, =1, forthe input, x{t) = e uft)
Solution

The given system equation is,

dy) | dy) _ dx(t)
e tSa YTy

Homogeneous Solution
The homogeneous solution is the solution of the system equation when x(f) = 0.

On substituting x{t) = 0 in system equation (equation (1)) we get,

dy(t) dy(t) "
g BB Ay e D

2
Let, yity = Ce": .. ;—I'_.rit} = Che" and %—[y{t} = Cpfe"
On substituting the above terms in equation (2) we get,

Cife” +5Che" +4Cea" =0

L[17e5 44 Ce" =0
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The characteristic polynomial of the above equation is,
P45 +d4=0 = [h+4){L+1)=0 = h=-4,-1
Maw the homogeneous solution is given by,
Homogeneous solution, y,(t) = C,e'" + C, "' = G, e™ + C, e
Particular Solution
The particular solution is the solution of the system equation (equation (1)} for specific input.
Here input,  xit) = & u(f)

L =e™ ; for 120

3 % = -2 ]
it
Let the particular salution, y (t) is of the form,
vt = K xit)
dy, (t i
L oyl=Ke®, ?;I” = -2Ke™, dﬂfﬁ” = 4Ke™

On substituting the above terms and the input in system equation (equation (1)) we ge,

Fyl) g o) B
dt* it dt

U

dKe-10Ke "+ 4K e =-2a™
On dividing throughout by & we get,
4K — 10K + 4K =2 = =2K==g - K=1

- Particular solution, y_[t) = &®

Total {or Complete) Response

Total rasponse, yit) = v (t) + y.(8
Lylt) = Coet + C el s ™

Whent=0, y(t) = y(0) = C e’+C e +8® =C +C, +1

Given that y(0) = 0, -G, +C,+1=0 ]
Here, dZ—i” = -4C,e - C,e' - 2@
an.% = —4C, 8% -G, e” - 2a"=-4C, - G, — 2
t=0
Given that, % = 1: n=d4C, -G, - 2=1 e (4)
i=a

On adding equation (3) and (4) we get,

-1 =7 = -5 =2 = G, =

ta| ha
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From equation (3}, C, = -1 - C, = -1 + % = —%
- Total Response, y(t) = — = ™' - % el + &= 5 =0
2 1
t i = = —& L .|] 1
{or) it [e == 3 &' | ult)

3.2 Block Diagram and Signal Flow Graph Representation of LTI Confinuous Time System

Block Diagram

A block dingram of a system is a pictorial representation of the functions performed by the system.
The block diagram of a s¥stem 1s construcied using the mathematical equation governing the s¥stem.

The basic elements of a block diagram are Differentiator, Integrator, Constant Multiplier and Signal
Adder. The symbols used for the basic elements and their input-ouput relation are listed in table 2.2.

Table 2.2 : Basic Elements of Block Diagram and Signal Flow Graph

Description Elements of Elements of
block diagram signal flow graph
4 4
Differentiator xm P xft) Xt ¢ d 4 ;xfli
Integrator ]
{with zero initial x(t) _f xit)dt M) g—————o [x()di
condition)
Constant Multiplier x(1) —-l>—- ax(t) x(t) o—a-—o axi)
L) 5 (1 1
Signal Adder +
E X[t + %1 X () +x,0
wit) x (1) |

Signal Flow Graph

A signal flow graph of a system is a graphical representation of the furictions performed by the
s¥stem. The signal flow graph shows the flow of signals from one point of a system to another and gives
the relationship among the signals, The signal flow graph of a s¥stem is constructed using the mathemetical
equation governing the system,

The basic elements of a signal flow graph are nodes and directed branches. Each node represents
a signal, The signal at a node is given by the sum of all incoming signals. Each branch has an input node
and an output node. The direction of signal flow is marked by an arrow on the branch and the operation
performed by the signal is indicated by an operator like integrator/differentiator, When the signal passes
from the input node to the output node. it is operated by the operation specified by the branch. The basic
operations performed by the branches of a signal flow graph are listed in table 2.2,
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5 ) ' a continuous time
LTI system can also be realized in Direct form-I and Direct form-II. A linear constant
coefficient differential equation of the form,

d?y dy d*z dz
iz Targ taoy(t) =bagm + b + b7

has the realizations shown in Figs. 2.21 and 2.22, known as Direct form-I and II respec-
tively.
w) |

» (1)

(1)

Direct form-I realization of a continuous-time system.

+
Xt} T -

I

Direct form-II realization of a continuous-time LTI system.
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3.3 System Analysis using Fourier Transform
First Order System
Let us consider the first order system

dy (f)
Tdt
for some a > (. Applying the CTFT to both sides,

dy(t) =
J—"{T + uy(r}} — F{=(O}.

+ ay(t) = ().

and use Hnearity property, and differentiation property of CTFT, we have
Jw¥ (juw) + a¥ (Gw) = X (Gw).
Rearranging the terms, we can find the frequency response of the system

Y(Fw) . 1
X (jeo) a + ju’

Hjw) =

Now, recall the CTFT pair:
1
hit) = e u(t) — H(jw) = ——,
() = e~ u(t) Gl =

ii(t) can be deduced. Just as quick derivation of this equation, we note that

H(ja.l}:f e—“*u(r)e—f'*'*df=/g- ekt gy

o0

s
ot eewee] X
Jw <+ o Juw+a

General Systems
In general, we want to study the system

N e
d*y(t)
Z % di* Z b d;k
k=0
Our objective is to determine ii(t) and H(jw). Applying CTFT on both sides:

w " ar
f{zﬂkd;ﬁf}} {Z-’&d r{f)}h

=i}

Therefore, by linearity and differentiation property, we have

N Y
N a(iw) Y (jw) =3 b(jw) X ().
k=0 k=D
The convolution property gives Y (jw) = X (jw)H (jw), so
S M .
H{}m) i Yjw) - k=0 h&U“-)

X(jw) S au(u)*

Now. H(jw) is expressed as a rational function. i.e., a ratio of polynomial. Therefore,
we can apply the technigque of partial fraction expansion to express H(jw) in a form
that allows us to determine /() by inspection using the transform pair

1

h(t) = e u(t) «— H{jw) = s

and related transform pair, such as
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Example
Consider the LTI system

d’y(t)
dt?
Taking CTFT on both sides yields

dz(t)

+ dylt) + 3y(t) = — 2z(t).

(Jw)?Y (jw) + 4jwY (jew) +3Y (jw) = juX (jw) + 2X (jw).
and by rearranging terms we have

Jw =+ 2 _ Juw + 2
GoP+1Gw) +3  Ge+ (e +3)

Hjw) =

Then, by partial fraction expansion we have
1 1 1 1
Hifu) == e .
() =3 (jw+1) *3 (jm+3)

h(t) = =e~tult) + éf“zlu{t:}.

Thus, ht) is

Example
If the input signal is z(t) = e'u(f), what should be the output y(f) if the impulse
response of the system is given by h(t) = Je~"u(t) + 3¢~ u(t)?

Taking CTFT, we know that X(juw) = —, and H{jw) = m% Therefore,
the output is

I — Jw+2 P Ju+2
Y(jw) = H(juw)X (juw) = [(jm+1}(jw+3}} L‘u-z- 1] - (jwt 12(jw+3)

By partial fraction expansion, we have

1 1
[ S
Jw+l (w412 ju+d

= -

¥ (juw) =

Therefore, the output is
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E3.4 SLATE SPACE REPRESENTATION
Xamp

The state space representation of a continuous time system is given by,
2 - 1
ﬂ=[3 1] § B=[2] v €= 3 : D=3
Dariva tha transfar function of the continuous tima syslem. [\ oy P be a square matrix,
Solution Now, P-'= Transpose of Cofactor Matrix of P
—— Determinant of P

Transfer function of a continuous time systemis givenby, || pis a square matrix of siza 2 x 2, then lts cofactor
matrix is abtained by interchanging the elements of

Y _c-mtBeD main diagonal and changing the sign of other two
Xis) elements as shown in the following example.
Pu n.g]
i P=
D 8 ot
= Pz Pz
s 0 2 - 5-2 1 “P'= % ]
& [0 } = [3 J 2 [ a5 J P11 Pz Px Py
3, L Fa Po

1

ol - A = 1 s-1 -1 DR | B 5-1 -1
5-2 1 3 s-2|  (5-2(s-0-{-3 =13 s-2

-3 s-1
8 =1 -1
_ 1 8-1 -1 _ |$°=3s+8 &' -3545
T -Os+5 [ 3 s_a] h 3 8 -2

s -38+5 8°-33+5

. Eucrsl-nr‘u+n

" (s
g =1 =1
s ~3s+5 s¥-8s5+5|(1
=09 3 g2 [2] +[3
§°-33+5 s°-35+5
s-1+8 1+ais-2||1 5-1+8 2(-1+3(s-2))
= + [3] = + 3
[sﬂ—ams 7 -3s+5 [z] el [s’—as+5 s-as+5 | O
_ 5=1+9 + 2(~1+3s-2)) + 3s*-35+5)
a 88 - 35+ 5
_ 5=149-2465-12+35°-95+15 _ 35'-25+9
= g8 -35+5 s -38+5
Example

. - ; ’ -3 0
Find lhe state transition matrix for the continuous time sysiem parameter maltix, A = [ 0 2]

Solution

Tha state transition matrix, e* = C'[{s1 - A)"']

ity [ S Bed -5 H[V wad
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1 5+2 o
I = A" =
{s } s+3 0 [i} S+
o 542
- 1
T (s+3){5+2) | 0 s5+3
=
= [8+3
s+2
e
et = L—l{{sl . A}"} = ]| s+3

3

5+2 0 ]

Example

} i {e‘mo

+2

uf?)

Lat, P be a square matrix,

Transpose of Cofactor Matrix of P
Determinant of P

If, P is a square matrix of size 2 = 2, then its

colactor matrix is obtained by interchanging the

elements of main diagonal and changing the sign
of ather two alements as shown in the following

example,

= [I:"u pm]
Pz Paz
Pea

2P'm : x[
Pis Piz Pz
Pz Pa

Now, P'=

—P1z:|
Pis

)
e ™ uft)

; : = a,(t) 1 0] a4
The state equation of an LTI continuous time system is given by, = 1 1) |g
2!

a;(t)

0] 1
Compute the solution of state equation by assuming the initial state vector as, [q'( l:l = [u]

Solution

The solution of stale equations are given by,

Qi) = £'{(sl - A)' Qo)) + (st - AP BX{s)}

Here X(s) = 0, (because there is no input).
- al = sl - &) a(o)

oo

sl - A

i
Fr—
a w
w o
| SS——
]
L
- g
Pl
I
™o
o @
Lo

e

-1 5-1
i 1 [5—1 El}
T E-1F LT s-1
1
=
¥ 1 1
(s-1F s-1
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a(0)

Lel, P be a square matrix.
Now, P'= Transpose ol Gl?lamur Matrix of P
Determinant of P

If, P is a square matrix of size 2 = 2, then its
colactor matrix is obtained by interchanging the
elements of main diagonal and changing the sign
of other two elements as shown in the following

example.
P= [p:! p\z}
p:l p.Jﬂ
1] e= "P:e]

]pn Pia Pz Pa
P2y Pz

B
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3.5 CONVOLUTION INTEGRAL GRAPHICAL METHOD
The convolution can be performed as follows:

I.  Plot the given signal 3:(1') and impulse response #(T) by replacing f by a dummy variable .
. ¥
2. Obtain h{z —7) by folding A{t)about 7 =0 and shifting by time r.
3. Multiply signal x(r) and impulse response A(r -t} and integrate over the overlapped area to obtain
1) !

4. Increase the value r such that the function of x(t)and h(r—1) changes. Calculate y{s}).

5. Repeat step4 and 5 forall intervals.

Problem The impulse response of the system is A(r) = u(1). The input signal x(1) = ¢ “'u(), | a|>0. Find
the output of the system y(r).
Solution
r 3 theil
X(¥) hix)
1 \ 1 - - 1
5 T = » T 5 »T
@ ) (@)
t=<0 4 o) Fort<0
war— |3 x(r)and h{r—1) are not overlapped.

Therefore y(1)= T:{t}h{r -1)=0

4 hit) Forr>0
=it

e O<t<t
x(t)h{t—-1) = !
(5)h( { 0, otherwise

] ]
> y©)=[x®h-oydr=[edr
(i} i}

(8)
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The lowest value of A(t - 7) still exit in the negative axis, where the values of

x(t) is zero, Hence the lower value of the integration takes the value *0°;
= Similarly, the upper value can take any value above 0 but less than e, hence it
is'r,
i

I P ,

-t j(f):%le"” -
o

Problem The impulse response is given by
o) ={u{.r), o<t 5_?'
0, .otherwise
The input signal x(r) =g u(r). Find the output of the system 3(f).
" Solution
x(zh A hfz) h h{—1)
1
1 1
et T - T
lo 0 T - -T 0
(a) )] - (e)
G Forr<0
i x(t) and At —1) are not overlapped.
Therefore, i
=7 : o T : = Jlx(r)h(:—z)d'r=0
(@) T
For T=>r>0
4 hit-)
: @)= 120
A —T)=u(f=1), T>r>0
l" | )
- - > T 3 =Je""d’r=-——="“
[t=T) ot ¥ ‘ a o
(e} ;
yty==—(e™ —e")
a
1
yiry=—(1-e™")
a
Fori=T
hit=t)
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The lowest value of A{f=r1)crossed ‘0", hence the lower value of
integration becomes (¢~7), but the upper value of integration can take any

value 't
!

I
W)= I e dr= _—Ie'ﬂ
-7 a i-T

-1 o _gan]
u

=il

= ETI:EH.-T —]]
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Problem Using association property, interchange the position of x() and A(r) in the convo luuon product
and find the value of () for prub!em 3.12.

Solution
(e} =x(1)* hir) = h(r) ¥ x(r)
¥ = JX(T)MI T)dr= Ih{t}x(r —1)dt
4 htx) () L
L 1
I 3 ' RS
(a) (&) (e)
x{t=1) Farr<0
A(t) and x(r—7)are not overlapped.
1 Therefore,
L
(1) =[h(T)x(t —T)dT =0
t To T e
{d)
For T>¢=0
X |
ey = I, T=ziz20
4 )= 0, otherwise

e, T=z0

x(t)= :

ol 0, otherwise
olt T
(e)

J"U}:th('r);ﬂ_f}d: - je_'m_”dt
o 0

-0

r=Le | =l —eiy=2(-e)
da a a

]

Fort>T

*f' has crossed *T° which cannot have any value in x(¢-1)

t>T when multiplied with h (7). Hence, the upper valueof  integration -
is limited to T. But lowest value of ¢ is still in negative x-axis
where h(r) does not have any value. Hence lower value of
integration is ‘0"

1]

T

pny= e ”a‘f—l -afi- 11|
0

y(r]-l[ —alt-T) _ -nll}} 'a [HT 1]
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CONVOLUTION INTEGRAL

The output of a continuous-time Linear time-invariant (LTI) system can also be determined from the input
signal x(r) and the impulse response h(r). Let us consider a basic system wherein input signal x{() produces an
output signal y{f) as it passed through the system as shown in Fig.

) ——»yit)

Input signal Output signal
Fig. Basie System
- The output response of the continuous-time system is given by

)= H[x(n)]
Substitute equation (3.5)

yn= H{ j x(f)ﬁ(r-f)dt]

——

Lising the.linear property of the system,

)= | xmH{d-1)}dr

T=—

It is fact that operator (in this case H[-] will be nperated on the function not on the constant scaling
function.

Since, the system is time-invariant,

¥ = j X(D)h(t = 7)dr

[ —
where, h(t)= H{8 (1)}

The output y{1) is the weighted superposition of impulse response time shifted by ¢, the equation is
called convolution integral. The convolution is symbolically represented as s+ , i.e. '

Y= | x(@ht-1)dr=x(0)* hr)

I=—a

3.5.1 PROPERTIES OF CONVOLUTION INTEGRAL

In order to analyze the praperties of the convolution integral, let us consider two LTI systems A (1) and A(r).
Commutative Property

Let us consider two continuous-time LTI systems, with impulse responses #,(f) and A,(f) connected in series as
shown in Fig.

L e [T} ey My S

Fig. Systems are Connected in Series
By definition of commutative property,

Aoy (e = by (t)* k(1)
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Proof h(t) =)= nfh{t)b;(:-‘r)dr

Let t—-t=t"=t=1-{

WO hy(0) = Ih,(r—:’)kltt')d"

t'z-ea

W@ h(O= [h)h-r)dr

h()* by () = by () * 1y )
The commutative property can also be extended ta the signals.
M) =x(t)*h (1) = hle) *x(t)

-

Distributive Property

Let us consider two continuous-time LTI systems, with impulse responses i (¢) and /(1) connected in parallel
as shown in Fig. 3.4,

m ¥yit)
) ——»] B R [y pa H—"
Bl

¥,(t) :

Systems Connected in Parallel
By definition of distributive property,
x(£) %[y (£)+ Fay (0] = (0} * Jy (£) + x(0) # i (£)
Preof The output of the first system,

ey = x(e)+ Iy (e)
.Simi]arly, the output of the second system,

yalr)=x(e)> by (1)
The complete coutput of the system, »{r) is given by

) = (1) + vz (1)

ey = x(e)* by (0) + x(6) * by (0)

yy= [xome-vdr+ [xnyme-tydr

= T

»ir)= jx{f}{h. (— 1)+ by (r —T)]dT

yi= jx{r}.ﬁ(t -1T)dt

fa—

where, h(t =)=t =T)+hy(t =T} = hlr) = (1) + hy(1)

Thercfore, W= jm Vil — T dr = x{(0) % h()
=
If two systems are connected in parallel, then the impulse of the system to the input signal x(1) is equal to
the sum of two impulse response.

Associative Property

Let us consider two continuous-time LT1 systems, with impulses h (1) and k(1) .connected in series as shown

in Fig,. 3.5. :
a% halt) > hyttr Pt }ﬂ—-

Fig. Systems are Connected in Series
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By definition of associative property,

[afed + I ()] * Fog () = ()% [ Ay () * Faa (1]
Proof The output of the first system, )
()= x(e)* by (1)

0= _I'.-c(:r)h. (r—T)dT
B
The ocutput of the second system,

ey =y ey Fy (2)

W= [ k)l — k) dk

§ =

yn= | [ ] x(t}!q[&—r}dr]h:(:-—k]dk

[y RS —

yiy= | | xtoymk —oyha¢ — k) dk dr

= ——ma T=—ma

Let & —T =" => ok = odr”

yir)y= _[ x[‘l’}[ f J‘r.{:’}.ﬁ:[{r~[r'+r]]dr'] drT
r

T —a—y g

)= J .r{r}[ _[ J'a(f'}bz[[r-r}—:']dr‘j|a’r

T '=—cn

¥ = f Ty —1)dT

J==na

where,  hit—t)= _‘-hl{r’]hz [t =)=t dt* = (1) by (£)

Therefore, it = x(e)=hit)
ity = x(t)= Ay e)> Iy (1)]
Convolution with Impulse Response

The convolution of a signal with a unit impulse is the signal itself.

0 R 7y B—

Fig..  System with Unit Impulse Response
yty= x()*86(1) = x{1)

112

www.AllAbtEngg.com study materials for Anna University, Polytechnic & School



www.AllAbtEngg.com

Proef The oulput of the system is shown in Fig. 36,
y(1)=x(r)=8(1)

' L, =T
y)= ]-IW} 81 - 1) dr=x(1) st 5“_?]1{0. elsewhere

Convolution with Step Response -

The convolution of a unit step signal with an impulse response is given by
y(t)y=u{t)= hit)
uft) yit)

Fig. 3.7 System with Unit Step Impulse Response
Proof The output of the system whose input is unit step in given by
yy=uley*h(r) =h{r)*u(r)

yin= [ Howe-vdr

Te—

0
, »ey= J hir)dt

I=—s

3.5.2 PROPERTIES OF CONTINUOUS-TIME LTI SYSTEM 4

Causal System

By definition, for a causal continuous-time LTI system, the impulse response must be zero for 1 < 0. The
causality can be extend to convolution Integral, i..

y)= j X(t)h(t-1)dr

! e
For causal continuous-time LTI system, h(t) =0 for ¢ < 0. Therefore, the output of a causal system must
be expressed as g

W= J.x[r}-‘r(-' -T)dr

=0
A causal system cannot generate an output signal befare an input signal is applied.

Memoryless System

A memoryless system is one whose output 3{r) depends solely on present input, By the definition of convaolution
integral, s

» ey = J-x('l.'j e — Tt
By cormmutatiwve property,
) = o) = ey = Falrd*+ x{r)

o

el = _rh{:].r(l — )T

=

A continuous-time systerm is memoryless §if and oy §iF
) Fi(e) = O fors == 0
Such a memoryless LTI system has the form

2y = K e)
where A — constanmt

Such system has the impulse response

Falldp = K
113
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Invertibility of LTI System

The system is invertible, only if an inverse system exist. When the inverse system is connected in series with
the given system, it produces an output equal to the input to the first system. This is shown in Fig. .

X(t) ———» Slx;{atiiam il ’“"‘“;:‘:lf'?mm —— y(t)=x(t)

Fig.  Invertible System
Ifthe given system is invertible, there exists an LTI inverse. For the invertible system, following condition
has to be satisfied,
hiey= hy(r) = 6(1)

Stability of LTI System

A system is said to be stable, il every bounded input produces a bounded output (BIBO), In order to satisfy
the stability condition to LTI system, let us consider a bounded input x(¢) such that,

|xtn)|< M y for all 1

If such bounded input x(¢) is applied to a LT1 system with unit impulse response h(r), then according to
convelution integral, we can obtain an output of the system y(1).

biol= [Jehc-r)ad

TE -

GIE j|h{-r)x(r - 1)d1]

=

Since | x(t~t)|< M - forall i, then

] s sty [iae)] foralte

f= o=

The system is stable if the impulse response is absolutely integrable. i.e.

Ilh[r)!-: oo

The equation (3.20) is the condition for stability in continuous-time LT system.

Problem . The impulse response of the system A1) = %e e, Test whether k(s is stable or not

Solution By definition of stability.

Jih(r}| it <o
P
given h{:)=I|l:'”*u{t)
T T U e *
Therefore, |ﬁ{r)| dr= j II e ldt
=0 =0
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T 1T
[Inae= [ an
=0 ]

R

T=0

TIH(!‘}M‘::%[& ”—en]z—,wtm

T=-ma
.

Therefore, the given system is stable.

Probleni The impulse response of the system is given by h(t) = e“u(f), a > |. Test whether (1) is stabl
or not.
Solution By definition of stability, .
j’ | K1) | dt < o
f=—e

T 1 ult) |di < o=

[
]: e Id(: T et
r=l) =0

J [ pr=ge
=0 f 0

]: e P[:%[E’—co}:ﬁu

1=l
Problem Impulse response of ﬂ'lelg\yslcm is given by h(r)=re " (1), a = 0. Test whether the given A(1) is
stable or not. \ .

Solution By definition of stability,

Therefore, the given system is stable.

Tl!:(r”dr-:n

f=—oa

T]:e "’uu)]m <o

dm -

= * e [;

= 1 ; e
j.rc 'ﬂ'f=;_-fc '"[(—ﬂ)f—i]‘ Hint J te™ dr = —- ™ (gt -1)
g =3 « Iy

f2

=i

j e~ d =L1{ e " (—=—1)—e’0— l}]-
=0 L

T 1
Jtc_‘"'d'!!—f{l)-t-]}, + Hint e =1e"" =0
=0 o

j e~ dy =—}‘:‘_<“
(2]

=0
Therefore, the given system is stable. - i
Prablem The impulse response of the system is given by A(¢) = e = sin br w(r). Test whether the given A{r)

is stable or not.
Solution By definition of stability,

J 1 di <o

j | e sinbru(e) |dr <=

fm—
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] e dr ='l]{e‘“(-n-|)—e°(o—n}

=0 g
I 1
J'rc"“’dr=—3{ﬂ+1} * Hint e’ =1, =0
.|=UI &

& L8
—at g _ 1
Jre df=— <o

=0 a
Therefore, the given system is stable. . )
Problem The impulse response of the system is given by h({r) = e * sin br u(r). Test whether the given A{f)
is stable or not.

Solution By definition of stability,
| 1) dr <oo

J e sinbrulr) |dr <=

Problem The impulse response of the system is h(t) = u(t)—u(¢r —6). Find the step response of the
system.
Solution The step response is given by

[ r
st= [ h(xydr

T==on
-

st)y= [ [y -mr-6)dr

T=—o=

L s(1) = j ldr— j ldt
=0 =0

s =y g
s)=0-0)—(1-6)=6

FProblem - The impulse response of the system is h(f) =e ™ coshiu(t). Find the step response.

Solution The step response of the system is given by

i
§(1) = j'h{r)dr_

r=-

st)= j[c'“cusé'ru{t)]drz jc"” cosbrdr

[=- f=0
=T d . f1 e_“" 2
s(1) = ——(acos bt +bsin bt) Hint Ie_wc‘)w':ﬁ[‘-‘“w”'b?i“m}
a? +b? T a+b p
0 ! |

| . I 7
(1) = e ¥ (acosht+bsinbt)—e" (acos 0+ bsin 0)
. o +b2{ ' }

e (acosht +hsinbr)—a
=7l ]

sty=
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Problem The impulse response of the system is 3:(;} =te"“u(t), Find the step response of the system.
Solution The step response of the system is given by *

i
s = [ W de
o
()= I e Tu(t)dr

Tz

[
s(t)= J te T dr
T={ t | i
Hint jrc“'dr=7c”(a:-|]
[ iy

Iy "

sm=c“(—r—nL

stt)=e! [~ -1)-e"[-1)

s{t)=e'[-t=1]+1

SUMMARY

There are many different methods for describing the action of an LTI system on an input
signal, In this chapter, we have examined four different descriptions of LTI systems: the im-
pulse response, difference and differential equarion, block diagram, and state-variable de-
scriptions. All four descriptions are equivalent in the input-output sense; that is, for a given
input, each description will produce the identical output. However, different descriptions
offer different insights into system characteristics and use different techniques for obtain-
ing the outpur from the input. Thus, each description has its own advantages and disad-
vantages that come into play in solving a particular system problem.

The impulse response is the output of a system when the input is an impulse. The
outpur of an LTI system in response to an arbitrary input is expressed in terms of the im-
pulse response as a convolution operation. System properties, such as causality and sta-
bility, are directly relared to the impulse response, which also offers a convenient
framework for analyzing interconnections among systems. The input must be known for
all time in order to determine the output of a system by using the impulse response and
convolution.

The impulse response is the output of a system when the input is an impulse. The
outpur of an LTT system in response to an arbitrary input is expressed in terms of the im-
pulse response as a convolution operation. System proporties, such as causality and sta-
bility, are directly related to the impulse response, which also offers a convenient
framework for analyzing interconnections among systems. The input must be known for
all rime in order to determine the output of a system by using the impulse response and
convolurtion,

The input and ourput of an LTI system may also be related by either a differential or
difference equatfon. Differential equations often follow directly from the physical princi-
ples that define the behavior and interaction of continuous-time system components, The
order of a differential equation reflects the maximum number of energy storage devices in
the system, while the order of a difference equation represents the system's maximum mem-
ory of past outputs. In contrast to impulse response descriptions, the output of a system
from a given point in time forward can be determined without knowledge of all past in-
puts, provided thart the initial conditions are known. Initial conditions are the inirial val-
ves of energy storage or system memory, and they summarize the effect of all past inputs
up to the starting time of interest. The solution of a differential or difference equation can
be separated into a natural and a forced response. The natural response describes the be-
havior of the system due to the initial conditions; the forced response describes the behay-
ior of the system in response to the input acting alone. 117
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