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UNIT 1V
ANALYSIS OF DISCREATE TIME SIGNALS

INTRODUCTION

The Laplace transform plays a very important role in the analysis of
analog signals or systems and in solving linear constant coefficient
differential equations. It transforms the differential equations into the
complex s-plane where algebraic operations and inverse transform can
be performed to obtain the solution.

Like the Laplace transform, the z-transform provides the solution for
linear constant coefficient difference equations, relating the input and
output digital signals in the time domain. It gives a method for the
analysis of discrete time systems in the frequency domain.

An analog filter can be described by a frequency domain transfer
function of the general form

K(s—2z)(s—2zy) (s —23) -
His) = 1 2 3
’ (s = py)Ns = paXs - p3) -~

where s is the Laplace variable and K is a constant. The poles py, ps, pg ...
" and zeros z,, 2y, Z3 ... can be plotted in the complex s-plane.

The transfer function H(z) of a digital filter may be described as

K(z-z,)(z-2,)(z—25) -+
H - 1 2 3
i (z= pNz— p )z - pg)---

Here the variable z is not the same as the variable s. For example, the
frequency response of a digital filter is determined by substituting z =
¢/; but the equivalent substitution in the analog case is s = jo, where w
is the angular frequency in radians per second. Another essential
difference is that the frequency response of an analog filter is not a
periodic function. The transfer function H(s) is converted into a transfer
function H(z), so that the frequency response of the digital filter over
the range 0 < w < nt approximates that of the analog filter over the range
DEwLee,

4.1 DEFINITION OF THE z-TRANSFORM

The z-transform of a discrete-time signal x(n) is defined as the power
series

Zlx(n)] = X(z) = 3, x(n)z""
=
where z is a complex variable. This expression is generally referred to as
the two-sided z-transform.
If x(r) is a causal sequence, x(n) = 0 for n < 0, then its z-transform is

X(z)= > x(n)z""
n=0
This expression is called a one-sided z-transform.
This causal sequence produces negative powers of z in X(z). Generally
we assume that x(n) is a causal sequence, unless it is otherwise stated.
K =x(n) is a non-causal sequence, x(n) = 0 for n = 0, then its
z-transform is

—1
X(z)= 3 x(nyz™"

n=—os
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=1
X(z)= 3, x(n)z™"

P
This expression is also called a one-sided z-transform. This non-
causal sequence produces positive powers of z in X(z).
Definition of the Inverse z-transform

The inverse z-transform is computed or derived to recover the original
time domain discrete signal sequence x(n) from its frequency domain
signal X{(z). The operation can be expressed mathematically as

x(n) = Z7 [X(2))

4.2 Region of Convergence (ROC)
Equation 4.1 gives

= X(re/®)= ix(n) r0 g Jon

X(z)|==mj¢

X(z)lnmﬁ., = X(re/®)= Y x(n)r~"e~/o"
fl==oe
which is the Fourier trunsfnr.n; of the modified sequence [x(n)r™]. If
r=1,i.e. |z | =1, X(z) reduces to its Fourier transform. The series of the
above equation converges if x(n)r™"is absolutely summable, i.e.

3 l2(2) < .

N=E=—0

If the output signal magnitude of the digital signal system, x(n), is to
be finite, then the magnitude of its z-transform, X(z), must be finite. The
set of z values in the z-plane, for which the magnitude of X{(2) is finite, is
called the Region of Convergence (ROC).

The ROC of a rational z-transform is bounded by the location of its
poles. For example, the z-transform of the unit step response u(n) is

X(z) = Ll which has a zero at z = 0 and a pole at z = 1 and the ROC
z—

is|z| > 1 and extending all the way to =, as shown in Fig. 4.2.
Im(2)

Re z

Zerpatz=0 Poleatz=1

ROC
PrIII,

Pole-Zero Plot and ROC of the Unit-Step Response u(n)
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Important Properties of the ROC for the z-transform
(i) X{(2) converges uniformly if and only if the ROC of the z-transform
X(z) of the sequence includes the unit circle. The ROC of X(z)
consists of a ring in the z-plane centered about the origin. That is,
the ROC of the z-transform ofx(n) has values of z for which x(n) r™
is absolutely summable.

Y lx(r) r" <o
(ii) The ROC does not contain any poles.
(iii) When x(n) is of finite duration, then the ROC is the entire z-plane,
except possibly z = 0 and for z = c-.
(iv) Ifx(n)is a right-sided sequence, the ROC will not include infinity.
(v) If x(n) is a left-sided sequence, the ROC will not include z = 0.
However, if x(n) = 0 for all n > 0, the ROC will include z = 0.

m Determine the z-transform of the following finite
uration signals.

(a) x(n) = {3- 1, 2, ? 7, 0, 1}
T
(b) x(n)= {2' 4, i’ » 0,1, 2

(c) x(m)=1(1, 2,5, 4, 0, 1)
(d) x(n)=1{(0,0,1, 2, 5, 4, 0, 1}
(e} x(n) = &(n)
() x(n) = 8l — &)
(g) x(n)=8(n + k)
Solution
(a) x(n)= {3' L 2 i' T3y 1}
Taking z-transform, we get

X(z)=382%+22 4+ 22+ 5 + Tzl 4+ 2%,
ROC: Entire z-plane except z = 0 and z = co.

5, 7, 0, 1, 2
T
Taking z-transform, we get
Xiz) = 222 + 4z + 5 + Tz ' 4+ =z 2 4+ 2z—%,
ROC: Entire z-plane except 2 = 0 and =2 = o
(e} x(n) = (1, 2, 5, 4, O, 1}
Taking z-transform, we get
X(z) =1+ 2="" 4+ 52" 4 42" 4 =5
ROC: FEntire =-plane except = = 0.

2
(b x(n)={ o s

(d) x(n)=10,0,1,2,5,4,0,1]
Taking z-transform, we get
X(z)=z2+22+ 527+ 42784277,
ROC: Entire z-plane except z = 0.
(e) x(n) = &(n), hence X(z) = 1, ROC: Entire z-plane.
() x(n)=8n k), k >0, hence X(z) = z7*, ROC: Entire z-plane except
z=0
(g) x(n) = 8(n + k), k> 0, hence X(z) = z*, ROC: Entire z-plane except

Z=oo,
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Determine the z-transform including the region of
convergence of

a”, nz=0

0, n<0

Solution The z-transform for the given x(n) is

x(n]={

X(z)=Zla"l= Y a"2" =Y (az’)"
n=0

1
_a,

We know that 3 a" = ~ lal<1
0

Hence, X(z) = 1 ==
l1-az

This converges when |az™'| < 1or |z| > |a|. Values of z for which
X(z) = 0 are called zeros of X(z), and values of z for which X(z) — <= are
called poles of X(z).

Here the poles are at z = @ and zeros at z = 0. The region of
convergence is shown in Fig. E4.3.

Im z

s LS

Zaro at 0 / z-plane //
origin 2= 0——
'//;.//////— Polaatz=a
t / Re z
|zl=lal
///f Boundary for ROC
ROC for the z-transform of x (n) = a".
Determine the z-transform of the signal

x(n) = 8(n + 1) + 38(n) + 66(n — 3) — d(n — 4).
Solution From the linearity property, we have
X(z)=2Z({dn + 1)} + 3Z{&(n)) + 6Z [6(n —3)} — Z {B(n — 4)}
Using the z-transform pairs, we obtain
X(z)=2+3+62° 21

Therefore, x(n) = {1’ 3,0,0,6, - 1}

T

The ROC is the entire z-plane except z = 0 and 2z = oo.
The same result can be obtained by using the definition of the
transform.

123

www.AllAbtEngg.com study materials for Anna University, Polytechnic & School



www.AllAbtEngg.com

Example| Find the z-transform of x(n) = cos wyn forn 20

Solution x(n)=cos wyn = _é.[efﬂ’o" + ¢790n)
Using the transform, for n 2 0,

1
Zla"l = ————,|z]>a
1—az_1’| |

1

Therefore, for n 20, Z[(e/*)'] = ——, lg| 31
: l-e™z
2t if 1
Jogyr] =

Similarly forn 20, Z[(e?*“?)"] = TS et |z| >1
Therefore, X(z) = Z[cos wyn] =Z[%(e"l°’“" + e‘jm““]]

1 1

= 2 -4 2'

Y T R e e

1r j - '
) 1-,§ el 4 e “"“I]z
(1—e’®0 z71) (1 - ™70 z71)

1- 27" eos o,

1-2z"lcos wy + 272

z(z — cos w,)
=— g ,]zl:-l
z°—2zcoswy +1

Similarly, we can find Z [sin wy n] using the property of linearity, i.e.
. 1 ' -
Z =Z | —(ef®0" — g=i®on
[sin w, n] |:2j{e e }]

=1 .= .
z™ sin ® z sin m,

0 T =3 szl =1
z°—2zcoswy +1

1-2z cos g + 2~

By applying the time shifting property, determine the
z-transform of the signal
-1

X@=—2—
1- 3271
Solution
-1
Xz =—2 _=z1X/(=
(z) T 1(z)
where X,(z) = =
1-8z71

Here, from the time shifting property, we have £ = 1 and
x(n) = (3)" uln)

Hence x(n) = (3" u (n - 1)
124
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Find =

14 X271
if X(z) = 2
1-—==z"1
2
1+ 221 4 1,
Solution Given X(z) = Si = 5 2 N
1—-=2z"1! 1—==z1 1—-=z"1
2 2 2
=1
Therefore, x{n) = Z~1 i + 3 =
1—31z1 23 1.2
2
n n—1
= (3w + 2(3) uen
1 n
= (EJ [e(n) + uln — 1))
=LY s _ -
= (2) [te() — u(n — 1) + 2u(n — 1))
1 "
- (E) [(8(n) + 2uln — 1)]
Using scaling property, determine the z-transform
of
(i) a"cos wgn and (ii) a" sin wgn
Solution

1— 27" cos w,

i) We know that Z [cos wyn] =
@ € w L ° 1-2z'coswy +272

z{z — cos wg)
z2 —2zcoswg + 1
Using the scaling property, we obtain
1-az?! cos o 2(z — a cos wg)
Zla™ cos n] = 0 i
“o 1-2az"!cos my +a?z2

z? — 22z a cos wy +a”
Similarly, we obtain

az"'sin w, za sin wy

Zla" sin wgn] = 5 = 5

1-2az'coswy +a?z 2% —2za cos wg +a

Find the z-transform of x(n) = 2™ u(n — 2)
Solution
Given xln) = 2"wln — 2)
Zluin)] = L —
—z
=2
Hence, Zlweln — 2)] = ———
1—=
=2
Therefore Zl2"u(n —2)] = ——
1— = =1 _, 921
(22712 4=z"2
1—2z71 1—2z71
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Solution Taking z-transform of the given two sequences x(n) and
hin), we get
X(z)=2+27"+0.527°
H(z)=2+2:14+224273
Y(2)=X@) HZ) = 2+z+ 0522+ 227+ 272+ 27Y)
=4+6z14+422+4234+2244052°%+0.5z8
Taking inverse z-transform, we get

4,6,4,4,2, 05,05
yn)= 1
Alternate method
Let y(n) = x(n)*h(n)
The convelution can be obtained easily using the convolution table.

o 2 1 (4] 0.5
4 2
¥(n) 2 /
2 4 2
1] 2 7
1 2 0 0.5
7 =<

Thus y(n) can be obtained by adding elements of sequence along the
slant lines.

4,6, 4,4, 2, 05,05
yiln) = {T }
Find x(n) by using convolution for
A=) = T 2 T
(1-2=)(2+3=7)
Solwution
Given Xi=z) = 1

(r—g="J(as3=")

= X,(=z)X; (=)

where Xal=) = —-—i-— and X.(=) = —-———i-—
(1— Ez_l) (1+ z'l}

Taking inverse z-transform, we get

a(m) ==z [m] = (%Jnu(n)

— o2 1 =X
xolnd = = [(1"_&2#1]] ( 4j eeCred
-9
Therefore, x(imi) = x(re)*xa(n) = > ox, (rz — Edxo (k)
.

~Ey =

www.AllAbtEngg.com study materials for Anna University, Polytechnic & School

126



www.AllAbtEngg.com

_(2] ,%, [{(_11:2‘;)
- a ey -ar 55
- @) 3O [BEY G T

m If X(z) = 2 + 3z ! + 4z 7, find the initial and final
values of the corresponding sequence, x(n).

Solution

(=T - - |

x(0)= lim [2+3z7"' +4z7%]=2+
|z] = ==

x(e=) = lim [(1-2z7)(2+ 827" + 427%)]
Jz| =1

=lim[2+z'+2%2-42%]=2+1+1-4=0

|.¢| —+1
Also, by inspection, the above results are confirmed that the initial
value is two as it is the coefficient of z° and the final value is 0 as the
sequence is a finite one.

4.3 EVALUATION OF THE INVERSE z-TRANSFORM

The inverse z-transform was defined in Section 4.2.1. The three basic
methods of performing the inverse z-transform, viz. (i) long division
method, (ii) partial fraction expansion method and (iii) residue method

are discussed in this section.
4.3.1 Long Division Method

The z-transform of a signal or system which is expressed as the ratio of
two polynomials in z, is simply divided out to produce a power series in

the form of an equation.

X(z)= ix(n)Z'" .

n=10

Example A system has an impulse response ih{n) = {1, 2, 3} and
output response
y(n) = {1, 1, 2, -1, 3}). Determine the input sequence x{n).
Solution Performing the z-transform of A(n) and y(n), we have
H(z)=Z[h(n)l =2Z[1,2,3] =1+ 2z + 322
Y)=Z[y(n1=2(1,1,2,-1,31=1+2z 1+ 22223 4 324
Y(=)
X(z)
Yz} 1+ zl 4922 _ 3 431
H(z) 1+2z71 43272

1—2"142"2

We know that H(z) =

-3
Therefore, X(z) =

1+2z'+3z"° 14+zt4+222 34324
1+2z'4+322

www.AllAbtEngg.com study materials for Anna University, Polytechnic & School

127



www.AllAbtEngg.com

Therefore, X(z) = 1 — =z 4+ =2
Taking inverse z-transform, we get
— 1
alr) = .:: s ]
Using long division, determine the inverse

z-transform of

1

X(iz)=
@) 1-(3/2)27 + (V/2) 272

when (a) ROC: |z| > 1 and (b) ROC: |z| .:%

Solution (a) Since the ROC: |z| > 1is the exterior of a circle, x(n) is
a causal signal. Thus we seek a power series expansion in negative
powers of z. By dividing the numerator of X(z) by its denominator, we

obtain
3_-1,7 -2 15 __.3 31 __4 _
1+_2z :1-42.- i + Sf +162 +
&1 Lo
1-=z""+=
2.2 22 ) 3 1
I—Ez" +§z'2
8,1.9,2,38 -3
2 4 4
12—2 _22-3
4 4
T2 _21,-3, 7 -
4 8 8
15,5 _T7,-4
8- 8°
LIS e
8 16 16
381 -4_16 -5
16 16
Therefore, X(z) = 143,01, 7,-2,36 5,81 ..
2 4 8 16
37 1581
Taking inverse z-transform, we obtain x(n) = 2°4' 816"’

(b) In this case the ROC: |z| < 0.5 is the interior of a circle.

Consequently the signal x(n) is anti-causal. To obtain a power
series expansion in positive powers of z, we perform the long
division in the fellowing way.
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222 + 62 + 142* + 302" + 6225+ ...

1-2_3,14; 1
2 1-3z + 222
3z-22z%
3z-92z%+62°
7z°-62"
72— 212% + 142%
152 1424
152 — 452* + 3025
31z*-30z°

Therefore, X(2) = 222 + 62% + 142* + 302° + 622°% + ...

---,62,30,14,6,2,0,0,
Taking inverse z-transform, we get x(n) = { }

T
4.3.2 Partial Fraction Method i
By using partial fraction expansion method, find the
inverse z-transform of
—4 +8z71
Hiz) =
1+6z7' +8272
Solution
_ -1 _ -1
H(z) = 4-:—18.3 = 44-&-82 -
1+6z"" +8=z (1+4z")(1+2z7")
A Ay
H(z) = L+
1+4z71 1+ 2271
i Hl —
O == __12
1+ 2=z atz-l=—1/4 /2
~1
i # =B _a
1+ 4z atz-l=—1/2 -1
Therefore, H(z) = _12_1 + 8 —
l1+4z 1+2z
Taking inverse z-transform, we get
hin) = [=12(=4)" + 8(=2)"1 u(n)
Determine the causal signal =x(n) having the

z-transform

1
Xi =
@)= Ara a7y

Solution Expanding the given X(z) in terms of the positive powers
of z.

X@)=— 2
A G DE—D°

' 2
Hence F(z)= X(@) _ z _ 4 Ay Az

— = + +
2z (+DE-D* (z+D (-1 (z-1°
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z“ 1

A3 =G -V F@len= gl =3
d =2 {z+1}22~—22| 3
A2=—— = 2 vy
dz [ (z+ D 4, ., (z+ 1 -y 4

1 1 3_1 1__ 1

Therefore, F(z) = = *a T2

erefore, F(z) 4(z+1 4(z-1 2(z-1)72

e %GB & g
Therefore, X(z) = 4(z+13+ 4{:—1}+2(z—1)2

Taking inverse z-transform of X{(z), we obtain
éwlial':,‘.' + lJl'r.l.lt{il'r.lll

P n
x(n)= —(-1Y'uln) + >
1 n 3 1 ]
= [—- (—1)* + —+ 5 n |uin)

Determine the inverse z-transform of the following

Example
X(z) by the partial fraction expansion method
+ 2
X(z) = £
= 222 _Tz+3

if the ROCs are (a) |z] = 3, (b} |z| < 1/2and (c) /2 < |2]| < 3.

Solution We desire the partial fraction expansion of X(z)/z, which is
z+2

X(=) z+ 2
Fiz) = = =
z(2z% — Tz + 3) | —
2(3 2]tz 3)
cfB A A
Tz -1 =2-3
|
where_ AQ=ZF(Z)|==D =.___21L =Z
2(2——){2—3) 3
2 z=0
(-1 — R =
Al—[z 2)F(z) el Tz, 1 1
2 2
z+2 _1
3

Ay = (z=3)F@)|,oy =——7~
2:(: - —) -~

nmence, Dy MUGIpIYING AlZMZ DY Z, We 0DTAall
2 2 =/3

XU = = — +

=3 1 z_3

)

z —
Here, the given function X(z) has two poles, p; = % and py = 3 and the
following three inverse transforms.
(a) In the region |z| > 3, all poles are interior, i.e. the signal x(n) is
causal, and therefore,
n
x(n) = gﬁ(n) - (%j uln) + éca)" w(rn).

(b) In the region |z]| < 1 , both the poles are exterior, i.e. x(n) is anti-

causal and hence
-2 e AN g ay = K
xn) = 280w [2J u-n -1 - 2@ un-1.
130
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(c) In theregion % < |=| <8, [i.e.lz] <8 anti-causal andjs]> _;- causﬂl].

the polep, = % is interior and p; = 3 is exterior, and hence

_ 2 3 o g R Y S
x(n) = Z5(n) (2] w(n) - 2@ ul-n - D.

Example Determine the inverse z-transform of

X(z)=%
3z —4z+ 1

if the regions of convergence are (a) |z| > 1, (b)|z]| <

{c)%<|z|<1

Solution The partial fraction expansion of X(z) yields

;'5‘(2)=x(z)= 1 = L
327 —4z+1 3(2_1)(2__1_)
3
Ay Ay
= -+
(z—1) i
(z 3]
A, =F@{z—-1D|,.,= 1 ol |,=1=%
(=-3)
1 1 __1
AQ-F(zJ(z 3)'2!%_3[2—1}12-%- >
1 _1
X(z)= 2 . 2
z (z—1) (z_l)
3
1, =
Xz)=-2___2
B =D (z_l
3

(a) When the ROC is |z| > 1, the signal x(n) is causal and both terms

are causal.

= Ly _ 11y
Therefore, x(n) = 2(].Il u(n) 2 [3) u(n)

31 e

(b)) When the ROC is |z]| < %, the signal x(n) is anti-causal, i.e. the

inverse gives negative time sequences. Therefore,

=gy L A2 Ly
x(n}—[ e +2{3] ]u{ n—1

(c) Here the ROC % =< |z| = 1is a ring, which implies that the signal

x({r) is two-sided. Therefore one of the terms corresponds to a
causal signal and the other to an anti-causal signal, obviously the

1

given ROC is the overlapping of the regions |z| > e and|z| < 1.

The partial fraction expansion remains the same;
because of ROC, the pole at 1/3 provides the causal part
corresponding to positive time and the pole at 1 is the anti-causal
part corresponding to negative time. Therefore, x(n) becomes

x(r) = — %(1)" w(—re — 1)— %(-3!'—) (718 5]
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“Find x(n) using (i) long division and (ii) partial
fraction for X{(z) given by

-1
) = 1 2-:.321 1 1
1+=H(a+3=)(2-2=)
(1L + = > -+ 22 42
Also verify the results in each case for 0 = n = 3.
Solfwtion

(i) Long Division Method

X(=) — 2+ 3= =
1+ 2=z 4 =2 _ — 3
8
2+lz_1_12_2+4_1_z.3
5 1 1 2 32
) E Ry [T T
4 8 8 +3z
2+-5—z‘1+lz‘2—lz”3
4 4
1 43 1 92,1 4
-2 ==z%t=z
2 4 4
1 45,2, 1 3_1 4

Therefore, X(z) = 2 + %,{1 o %2—2 ey _:_21:2_3

g %
Taking inverse z-transform, we get x(n)=|""2" 8’32’

(ii) Partial Fraction Expansion Method

X(z) = 2+3z71
{1+z-l)[1+%z'1)(1—%z”‘)
_ A A, A
1+27 1+% k. 1—%2'1
2 + 3271 8
A= =B
: (1+—-z'l)(1——z_1] B 5
z T ==1
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Ay = 2+ 3z71 _8
. 1 .- 3
(1+z 1}(1—;2 l]l,—l,._g
A= 2+ 3271 _14
i -1 1_4 15
(1+ =z ](1+2z ),-1,4
8 8 14
X(z) = (—E i (-5) 5 (E
1+z77 1-1~-1-z_1 1——“!-.22_l
2 4
=z b8 e 8 1V 1471
Hence x(n) = Z- [XLzJ]-]: =D +3( 2) + 32 4] ]u(n)

Whenn =0, x(0)=2
When n =1, x(1) = 1/2
When n =2, x(2) =-7/8
When n = 3, x(3) = 41/32
1 7 41 |
Therefore, x(n) = T’ 2' g'3e’

Therefore, the results obtained in each case are identical.

4.3.3 Residue Method

This method is useful in determining the time-signal x(n) by summing
residues of [X(z)z" ~'] at all poles. This is expressed mathematically as

x(n)= ¥ residues of [X(z)2" ]
all poles
Xiz)

where the residue for a pole of order m at z = ais

1 . [dm—l

Residue = G- DI 25 | gzm 1

[z - )™ X(2)2"" 1]}

Example Using the residue method, determine x(r) for
Xz)=——2
(z-D(z-2)

Solution X(z) has two poles of orderm =1 atz =1and atz = 2. The
corresponding residues can be obtained as follows:
For polesatz =1

. 1.. d° y  zezt—l
Residue = = lim{-L |-p1—22
sene mz'i"l{dz“[(" v (z—-lJ(z—ﬂl]}

= li 2 _n-1f__
zl—l;nl[z_zz ] L
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For poles at z = 2
. T £ 12277
- Lle- 2
Residue o1 z11—_1?31,2{':]3:. [(2 ) (z- D(z-2)

= lim|—%—2"-1| =221l _-9gn
z=2] z2=1

Therefore,x(n) = (-1 + 2") u(n)

Using the residue method, find the inverse
z-transform of
X(2) = L ,ROC: |z| > 0.5
(z - 0.25)(z - 0.5)
Solution
Let Xo(z) = X(z)z" 1
zn -1

T (z-025)(z - 0.5)

For convenience let us write this as

Xo(z) = z"
0 =z —025)(z — 0.5)

This has poles at z =0,z = 0.25 and z = 0.5
By the residue theorem

x(n) = Res[Xy(2)] + Res [Xy(2)] + Res [Xy(2)]
z=0 z=0.25 z=0.6

n n
=R = R =
2ob 2(z — 0.26)(z —0.6) | a=035 z(z — 0.25)(z — 0.5)

R z”
* 2oGB ziz — 0.25)(z — O5)

(a) For pole atz = 0
R_egXu{z} =2Xy(2)|z=0

zn

= (z-025)(z-05),_,
=0
(b) For pole at z = 0.25
z‘{?g'szsxo(z} =(z— 0.25)_'?(0(2) l:=0.25

- (z —0.25)=" |
2(z—0.25)(z — 0.5)|,_ g 05
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=n- 1

= —0.5

==0.25
i
z—05|,_g25
4(1/4)"
% ﬁ- = —16(1/4)"
(c) For pole at =z = 0.5
z@ﬁ?sxulz} =(z —0.5) Xp(z)|.-05

o (= — 0.5)y=" E
z(z — 0.26)(z — 0.5)|, _o 5
E:!I-— i

z—025|,_os

2(1/2)"

= = 8(1/2"
1/4
Therefore, x(n)= [8(1/2)") — 16(1/4)"Ju(n)
4.4 Problems
Example
Find the one sided Z-transform of the following discrate tima signals.
i) xn=na"" by xin)=n
Solution
&) Given that, x(n) =n a*-"
Let x n) =&’
By dafinition of one sided Z-transform,
Xz = E xfnjz”
nefd
)
r=0 naj
R B Using infinite geometric
i-ar' z-a serles sum formula
Lat,x(n=1)=2"'
By shifting property,
el = = 27Xt w2t =
Ll A e e
Given that, x(n) = na""' It 2{x(n)} = X(z)
d d
Hxn)) = 2na" ) = Znx(n - 1)= -2 = i) then Z{n x[n}} = i )
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b) Given that, x(n) = n?
Lt us multiply the glven discrete time signal by a discrete unit step signal,

2 x{n) = n” u(n)
[m:uumma ona sided sequance by u(n) will not aller its vall'uﬂ.|
By the property of Z-transform, we get,

2 (™) = [~z EdE)m utz)

whara, W(z) = 2 (u(n)) = ﬁ

R - 4 z - 1-1-1 S E_vdu-udu

=R g I{dz[z—i]] I[:zw}?] -1 AT,
dy df_d

[ﬂz EE] Ujz) = _ZE[_ZEUM]

n-zi z ._1{2-1}2vz:-c2l:z-‘l}
0z |z - F z =1

. _Z[u-ﬂ{z-i-m]= _I[—{zn} _fdz+1)

z-1 -9 -1

2 (o)) = 2 nuln)) = {.; %T U = H
Example
Find the ona sided 2-iransfarm of the discrete time signals generated by mathematically sampling the lollowing
confinuous time signa.s.
e b) sinfLt ¢) cosiut
Solution

&) Glven that, x(t) =
The discrete time signals is genarated by replacing t by nT, where T is the sampling time period.
L ¥n)=(nTP=nT*=n*g(n)
whare, gin)=T*
By tha dafinitian of ana sidad £-transtarm wa gat,

. . zn‘a-n_z"-'l_z 1]_&
mﬂ z{g{n” :rr} nguT g B Tn?u{z j“ a [1 i 1-1 - =1
By the property of Z-transform we get, "
_ _ - .8,
X(z) = 2{xin)] = 2(rP o)} = [ z dz] &)= 22 [ 24 G{z}]
:I—zi _zi T_az}—_:i[_z;rm
dz| dz z-1) o2 (z - 17
o, 4T __“{z-1}=Ti-szxzqz-u
TG -1
PR S itk s RO el o ' S5 |

z -1 Z-v -
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b) Given that, x(1) = sinfl.t
Tha discrate time signals is generated by replacing t by nT, where T is the sampling time period.
. x{n)=sin (QnT)=sinon; wherew=0T

By tha detiniticn of one sided 2-franslorm, o _ gt
- - sinfl =
Z{dn) = X&) = Y xn)z" =Y sinon « z” 3
A=z n=l
. E“I o 'E Lol " 1 H—g
] —_—— - —-— ]
;‘.; g 7, Z Z
=z Y-z
Ei A=D 2irl-ll
1 1 1 1 R .
Si-ez Zil-arz Umngnfmrtegau‘natm
series sum formula
) _1_z
2jz-e" gz-g"
zlz-eM-zfz-@) F-ze" -7 4ze"
T fz-e"(z-e™) 2 -ze" - ze" + e"e™)
_ 1" -y .
7 - z(e" 4 ey 4 1 sin B =
2 sinwT B ot
o bong-n 28
c) Given that, x(t) = cos{Lt
Thadiscrete time signalis generated by replacing 1 by nT, whera T is mmp&lngﬂmemﬂm
. X{n) = cos(Q4nT) = coson ; wherew=01T -
By the definition of one sided Z-transform, .
. . By gl
Z{x{n)} = X(z) = ﬂz.:n*{ﬁ} "= nzﬁ cosunx " cosd = 2 +2e
L gty 1 1 &
= - J. (] 2. = -l
“Zn 1 EZa 2 +2"Z_:°a1'“‘z
. Z{e"‘z'j’+ Z{a"'z i
W) TR NS PR Using infinite geometric
21-¢"z 21 -gP7 series sum formula
¥ £t 2
2z-¢" 2z-¢P
_zl-e")+zlz-€") _ Z-zel 4 - ze
2{z - M)z - M) 2(2 - ze™ - zg® + P a)
-zt ve) -zt +et)i2
21 -zl re Py ) P -zle” +eP) +1
Z(z - cosm) L]
S — wherew=0,T ol
7 = 2zc0sm + | ‘ oa.=
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Example

Find the one sided 2-transform of the discrete time signals generaled by mathematically sampling the following

continuous fime signals.
a) e cosfLt

Solution

8) Glven that, x{t) =e"*' cos{l,t

b) & s

The discrete time signal x(n) is generated by replacing tby nT, where T is the sampling time period.
=gt eos (T =" cos on ; wherew=0T
Bythe definition of one sided 2-{ransform we get,

1' r il | ofn i -i#
X(2) = 2 (o)) = Z o™ coganz” = Z a"”[a +2e ]x'“ s & *;'
sl
4T . ; o =iy~
"3 E(‘ o'z Zl“ e r'n Using Infinite
i 2ot geametric series
l ! N 1 11 1 sumformula
21-eVe"r  21-0VeMr - |
E gt - S
1 1 1 1 1=-C
P 4 =0
21-¢"128" 21-e"/ze"

ze'T(ze‘T - cosm)
zI

1] 26" a
T PO o

1
{

al
1]z
2 - ¢”) (zc »
2¢T - ¢ 4 ze - P
(z c'T) R T Y e

26 2e" - (P 4@ ]
_Z— 2ol - zclT(cjru + c-ru) 1

=1

Bie

T

e - 2ze"

coso + |

} i wherew=0,T coslh =
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b) Given that, x{f) =e*' sin{.t
The discrele time signal x(n) is generaled by replacing 1 by nT, where T is the sampling time pariod.
Lxnee " sindin Tee* sinen ; wheram= 01T

By the definition of one sided 2-transform we get,

Xiz) = 2 {xn) = ie‘”sinmz" = Z a"”(a'm ;JB':
nao

. e —al
=

neQ

formula Z Cc" = i
el

.. z e - ~ § (e"'e""z"]“ Infinite geometric series sum
Zj for ] nsl
1 1-C

2

1 1 1
2jT-e"e'z 21-e'elz’
1 1 1 1

211 -8 20" 2 1-ariza"

1 ze" 1 ze"

2 ze” —¢" 220" - o

1 26" (ze* - o) -ze* [z - o)
T [z - &) (ze" - &)
1 [ (ze")fz6" - o® - 2% + @"]

o 7
% (ze") -zeMe” —zeMer < ele ™

ze* [B"' - a"‘"]f.‘Zj
L ¢
e - ze"(el + e ") + 1
z 8" sinem
= v whera e =00LT
2 0™ - 270" coswm + 1 %

4.5 Representation of Poles and Zeros in z-Plane

The complex variable, z is defined as,

z=utjv
where, u=Real partofz
v = Imaginary part of z
Hence the z-plane is a complex plane, with u on real axis and v on imaginary axis (Refer fig 7.1 in
section 7.1). In the z-plane, the zeros are marked by small circle "0" and the poles are marked by
leter X", '
For example consider a rational function of z shown below,

_ 125 - 12527 + 0227
2+ 407

X(z)

0.2
rl =1 + Xy’ =1
- 1'25(1 f st ] _ 06251 -2 + 0162
2[] N %z.;] (142740527
_ 0625270 -2 4016 _  0625(z- 08)(z - 02)
232 +2+05) (z+05+j0.5)(z+05-j05)
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S ” . -

The roots of quadratic, 2 — z + 0.16 = 0 are,

L= 1£J1-4x016 _1£06
2 2
2 -z +016=(z-08)(z-02)

= 08,02

The roots of quadratic, 2 + z + 0.5 = 0 are,

_ -l -4x05 _ -ltj
2 2

z = -054j05

2 +2+05=(z+05+j0.5+ 05~ j05)

The zeros of X(z) are roots of numerator M
polynomial, which has two roots. e

Therefore, the zeros of X(z) are,
z,=08, =02

— 0.8
— z-plane

The poles of X{(z) are roots of denominator
polynomial, which has two roots.
Therefore, the poles of X(z) are,

&
SEa=En: ] it

& 1,_.
T ] 0

0.2

- -j0.5

p,=—05-j05, p,=—05+j0.5

Fig 7.5 : Pole-zero plot of X{z) of equation (7.37).

The pole-zero plot of X(z) is shown in fig 7.5.

Example
Determine the inverse Z-fransform of the following 2-domain functions.
322 + 22 + 1 z — 04 z— 4
= b) X(z) = ) Klz) = — e
a).Xtx) 2 +3z+ 2 hXaz) Zrz+2 * ’ z- Nz -2°
Solution
2) Given that, X(z) - E:%
32 + 2z + 1
ke 2 + 32+ 2
X)) _8s2+22+1 3P +22+1
S 2z + 3z+ 2) 2z + 1) (z+ 2)
X(2)
By pantial fraction expansion technique —z can be expressed as,
ﬂz_)g—:!z"‘oZz+1=ﬁ‘_;_A POl 8
z z(z + 1)(z + 2) z z+1 z+3
_ L X(2) = 32 + 2z +1 .
A|-Zz ,.0-22(1*1)(1*2),,,_1—*2 05
- X(2) = 32 + 2z 41 B3P 42141
n s T f o A 7 < s
- X(z) s 32% + 2z +1 | _ 327 +2(-2) 41 _
As (z+2) z .., (z+2 2(2*1)(2*2”’.—2 2x(2+1) 45
X _0s 2 45
Tz Tz z+1 2+2
aXE) w05 - 22, 432 Z(5(n)) = 1

z+ 1 TP

z z
=05-2 —z_(_" + 45 _Z-(-2)

0.8

z{a" u(n)) = =

z
- a
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On taking invarse Z-transform of X(z), we gal,
x(n) = 0.5 8(n) = 2 (=1)" uin) + 4.5 (-2)"u(n) = 0.5 &{n) + [-2 (=1)* + 4.5 (-2} uin}

b) Given that, X(2) = ;'—:‘:2 The roots of the quadratic
£ +2+2=0ar
- 04 z-04
X(z) = A+ fl-4x2
- z*+z+2 2+ 05-WT12@z=-054+ 1712 Z=+
By partial fraction expansion we get, = -05 * }Jf:’i
A A
X(z) =

2+05-NI/I2 z+05+W7/2

A= (z+05-WT/2 Sl |
& J ]{z+u.5~j-.‘?f2}{z+{}.5 W12, o5 i

. z-04 -05 + W7/2 - 04
z+05+] m;,__w_m -05 + W7/2+ 05 + {7 /2

-08 + N7i2 09 }ﬁ.fztuhm

W W W 7
o]

T i
5 + j09/47 5 - 09/47 Multiply and
iRk zﬂjns%gj:’m ’ zufsu.sﬁ:ﬁiz lvidaby 7
1
dah pm’) + 05 - ]r t:}S-pmﬁ)E 24054 NT12
. (ﬁhmfﬁ]z" : + (05 - panT 2
2-(05+ QF 12) H’E l;}”ﬂ
On taking Inverse 2-ransform of X(z) we get, 1 2{a" uin)} = n
) = (05 + 08/47) (05 + |7 12/ ufn - 1) then by tma shifting proparty,
+ (05 - POAT) (05 - WT 12" "n - 9 ta® "un - 1) =2 !_z;
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Delarming the inverse Z-transform of the following function.

1 2
LR P T T U ey
1+27! T o T, R———
8 KO T | Xe) =z h -z
Solution
IO | S
a) Given that, X(z) = 1 - 152" + 052
X2 = 1 & 1 e z= ” 2
t-1527+052% 4 _ 15 05 Z-152+05 (z-1(z-05
z z
. Xz) _ z

Tz T Z-n@E-o08
By partial fraction expansion, X(z)/z can be expressed as,

o o A, A
z z-1 z-05

*(z) ¥ | 1
A= " e, " T-w -
Xiz) _ z _ D5
A= -0 " e Te-0l),.,, T05-1" "
X 2 1
"'T:}zzn_z-ns z{a"uin}}=zfa:no-::|z|>|s]
2
R UER o 2u) = —2— ;ROC|Z] > 1
On taking Inverse 2-transform of X(z), we get,
¥(n) = 2 u(n) = 0.5"u(n) = [2 - 0.5" u{n)
b) Given that, X(2) 3
ven that, X(z) = —
' f-1+08
Xi) = ro 7
Z-2+05 (z-05-05)(z-05+05)
", :
2 (2-05-[05)(z-05+05) The toats of quadrati
By partial fractien axpansion, wa can wrile, 2 =24+05z=Dar,
X, A, K NREREYFT
t 2-05-P05 z-05+/05 2
05 +05
X -
A= (z-05 ..m:.ﬂ
Zlepsops
z |

= (z- 05 - j05)

(z-05-105){z-05+05),_,,. s

142

www.AllAbtEngg.com study materials for Anna University, Polytechnic & School



www.AllAbtEngg.com

_ 05 + j05 _ 05 + j0s
05 + j05 - 05 + j05 fto
S A= (05 -j05) =05+ 05
Xz _05-0p5 05+ 05
Tz z-05-§05 z-05+[05
Xiz) = (05 - 05)z " (05 + 'ﬂ.ﬁ;ﬂ
z- (05«08 z-(05-j05)
On taking inverse 2-transform of X(z) we get,
®(n) = (0.5-j0.5) (0.5 + j0.6Y w(n} + (0.5 +0.5) (0.5 - 0.5 u(n)
Allernatively the above result can be expressed as shown balow.

=05 -5

z{a" uln)} = ﬁ .

ROC 2| > |a|

Here, 0.5 +j0.5=0707 £45° =0.707 20.25%

0.5-j0.5=0.707 £-45=0.707 £-0.25~

Sxin)=[0.707 /-0.252](0.707 £0.25a]" uln) +[0.707 £0.25z][0.707 £~ 0.254" uin)
=[0.707 /-0.257][0.707* £0.25mn]u(n)+[0.707 £0.25z][0.707" £-0.25m]u(n)
=0.,707"* " £(0.25% (n- 1)) uln) + 0.707" " £(—0,25x{n - 1)) u(n)
=0.707"" [1 £0.25z (n=1) + 1.£=0.25x{n = 1)]u{n)
=0.707"" [cos{0.25z (n- 1)) +jsin (0.25x{n - 1)) + cos (0.25n(n - 1))~ 5in {0.25=(n - 1)) u(n
=0.707" " 2¢os (0.257 (n=1)) u(n]

1+2"
Given that, X(2) = —————
¢) Given that, X(z) BT
’ 142! Nz 4 1) The roots of the quadratic
2 = 1-2'+0522 T2 -2+ 08} #-2+05=0am,
__zlz+) zlz +1) e L '1"24“15
F] . T = — 0, ;
(z°-z+05 (z-05-[05)(z-05+j05) = 05 £ 05
By partial Iraction expansion, we can write,
X2) iz +1) u A " A
z  (z2-05-)05{z-05+005) z-05-05 z-05+j05
A= (z-05 - jos) X2
z =08+ P8
= (z - 05 - 5) E+1) : |
{z- 05 -05)z-05+ l“-51'|;-.u+g=.
05+ j05 + 1 15 + 05 :
= = = =jl5 + 05 = 05 -
05+ 05 - 05+ 05 N Sl o
A'= (05 - ji5) = 05 +[i5
Xz _ _05-js | 05+its
Tz T z-05-05 z-05+p5
_ z y z " . F 4
Mrk e (3 = 10— w5 ps B TG e Rao) - o—
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On taking inverse 2-transform of X(z) we get,

x(n) = (0.5=1.5) (0.5 + j0.5)" u(n) + (0.5 +j1.5) ( 0.5 = j0.5)" u(n)
Altematively the above result can be expressed as shown below.
Here, 0.5 = j1 6= 1.581 £-71.6° = 1.581 Z-0.4n
0.5+ 1.5= 1581 Z716° = 1.581 Z04n
05+ 05 = 0707 £45° = 0707 Z0.25=
0.5-j05= 0707 245 = 0707 £-0.25=
- ¥{n)=[1.581 Z£-0.4q] [0.707 £0.25a)" u(n) +[1.581 £0.4x] [0.707 £-0.251]" u(n)
=[1.581 £-0.47] [0.707" £0.25xn]u(n) + [1.581 £0.4x][0.707 £-0.251n] u(n)
=1.581 (0.707) [t Zel0.25n=0.4)+1 Z-n{0.25n = 0.4)) u(n)
= 1.561 (0.707)" [cos (=(0.25n = 0.4)) + | sin ((0.25n — 0.4)) + cos (=(0.25n - 0.4))
— ] sin (n{0.25n — 0.4))] u{n)
= 1.681 (0.707) 2 cos ((0.25 n - 0.4)) u(n)
= 3.162 (0.707)" cos (n{0.25n - 0.4)) uin)

4z 1
d) Given that, X(z) = “1‘—:4}{1—_:_1?’

1 1 z
-2 TN G e~ W

oz fz+(z-9
By partial fraction expansion, wea can write,
M oA LA A
z z+1 -1 z-1

e # I . N =
M=) ,,_,'" ”{14-!][:-1! ., -1 '(-1-1}*'“

L= =

ce-p X g2 TN 0 [T
by =g =1) T{m = e LT, T T e
d 5 X{z;} d 3 z
Aqg = =— - 1) — E — - ) ——
3 uz|:(! ] z i dz[‘:z } :z"”{z_‘if]z-‘
a2 Jlerv-2  _penx2-1 3 o
dz [z +1 s 4 tz-i-l]l Re ('I-i-l]li 4
. @ _ 025 P 05 . Q.75
Tz z+1 - z-1
z z z
X(2) = 025—— + 05——7 + 075—
: z+1 z-17 z-1 2(a" uln)} = z
z z z z-a
= (.25 + 05 + 075
. 2 PP zu) = ——
On taking inversa 2-transform of X{z) we get, - 17
= 0.25(-1" + 05nu{n) + 0.75uin
x(n) (=11 n) (n) 2 = 2
= [0.25(-1)" + 050 + 0.75] u(n) z2-1
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Xz 15 05

z z-06 z-02

z 4
T L, W N
iy 7-02

Now, the poles of X(z) are p, = 0.6,p,=0.2
8 ROCIs )z = 0.8

Tha spacified ROC is axterior of the circle whose radius corrasponds to the largest pale, hence x(n) will be a causal
{or right sided) signal.

= x{n) = 1.5(0.67 u(n) = 0.5 (0.2)" u{n) Ef"uim) =
b) ROCIslzl<0.2

The specified ROG is interior of the circle whose radius corresponds lo the smallast pole, hence x{n) will be an
anticausal (or left sided) signal,

- x{n) = 1.5(~(0.6)" u{=n=1)) =05 (~0.2)" uf-n~1)) :
=-15(06F ul-n-1) +05(02F u-n-1) |ZE" U0 T} = ——ROCIZ < Ja]
¢l ROCIs02</2l<0.6

Tha specified ROC is the region in between two circles of radius 0.2 and 0.7, Hence the term carresponds 10 the pole,
p, = 0.6 will be anticausal signal {because |z| < 0.6) and the term corresponds 1o the pele, p, = 0.2, will be a causal signal
(because |z| > 0.2).

- x%{n) = 1.5(—{0.6)" u{-n-1)) - 0.5(0.2)" u(n)
==1.5(0.6) uf-n -1)) = 0.5 (0.2)" ufn)

z
I=-a

1 ROC 2] = |a]

Example
Determine the impulse response h{n) for the system describad by tha second order difference equation,
yin) = 4yln— 1)+ dyin—2) = x{n - 1).
Solution
The difference equation goveming the system is,
yin)=4yin=1) + 4y (n-2)=x(n-1)
Let us take Z-transform of the difference equation goveming the system with zerc initial conditions,

oo Blyln)=dytn=1}+ dy (n=2)) = 2{x{n = 1)) If 2 {x(n]} = X(z)
2yl - 4 20in - 1)) + 4 Zly(n - 2)) = 2ixin - 1) e
Yz} -4z'Yiz) + 4r7Y(z) = 2" X(2) It Z {y(n)} = ¥{z)
(=4 + 47 ¥(z) =" X(z) ??y"[:{!:_&m:grg'g{p;@

L A Sa
b 2) Yizjl - V4 47%
Wehwﬂtfgl. _K(IJ a ﬁz]
! 2 z

. H(.Z] = = = = i 22
=t T4z s A2 Y 4z e d) (z-2F  2(z-2F

The Impulse response hin) is given by inversa 2-transform of H(z).

4 al1 22
Impulse response, hin) = 27" (H(z))= Z ![dz_[z_—EF} az

z {nﬂ“ ujn)} = {z——a]?

= (1/2) n2" u(n) = n2"- " y(n)
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Example
Find tha transfer function and unit sample response of the second order ditference equation with zero initial condition,
yin) =x(n) - 0.25y(n - 2).
Solution
Tha difference squation governing the system is,
yin) = x{n)—0.25 y(n-2)
Lat us take Z-transtarm of the ditference equation goveming the system with zera initial condition,
2{y(n}) = 2{x{n- 0.25 y(n - 2)}

Z(y(n)) = E{x(n)} - 0.25 Z{y(n - 2)) Z (x() = X(2)
Yiz) = X(z) - 0.25 2% Y(z) Z{y(n} = ¥(z)

: Z{yln-2)}=z7Y(2)
Yz} ¢ 0ESTEY(R) = A0) {Using shifting property)

(1+0.252%) Y{z) = X(z)

. Transfer function, Y@ = 1 ~
Xz 1+ 025z

Let us assume that the inifial conditions are zero. =Xz, - 2axn-m)=azr"¥(z)
On taking 2-transtorm of the difference equation goveming & . i
1o Syitem wo g, Hyimi=Y(2) . .. Z{ayin-m)=az"¥(z)

Zfy(n) = 2y(n = 1) + y(n = 2)} =2{x(n} + 3x{n - 3}
Ely(n)) - 2 2{y(n - 1)) + Elyin - 2)} = Z{x(n)} + 3 Elx(n - 3)}

Y(z) - 22 Y(2) + 27 Y(2) = X(2) + 32 X(2) 2o} = ﬁ
(1-22" +79) Y = (1 +32°) Xi2) ) = ——
2 - 1)°
. E?_} < 1+ 8270 z
"Xe) T T-e et O LR
Yiz) ——
We know thal, 72 = ) e e : 0
5 Hz) = 128  fa8 2+ 8

- T -me) 2
2 ! z z

B + =1 N
@-" @-9" @-% (z -9
Tha impulse response is obtained by taking inverse 2-transtarm of H{z).

. et =2l : 22
. Impulse response, hin) = 2 {H(z)} = 2 [1 T il (2 - 1):]

] flz = 11‘} ' “’ = n‘]

=n+Nuln+1)+3n-2)uln-2)
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Example 7.15

Find the impulse responsa of the system dascribed by the difference equation,
y(n)=3y(n=1) -4y (n-2) =x(n) + 2x{n-1).

Solutlon
The diffsrence equation goveming tha LTI system s, Wyimi=Y) ; . ZHyln-m)=z"Y(2)
yln) =3y(n = 1) = 4y(n - 2) = x{n) + 2x(n - 1) 2l =X(z) ; - Zxin-m)=z"X@2)
On taking 2-Iransform we gat,
Y(z2) - 32'¥(2) - 4 2V(2) = X{2) + 22 X(2)

The roots of the quadratic,
(1=32""=dz-9¥(z) = (1 +2") X(2) -92-4 = Dars,
Y 12 VT + 4 x4
AR T T aR 2z ————— = dor -1
Xz) 1-31" -4z 2

Yz
We know that ﬂﬁ Hiz)

1+ 27 2+ 2) Fr2z

o Hz) = e e 237 -8z -4) 0 z-4(@z+1)

Example

QObtain and sketch the impulse response of shift invariant system described by,
yin) =04 x(n) + x(n = 1) + 0.6 x(A - 2) + x(n—3) + 0.4 x(n - 4).

Solution

The diffarence equation goverming the system is,
yin) = 0.4 x(n) + xin-1)+ 0.6x{n-2) +x{n-3) + 0.4 x(n-4) | [ Z{x{n]} = X(z) then by shifting property
On taking Z-transform we get, Ziin-K) = z7* X(2)

Yiz) = 0.4X(z) + T'X(z) + 0.67X(zZ) + z7%(2) + 0.47-X(z)

¥iz)=[04 +2' 40627+ + 0427 X(z)

; -;—i%; = [(M +2' v 0624 20 4 ﬂ.«iz"']
oo Y2} ;
‘We know that, _X{_t? = H{z}:
CHiE) =04 #7272 0627 + 27 4 0427 )
By the definition of one sided 2-transform we gel, hin)
H(z) = njz™®
& ,.E.:.,” } 10 10
=h(0) 2+h1) 2" +h2) 22 + B3 22+ h(d) T* 4o e (2) L:
On comparing equations (1) & (2) we get, ab 0.8
h{0) =04 h(3) =1 ¥ 0.4
h{1) =1 h(4) =04 is
n2)=06 hin)=0 ; farn<0andn=4 1 354158 ™
. Impulsa respanse, hin) = (0.4, 1.0,0.6,1.0,0.4) Fig 1 ; Graphical representation of
t impulse response hin)
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Example

Determine the response of discrete time LTI system govemed by the difference equation y(n) =~ 0.5y(n=1)+x{n),
when the input is unit step and Initial condition, a) y(~1) =0 and b) y(=1)=1/3.

Solution

Given that, x(m) =ufn) ;- X(2)=E[x(n)} = {uin)} = % )

Given that, y(n) == 0.5 y(n = 1) + x(n)
Syiny+0.5y(n=1) =x(n)

On laking 2-transfarm of above equation wa gel, itz {y(n}}=Y(2)
¥(2)+ 052 'Yz} + y(-1] = X(2) then 2{y(n - 1)} =z'¥(z) - y{-1)
Y(2) [1+082"]+ 05y(-1 = it Using equation (1)
z -

Y:z:[nﬁ]:ﬁ-usr{—n

v:z}[ ki 0"5] ;%_1 ~05y(-1)

Vet 1 2
(z=1)(z+058) 2 z+05
- z Plz) z
Lel'Pl:z,_.{x-T}:z+ﬂ.SJ = z -{zwl}{u{!.ﬁ}
z A B

Let,

[z—m:+o.5}'z—1*:+u5
1 2
z-1),,," .t

T+0.5153

S S R IHRL
=937 05-1 -15 15 8

i
A= o

= F4
B= T rog <209l

P@ 2 11

Tz 3z-131z405

_L 1z 1o
A z-1 32408 22405 (2)

r 1 1z
s o
-1 3 z+05

2
Pizl=§

3
8) Wheny(-1)=0
From equation (2), when y(=1) = 0, we gel,
2z 1 2

Y(l)e= — 4= ——
3 2=1 3 1405
. b T )2l ul
- Response, y(n} =2"'[Y(2]} =2 {5 Ferr z+u5} u[nh-:i (-05)" ufn) 3[24-{-(15}"]0[!\}

Using Z-transform perform deconvelution of response, yin) = 2 (0.4)" u(m) — (0.2)" ufn} and im-
prlse response, hfn) = 0.4* ufn), to extract the inpur x(nj.

Solfution
Given that, y(n) = 2 (0.4)" u(n} — (0.2¥ u(n)

o Y(z)= 2{y(m)} = 2{2 (0.4)"u(n) - (0.2)" u(n}}
-2z oz _2z(z-02)-z(z-04) _2z*-04z-z"+04z z?
z-04 z-02 (z-04) [z -02) (z-04) (z-02) (z-04) (z—02)
Given that, hin)=0.4" u{n)

<~ Hiz)= z{him)} = Z[0.4"u(n}} = ?_?'T‘

¥i(z)
We know that, H(z) = ——
Xiz)
- e ﬂ z* z-04 z
#Kiz)= H(z) =¥z} H[z] (z-04) (z- :12} z  z-02
~dnput, x{n)= 2" {X{z)} =2~ { uz} =02" u(n)
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4.6 DISCRETE-TIME FOURIER TRANSFORM (DTFT)

The discrete-time Fourier transform (DTFT) or, simply, the Fourier
transform of a discrete time sequence x(n) is represented by the complex
exponential sequence [e™/ ®"] where ® is the real frequency variable.
This transform is useful to map the time-domain sequence into a
continuous function of a frequency variable. The DTFT and the
z-transform are applicable to any arbitrary sequences, whereas the DFT
can be applied only to finite length sequences.

Definition
The discrete-time Fourier transform X(e / ®) of a sequence x(n) is defined
by

XEe'®)= Y x(n)eio"
A=—co
This equation represents the Fourier series representation of the
periodic function X{(e /). Hence, the Fourier coefficients x(n) can be
determined from X(e” ") using the Fourier integral expressed by

= 1 [ x(ei®)eion
x(n) 2.““];}((13 )e do

called the inverse discrete-time Fourier transi_'orm_ (IDTFT).

4.7 Transfer Function of LTI Discrete Time System in Frequency Domain

The ratio of Fourier transform of output and the Fourier transform of input is called fransfer
Sunction of LTI discrete time system in frequency domain,

Let, x(n) = Input to the discrete time system

¥(n} = Qutput of the discrete time system
S X(e™) = Fourier transform of x(n)
¥(e™) = Fourier transform of y(n)

Yie™)
X(e"™)

MNow, Transfer function =

The transfer function of an LTI discrete time system in frequency domain can be obtained from
the difference equation governing the input-output relation of the LTI discrete time system given
below, (refer chapter-6, equation (6.17)).

N M
y(n) = —Z a_ y(n—m) -+ mex{n—mi
m=| mo=

On taking Fourier transform of above equation and rearraging the resultant equation as a ratio of
Y(e™) and X(e™), the transfer function of LTI discrete time system in frequency domain is obtained.

4.8 Response of LTI Discrete Time System using Discrete Time Fourier Transform

Consider the transfer function of LTI discrete time system.
Y{ej" )
X(e™)

Hie™) =

Now, response in frequency domain, Y{e™) = X(e™) H{e™)
On taking inverse Fourier transform of equation (8.38) we get,
y(n) = F " {X(e") H{e")}

From the equation (8.39) we can say that the output y(n) is given by the inverse Fourier transform
of the product of X(e') and H(e™).
149
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Example
Find the Fourier iransform of x(n), where x(n) =1 ; 0<n<4
=0 ; otherwise
Solution
By the definition of Fourier ranstorm, e 3
i / T Using finite geometric
F oo b i o V=BT saries sum formula,
Xe") = Y anje™ = Y une’" = — g
fic-m n=10 2 c"' “ -
A=i 1-C
fn .F.'E] - et
B - a.? -8 ] ] ]
1 -8 z ] -4 _
EE T k)
1-@f@® g-i!_ai}qi‘
218!15“ fe E t"vil'lsm e 8N
a —E'— a? Im - g’ = s g sinb g-agl
8 . P ¢! P =
n-— in— =t
2] i 3 g smz |
Example
Determine the Fourier transform of the signal x(nj=a™ ; -1< a <1
Solution
The signal x(n} can be expressed as sum of twa signals x (n) and x.(n) as shown below.
- x{n) = x(n) + x(n)
whera, x(n) =a" : n>0 and %M =a": n<0
=0 ;n<@ =0 : nzd
Let, X,(e") = Fourler transform of x,(n) and ¥,{e~) = Fourier transform of x,(n}.
By definition of Fourier transform, Using infinite geomelric
series sum formula
w_.‘ -r'-ﬁ_mnmﬂ.,_‘l by o 1 5 nn__:l__
%(e") = n:z;m(n}e -Ea e nz_:n {ae ™) =555 ,.E.:'.:,C %
By definition of Fourier Iransform,
o i 4 i
Xfe") = Y e = ¥ ate™ = 3 ae”)" = Y (ae”) = } (ae®) -1
e Ne - A= i A=1 =0
A " Using infinite geometric
it _jploteas® o o8 series sumformula
1-ae” 1-ae" 1-ag" . 1
Let X(e*) = Fourier transform of x{n), s
By property of inearity, -
1 ae"

- h‘ ':--_
X(E) = X o) + Xlo") = i ¢ g

_1-ag" +ae"(1- 28" J1-ae pag’ -d
(f-ae")(1-ae") 1-ag"-aeg"+4

1-8
'1 22 0050 + & cos0 =

B'" 4 B-'
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Example
Find X(e"), il x(n) = [1] + [1] wr)
g T2z 4
Solution
Given that, x{n) = il [1]q + {1]“ un) ; for all n
2|\2 4
11y 1Y 117 11y
i | = =35 =[=| 31
g {[z] ! [4}] 2[2J N 2[4] ornz0
By definition of Fourier transform,
— = (11 101Y]
by b ] [ 2= an
ety = L MR 2 [2[2} i 2{4” a
A AN e, 1].-, o 1 L(l -|-.]" 1 8 [1 -:-]"
'2,;0(2]e +2,,;,[4 £ 2,;“2& *2,2043
L 1 1 1 Using infinite geametric
T 1 A i series sum formula
i-—e® 1-—eM g
2 4 EC" .1
1 1 = Ll
1 1-49""1-1- 23"'
(TR KR
[1 3 a ) 1 a a
[ ——
_1 2-5¢" _ 1-03758"
Tl e 3 e 1 .p.] T 1-075e" + 0125 ©"
[1 i FE s g9
Example
Compute the Fourier transform and sketch the magnitude and phase funclion of causal three sample
uence given by,
e x{n’; =1i0sns2
- 3’ —
=0 ;else
Solution

Let, X(e™) be Fourier transform of x{n}.
Mow by delinition of Fourier transform,

2
X" = ¥ xime™ = ) xin)e "

N -= L

= x{0)e” + x(1)e ™ + x2)e " = % s temy Lo

4 i 3 ® e’ =cosh + jsin0

= ook E(coenu - jsinm} + %(coa?m —- jgin2w)

= %{1 + cosw + Cos2w) ~ j-;:(sinw + sin2uw)

Example
Find the inverse Fourier transform of the Irequency response of first order system, H(e™)=(1—-ae™".

Solution

1
Given that, H{g™) = {1 - ae ™)' = —
(e*) = { ) T—aa "

Using Taylor serles expansion, the above equation of H{e™) can be expanded as shown below.

Hig™) = 1+ ae™ + afe &+ saeP 1)
Let, hin) = Inverse Fourier transform of H{e ).
By definition of Fourier transform wa get,
He") = 3 hinje
e + h{=2) &™ + h{=1)&" + h0} + h{)e™ +« hi2)e ™ + .. )
On comparing the two expressions for H{e™) [equation (1) and (2)] we can say that the samples of hin) are the
coefficients of .

nes 151
hn) = {: = hin} = a%in)
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Example
@ 14 g

Dnlm'ﬁnalheomputaaquencefmIhaautputspectrumY{a"].whera‘r[e*“}=% T—h
-aa

Solution

The output sequence y{n) is oblained by taking inverse Fourier transform of Y (2%),

1ef+lee” 1 et 1 el

¥(ah i -
[}:3 1-ae® 3{1-ae™ 1-ag” 1-ae”

1 .. o
YiE") = = [¥ite™) + Yilem) + Yite")]

u " ; 1 j gt
whera, Y(el*) = ek i Ya(e®} = = and Y(e™) = s
Let, y,fn) = F'0Y (e} © wdn) = FUY, 00 0 yyin) = FLY ()
By Taylor's series expansion we get,
Ye") = ; =1+ae™ 4+ ale ™ sateP s ufm)=1tornz0
1' ae” . =0forn<0
=Yae = Yaune" 1)
By definition of Fourier transform we can write,
Yt = Y e (2)
By comparing equations (1) and (2} we can wrile,
y,(n) = a" u(n)
Here, Y,(e") = ey
ie™) 1= 8g® 2(e")
oy =a" Ml + 1) |Llslng shifting pmpnrtﬂ
Here, Yle") = -—— = e Y (e")
= ygln) = & Mo - 1) [Using shifling property |

Let, ¥(n) = Inverse Fourier transform of Y{e").

- yin) = FY(E")) = f-“[% [1ite") + Yale™) + Yote" :]}
- % [F 1Yol + (Yt} + 1Y, (o))
= %[v.w + ¥l + yy(0)]

a -;-{a"‘*”'l.tn + 1) +a"un) + a" Tulp - 1)
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Example
It X(e*) = g™ ; o] <1
=0 ;1sw<n Findx(n)andplot

Solution
The x{n) is obtained by taking inverse Fourier transform of X(e"),
By definition of inverse Fourier transform,
1 3 1 "
. x ] "ndﬁl— 150 Mm
x(n) 2;:[ (e")e o J'e e
N ain- 181
i _‘_Je,..m %) 4o = 1 g & ! [e’" 15) gl 15)]
2n J 2t | jfn-15)),  j2xin-15)
1 e]n 15) -0 in - 15) 1
= = sin(n - 15
n(n-tﬁ){ 2 ] n(n - 15) Gt
= M v foral n
an - 15)
Example

HHEY =1 ; osa,

=0 ; |of<o<s Findtheimpulse responsa hin).
Solutlon

The Impulse response h{n} can be obtained by taking invarse Fourier transform of H(e=).
By definition of inverse Fourler iranslorm,
hie) = lju{a”ja“dw aiTo""dm . Ll
2n 2 2,

2n | |n
i |

-t

g _ oo
- Eim[al“ﬂ‘-n'#]-:ﬁ[ﬁ E’" m] = sm:"" axcept when n = 0
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Exampla

Find the transfer function of the second order recursive filter in frequency domain whosa impuise response ls
hin} = r* cos(ew,n) u(n) for all n.

Solutlon
The transfer function of a systam is the Fourier transform of impulsa responsa,
By dafinition of Fourier transform,
vt uinj=1tornz0
He") =} hinje™ = § r'cosun o =0forn<0
e nzb
I o L il IR TR
-nan[ 5 8 -2n;ﬂ[ e el ]
1 e 1 e .
== re et + = rgt g
2 nzn[ r 2 nzﬂ[ I‘
For |r| < 1, we can apply the infinlte geometric series sum formula to give,
1 1 1 1 1|1-rek0gP, g pghogh
Hig") = — o . ..
21-re™e”  21-reg” 2 {!-ra"“%""}ﬁ-ru""“n""}
1 2-rakfeh 4 o) 1 2-re®(eh 4 ok
S Ii-reMer-roerrrg® 2 fis rg"“':e"‘“ + u'”"] + P ghe

1 2-re™2cosw, _ 1 - reosumye™
21-re™2co8my +FE™ |- 2rcosmy e + g R

Example

Datermina the impulse rasponse and fraquancy responsa cf the LTI systam definad by, y(n) =x(n) + by(n-1).
Solution
a) Impulse Response

Y(z)
The Impulsa response h(n) Is given by inversa Z-lransform of H(z), where, H{z) = X

Given that, y(n) = x{n} + b y{n = 1). 1)
COn taking 2-transform of equation (1) we gat,
Y()=X@)+bz 'Y = Y@ -br'YE@) =Xz = Y@)(1-bz')=XZ)
i e e
Ontaking invarsa 2-transform of equation (2) wa gat,
h{n) = 2" {H{z}} = b" u(n)
Tha impulse responsa, hin) = b u(n), for alln.
b) Frequency Response
The fraquency response H(e") is obtained by evaluating H(z) when z = &,

~Hiz) =

. Froquencyrospense, HO") = WO),_gu = -l @ s
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The magnitude function of H(e”) is defined as,

|He")| = VH@®) H'(e") , where H'(e") = Conjugate of H(e")

vt o o« [ L L [

2
1-be”  1-be

T l1-be” -be 4 b?

2 0. ol
r 1 1 s 48
1+b'-b(e"+e"") !

i 2
(1 4 b* - 2 cosol?

The phase function, ZH(e®) = tan [H,( e")]

where, H(e*) = Imaginary part of H(e*) and H|(e") = Real part of H(e”)
To separate the real parts and imaginary parts of H{e*), multiply the numerator and denominator by the complex
conjugate of the denominator,

. H{a®) = 1 o 1 - be™ i 1 - ba™
o 1 - be ™ 1 - be" 1-—be” —be™ + b7
_ 1 — bfcosw + jsinw) 1 = beosw = jb sinm
1+ b = h{n’“‘ + E‘J“"} 1+ b® — 2bcosm
1 — bcosw =5 b sino
1+ b? — Zhcosw 1 + b — 2b coswm
—b sinom 1 = bcosw
o HileM) = d ey =
el =TT - Shenas TN BT} =5

+ b* — 2b coswm
Phase function, <H(e"") = m_1EIT—l“1 = tan~| —t SN
L3}

1 — b coswm

Example
The impulse response of an LTI system s given by h(n) = 0.6" u(n). Find the frequency response
Solution

The frequency response H(e") is obtained by taking Fourier transform of the impulse response h(n)
Given that, impulse response, h(n) = 0.6"u(n) foralin

On taking Fourier transform we get,

He") = Fi) = 3. b o™

= io.s“utn)e‘

un)=1; n20 |
- Sowem s 5 ooy [P |
1

Usmg infinite 9oomemc series sum formula
" 1-o06e”

Z Ch= <1
n=0
Here H(e) is a complex function of w. To separate real and imaginary parts of H(e*), multiply the numerator and
denominator by the complex conjugate of the denominator.
jco
. .jm = 1 & 1- 06¢
R ) = T 06e ™ “1- 086"
_ 1-06e" _ _1- 06(cosw + jsinw)
1-06e” - 066" + 036

1- 08(e™ + &) + 03

1~ 06 cosm =
136 - 12 coso

_ 1- 06 coso - j06 sin
= 136 - 12 cosw

06 sinm
136 - 12 cosw

1
The magnitude function of H(e)is defined as. |Her) = [Hi(e™) + Hi(e)]2
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136 — 12 cosm 136 = 12 coswm

1
_|[{1 - 08 cosw)® + (-06 sinw)® |[*
- (136 - 12 cosw)’
|['l + 0.6 cos®w - 12 cosw + 0.36 ahzm]f
N 136 - 12 cosw

T
z 2z
- Magnitude function, |Hte’"ﬂ - [[ 1 - 06 cosw ] ” [— -ﬂﬁsll‘lm] ]

(1 + 036(si* e + cos’w) — 12 cosw)?

- Magnitude function |H_'n"'i]-

136 - 12 cosm
i
{1+ 036 - 12 cos w)z 1
136 - 12 cos w b

(136 - 12 cos w)z

The phase functlon is defined as,
ZHE™) = mnr"|iﬂﬂ

H (e"")

-1 _—06 sine
:Iﬂn —_—
[1 - 06 mam:|

Find the Fourier transform of xin) = {2, 1, 2 }.

Selution
By definition of Fourier transform, s g +a"
pet % 2
Xet) = B xip)e™ = 3 xn)e ™ = x(0)e” + x(1) o™ + x(2) e P
h= - n=0
=2+ 420 220" +e ") +e™
= 4cosme™ + 8" = (1 + dcosw)e™
Determine the Fourler transform of xfn) = ufn) = win=N).
Solurion
x(n) can be expressed as, x{n)=1; for n=0to N=-1.
By definition of Fourier transform, Lising finita geometric saries
4 5um f\'.ll'l'l'l;.ll& c
. e . M1 - M- - 1—g "N a -
Xieh) =n?_:.x{n:|a" - Mlxa’ - E{e*‘} = —F ﬂ_znc g
(o567 F ) - "
1-|e e a e _a ; N ©
i _ I i o [ | b 3
b - =l = ] . o
1—[a2a= ] e |ef g s sl
Find the Fourier transform of , x(n) = —a" u{-n —I), where |a| < L. |Usingfinite geometnc senes
Solution o Sumformula
il - 1=0C
By detinition of Founer transform, when n=0; a'"a”:ﬂ HZ:. c" = oy

X(e") = Z xnje " = zl -a"e™= Z -a"e" =1 —i ate™=1 —i (a 'E"]n
Pimen m=1 n=0 n=0

L LES

-1- 1 _q__8 _a-gl-a -g"  @"
j-g5'e" a-a" ag-e* a-g® M-a
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Find the discrete time Fourier transform of the signal , x(n) =(0.2)" u(n) +(0.2)" uf-n-1),
Selutien

By definition of Fourier transform,

%e™) = E x(n) @ = 2 (0.2)" uin) e ™+ }: (02)" u(-n-1 8 ™

f—

- 1 - -
=3 (02e ™y + 3 (02e")" =3 (02e ™) + 3 (02e") [whenn=0;(0.2e~)" =1
=g} n=1

=0 ne-m=
. - 1 1
= g2a g2e™)y - 1= i |
2 (e B 4 1-02e ™ ' 1-02e" S -
_ 1-D26"11-D2e7 -(1-02e ") (1-02&") ,,,f;is,;;’n,o?,,,“m:”‘“
(1-02e ™) (1-02e™) Z on o)
_ 1-02e”+1-02e ™ —(1-02eM—02e ™ +004) w0 i-C
1-02e" -028 ™ +0.04 when |[C| < 1
_ 1=-0.04 _ 086 —=
T 1-02(e"+e ")+ 004 104 -0dcosw _elre
z cose-—-z—
Find the inverse Fourier transform of the rectangular pulse spectrum defined as,
XfeM) =1 ; |w| =W
=0 ; Wzlw =x
Solution
By definition inverse Fourier transform,
i 1t
) =— J‘X[B}"]E"" div = — IB'" den
2 4 2n 5 - oV ig®
smbl=
1 o™ 1 [ gin an 1 [altn _ g-n 2§
“on|n), 22 0 I | 2] 00 _ sinco
]
i .
_ snWn _ W sinWn _ Emnc'ﬁn
zn = Wn n
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